INTEGRAL REPRESENTATIONS
OF THE INFINITE DIHEDRAL GROUP
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1. INTRODUCTION.

We want to study the representations of the infinite dihedral group D, in GLo(R),
where I is either the valuation ring Z,) of rational numbers with denominator prime
to p or the ring of p-adic integers Z, for some prime p.

The motivation for this research comes from the homotopy theory of classifying
spaces of Kac-Moody groups. Associated to each generalized Cartan matrix (see, for
instance, the introduction of [2]), one can define a (not necessarily finite dimensional)
Lie algebra which can be integrated in some way which we will not discuss here (see
[5]) to produce a topological group K called a Kac-Moody group. These topological
groups, and their classifying spaces, have been studied from a homotopical point of
view in several recent papers ([6],[3], [2], [1]). Like in the Lie group case, K has
a maximal torus 7" and a Weyl group W which acts on the Lie algebra of T" as a
cristalographic group. However, in contrast to what happens in the Lie group case,
this Weyl group can be infinite. If we start with a non-singular 2x2 Cartan matrix,
we have a (non-afine) Kac-Moody group of rank two and then the Weyl group is
infinite dihedral and we obtain a representation of D, in GLs(Z) associated to K.
In [1] we have investigated the cohomology of the classifying spaces of these rank two
Kac-Moody groups and their central quotients and we have seen that this cohomology
is intimately related to the representation theory of Dy, over Z,. This research has
lead us to investigate the representations of D, from a purely algebraic point of view
and the present paper, which can be read completely independently from [1] and
which does not use any result from the theory of Kac-Moody groups, is the outcome
of our research.

The set Rep(Dy) of rank two representations of Do, over R is first divided into
different subsets according to the restriction of the representations to the two gener-
ating involutions of D, (see sections 2 and 3). Then each of these subsets is described
according to a system of numerical invariants, taking values in either R or NU {oc},
that classify and parametrize each of these subsets (see Theorems 2, 3, and 4).

While the homotopy theory of Kac-Moody groups of rank two has been the main
motivation for the present paper, it is interesting to remark that the ideas behind our
classification theorems (the invariants called I', 0, etc.) also come from [1]. Hence,
this paper is a further example of the way in which cohomological invariants can lead
to the solution of problems in pure algebra.

The authors acknowledge support from MCYT grant BFM2001-2035.
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In a final section, we relate our results to those of [4], where one finds a classification
of the representations of D, over any field of characteristic # 2.
Through the paper we denote by v, the p-adic valuation on R.

2. REPRESENTATIONS OF Z/27Z.

We start understanding the representations of the group of two elements in G Lo (R).
Consider the matrices

1 0 01
A[):[, A1:<O _1), Agz(l O), and A3:—I

Proposition 1. Up to conjugation, the matrices of order two in GLo(R) are Ay, As,
Az forp =2 and Ay, Az for p > 2.

Proof. Let ¢ be a representation of Z/2 in GLs(R) and let L be the corresponding
7,/ 2-1attice. Let r be the generator of Z/2. There is an exact sequence of Z/2-lattices

0— L*? —~ L —~ L/L*? —0.

L / L%/? is torsion free since for any = € L with ax invariant for some o € R, z itself
is invariant. We can distinguish three cases according to the rank of L%/2.
e L7/? of rank 2: In this case L/L%/* is of rank 0, hence trivial, and therefore
L = L*/?. The representation is trivial: oo(r) = I.
o [2/?2 of rank 1: Now L%/? = R with trivial action and then L/LZ/2 = Risa
copy of R with action of Z/2 given by sign change. In fact, for any = € L,
x +r(x) € L*?, hence r(x) = —7 in L/L*2.
e L%/? of rank 0: This is to say L%/?> = 0. Same argument as above shows that
r(z) = —x for all x € L. The representation is given by sign change; that is,
03 (7”) =—1.
It remains to describe the possible representations with invariants of rank one.
These Z/2-lattices will be all possible extensions

0 R L R 0

and such extensions are classified by Ext;, ;o(R, R). The exact sequence of R[Z/2]-
modules

0—R-1+RZ/2 -2+ R—0
with f(1) =1+ and g(1) =1, g(r) = —1 gives
72 ,p=2

Hence, there is only one representation for p odd and two non equivalent represen-
tations for p = 2 given by

o1 (r) = ((1) _01> and o) — G é)
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which are clearly non-conjugated because their mod 2 reductions are non-conjugated

in GLy(Z/2). O
3. REPRESENTATIONS OF D,

Recall that the infinite dihedral group D, has a presentation with two generators
r1, T2 of order two and no other relations: D, = Z/2 % Z/2. D, has an infinite
cyclic subgroup DI of index two generated by riry and so we can se D, as an
extension of Z/2Z by DI = Z. On the other side, Dy, has only one non trivial outer
automorphism which interchanges the two generators r; and rs.

A representation of Dy, in GLy(R) gives two representations oy, o9 of Z/2. These
representations have been studied in proposition 1. Thus the set Rep(Dy,) of repre-
sentations of Dy, in GLo(R) splits as a disjoint union

Rep(Dwo) =[] Rep,;,

1,jERep(Z/2)

where Rep, ; stands for the subset of Rep(Dy) of representations that restrict to
i € Rep(Z/2) on r and to j € Rep(Z/2) on ry. Notice that by proposition 1
the index set Rep(Z/2) can be identified to {0,1,2,3} for p = 2 and to {0, 1,3}
for p > 2 (0 means the trivial representation). Given a matrix M € GLy(R) and
given representations o;, o; of Z/2 given by matrices A;, A;, we can consider the
representation p € Rep, ; given by p(r1) = A; and p(ry) = M~'A;M. This assignment
yields a bijection
Aj)\GL2(R)/C(Ai) = Rep;;

where C'(A) denotes the centralizer of A in GLy(R). After this identification, the non
trivial outer automorphism of D, interchanges Rep; ; and Rep;; and acts on Rep,
by M +— M~!. Then, since the matrices Ay and As are central, in order to determine
Rep(Dy) we only have to study Rep, ; for any prime and Rep, , and Rep, , for p = 2.

The abelianization of D, is the non-cyclic group of order four. Hence, there are four
one-dimensional representations of D,, which produce ten reducible two-dimensional
representations. Eight of these belong to each of the eight sets Rep, ; where i or j
belongs to {0,3}. The other two representations are in Rep, ; and they correspond
to the matrices I and (9).

4. REPRESENTATIONS OF TYPE (1,1).

The centralizer of A; is the subgroup D of diagonal matrices in GLs(R). Hence,
Rep, ; = D\GLy(R)/D. Let o, 3, T'11 be the functions defined on GLy(R) by

o (2 4) = niea),
B (3; ?) vp(yt),
(2

xt
/- er.
xt —yz
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Theorem 2. The functions 'y 1, a and 3 are well defined on Rep, ; and are a com-
plete system of invariants.

Proof. One checks immediately that I' 1, a and 3 are well defined on the double cosets
of D\GLZ(R) / D. By a complete system of invariants we mean that two matrices are
in the same coset if and only if the invariants take the same value on both matrices.
/ /

Let M = @ i’) If T4 (M) # 0(p) then M ~ (Z}t y{x) i = (%) ij)
and I'y (M) = I'11 (M), vp(xz) = vp(2'2') and v,(yt) = v,(y't") then we see that
yz/xt = y'2' /o't and ya'/xy’ is a unit or yz = 0. In any case, we see that M and M’
are in the same coset.

If 'y 1 (M) = 0(p) then, since det(M) is a unit, we have yz # 0(p) and we can
repeat the same argument above, after interchanging the two columns. 0

One can check easily that the table 1 gives a complete set of representatives for
Rep, ; without repetition.

N} a B
1 (lr 0) r=20,...,00 1 r 00
pro1
I'ii Z0(p)
1 S
2 <J} pl) s>0,z€R, p’r# 1(]9) 17;% yp(x) s # 00
3 (0 17,) r=20,...,00 0 %9 r
L p
I =0(p) o
p* 1 s>0,ze R, p’rZE1(p o
4 <1 x) s=0=2=0(p) pz—1 s 7 00 | vp()
TABLE 1. Rep,
One sees also that the range of the invariants T'yy, «, 3 is R x {0,1,...,00}?

subject only to the restrictions:

Oé‘i‘ﬁ:OO = F171:0,1
0<@+ﬁ<00 = VP(F171—1)2Q+6—VP(F171)
o+ 6 =0 = Vp(FLl) = Vp(rl,l — 1) =0

The non-trivial outer automorphism of Dy, leaves I'; ; invariant. It also leaves «
and [ invariant in the types 1 and 2 in the table and permutes o and (3 in the types 3
and 4. Recall also that the two reducible representations in Rep, ; are precisely those
with a = § = .
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5. REPRESENTATIONS OF TYPE (1,2).

We can assume from now on that p = 2. The centralizer of Ay in GLs(R) is the

subgroup
a b
S = {(b a) € GLQ(R)}.

S\GLy(R)/D —— Rep,,
Let I'y o, v be the functions defined on GLy(R) by

x y) -y
111,2(2 t)_xt—y,zER'
z y\ )0 yteven

T\t 1 gyt odd.

Theorem 3. The functions 't and v are well defined on Rep, , and are a complete
system of invariants.

Hence

Proof. An easy direct computation shows that I'; o and v are well defined on the
double cosets in S\GLy(R)/D. Assume now that I'15 (%) = X. Since (7%) ~ (% 4)
we can assume that ot = 1(2). If y is even then

1 -\ (2 v\ (a5 0 ) (10
R YACE 0 =)\ 1)
Yy

If y is odd then z is even and then

I =2\ [z y\ (=== 0 \_ (1 =)
- 1 z 1 0 =5/ \0 1)

We have hence proved that

Loh) = {“é

)], Aeven
D16 M, Aodd.

{[G3

And the proposition follows. O

As representatives for the double cosets in Rep, , one can take the matrices

(2 1),2’6]%7 (O 1),y€R.



6 JAUME AGUADE, CARLES BROTO, AND LAIA SAUMELL

6. REPRESENTATIONS OF TYPE (2,2).

Here the situation is more involved that in the two previous cases. We know that
Rep, 5 is equivalent to the double cosets

S\GLy(R)/S.

As before, we introduce some invariants. We define functions I'; 5, €, € and § on a
matrix (7 Y) as follows

E=wmly+t+z+2);
6 = min {vo(2® + 2° — y* — 1), va(zz — yt) } .
It is relatively straightforward to show by a direct calculation that these functions
are well defined on Rep,,. Actually, the only thing that needs some more careful

check is the invariance of d under left multiplication by a matrix in &, but this is not
difficult. Then:

Theorem 4. The functions 'y, €, € and § are a complete system of invariants for
Reps 5.

The proof of this result is quite lengthy. We start with a criterion to decide if two
matrices are in the same coset.

Proposition 5.

(1) Any coset [(Y)] has a representative of the form (§%). If we assume (no loss
of generality) that x is odd and z is even then we can take

xy— 2t _at—yz
g2 27 U_w2_22'
(2) Two different matrices M = ({*) and M’ = (%) are in the same coset

if and only if Too(M) = Teo(M') and either vo(v — V') # va(vu’ + wv') or
vo(u—1u') # va(uw +vv' —1). In particular, if uu' is odd then M and M’ are
in the same coset if and only if 'y o(M) = I'ao(M’).

Proof. Since we can permute rows and columns, there is no loss of generality in
assuming that x is odd and z is even. Then

: 0 =
=== ACHLY AN YU

which shows (1). To prove (2) notice that M and M’ are equivalent if and only if
there are matrices (¢2), () with a®> — b* and ¢* — d? both odd and such that

o) )=Gob )
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This equation implies a = ¢+ ud, b = vd and ¢ and d must be solutions of the linear
system of equations

(v —u)c+ (wu/ +v0' —=1)d = 0
(V' —=v)e+ (v +w')d = 0

The vanishing of the determinant of this linear system is equivalent to both matrices
(§¥) and ( ; :jf) having the same value of the I'y, invariant. We also require that ¢
and d have opposite parity. This is possible if and only if v5(v — V') # va(vu’ + wt’)
or vo(u — u') # ve(uu' + vv' — 1). Notice that the two inequalities are essentially
equivalent, unless v = v' or u = u’. The proposition is proven. O

Proof of theorem 4. The theorem is proven by contradiction. We assume that we have
a counterexample which, by proposition 5, is not restrictive to suppose that it is given
by two matrices of the form (§ “). More precisely, we assume that there are u, v, v/,

v such that the matrices (%), ((1) ”j};) have the same invariants I'y 5, €, € and 4:

V(1 +02—u?) = v(l+0? —u?)

nut+v—1) = v+ —1)
wu+v+1) = w +0 +1)
min {vs(u), vo(u® +v* — 1)} = min {m(W), vo(u” + 07 - 1)}

and we assume also that the criterion for non-equivalence given by proposition 5
holds:

vo(u—u) = (uu' +ovv' —1)
vv—1) = ' +u'v).

Then, we will investigate which properties should u, v, «/, v have till we conclude
that u = u’ and v = v', which ends the proof.

’u and v’ are even‘

Notice that u is odd if and only if I'y5 is odd, but if both u and ' are odd then
I’y 5 classifies the coset of the matrix (cf. proposition 5).

vo(u) = vo(u')

Assume this were not true. Then, let us write u = 29\, v/ = 2N with 1 < a < d’
and A\ odd (or v’ = 0). Then we can write

v o= 2°u—29N%1

o= 2b — 29N 1
with pu' odd and b > 1. To see this, notice that either € or € is > 1. If € > 1 then we
take b = € and the plus sign in both equations; If ¢ = 1 then we take b = € and the

minus sign in both equations.
Then:

u2 + 'U2 _ 1 — 22a+1)\2 + 2217#12 _ 2a+b+1)\M :i: 2b+1ﬂ/ :F 2a+1)\
ulQ 4 'UIQ -1 = 22a’+1)\/2 + 22bul2 o 2a/+b+1)\llu/ + 2b+1/1/1 :F 2a’+1)\/.
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If we check now the values of the invariant ¢ we see easily that the cases b > a’ > a
and @' > b > a are impossible. Hence, we have 1 < b < a < @’ and we can write

v = 274+1

o= 2741
with 77/ odd and 7 # 7’ (notice that 7 = 7’ would imply ' = +u and a = a’). Then

b+ w(t—7) =wv—2") = +uv)=a
and we can write 7 = 7 4+ 2%7°p for some odd p. Let us consider now the equality
V(14 0% —u?) = v(1 +v? — u?) as a quadratic equation on 7. It yields
201 p]72 4 [2971 (A2 + p?) — 92a'—a—1y72 + )7
F[o%b 12, 4 90 l(\2 4 ) £ 22a’7a7b71)\/2] —0

which is absurd, since the quadratic term and the independent term are both even
while the linear term is odd.

Since the case u = u' = 0 is trivial, we can write u = 29\, v/ = 2°N, u+v = 2°u+1,
u + v =2bu £ 1 with b > 1 and AN py' odd.

If b > a then u — u' = 2%\ — \') while
uu'+vv'— 1= 22a+1[>\)\/+22b_2a_1[1;,u,—Qb_a_l(A[LI—F[L/\/)] i2b(ﬂ+l/):’:2a(>‘+)\/)-

Since v5(A — N') = 1 if and only if v5(A + X') > 1, one sees easily that vu' + v’ — 1
cannot have the same vo-valuation that v — v/, a contradiction.

Assume b < a and write, as we did before,
v = 2741
o = 27+
with 77" odd. The case in which 7 = 7’ leads easily to a contradiction in the following
way. If v = v then the existence of the invariant I's 5 implies v’ = +u. But u = —u’
and b < a contradict vo(u — u') = vo(ut/ + vv' — 1).
Hence, we can write 7/ = 7 4+ 2°p for some odd p. Like before, let us write the
equality v'(1 4+ v? — u?) = v(1 + v — v/?) as a quadratic equation on 7. It yields
[2b71p]7_2 + [22a7b7c71(/\2 . /\/2) + 2b+c71p2 + p]T
+[22a7b71)\2p + 22a72b7071()\2 - )\12) + 2671[0 ] =0
Now,
bdc=w(v—1v) = v(uw +vu') = (29X + N)v + 2770 )\ p)

implies 15(A + X') = b+ ¢ — a (and, in particular, ¢ > 1). Then we see that both the
quadratic and the independent term in the quadratic equation above are even, while
the linear term is odd, which is absurd.
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Hence, we have a = b and, in particular, a > 1 and we can write
v = 29p+1
o= 2% +1
with v/ odd and 1 <a < d <d'.
The equation vT'y5 = 1 + v? — u? yields
9%)2 — 922 _ (T, ,  2)
and, if we write I'yo F 2 = 2%y with v odd, we get
A2 = 92d=a)2  (9dy 4 1)y
and this yields

(_i_) A2 V2 — 22(d—a)n2 _ 22(d’—a)n/2 _ 2d77,7 + 2d/77,/7'
If we assume d < d’ we get
(1) d=w(v—2") = mu +u'v) =a+ 2 ' +29Nn+ A+ X)).

If this last term in brackets has vp-valuation 1, then d = a + 1 and (}) implies
that v5(A* — A\?) = 2, which is absurd. Hence, d —a > 1 and v5(A + X)) > 1 and
va(A2 = \?) = (A + ) + 1.

Let us consider now the equations (}) and (1), according to the relative values of a
and d.

o If d > 2a then (}) implies ro(A + N) = d — 1 and (}) yields d = a +d — 1,
which is absurd.

o If d < 2a, then (}) implies that vo(A + X') = 2d —2a — 1 < d and (I) yields
d — a = 1 which we have already seen that is not possible.

o If d = 2a then (f) implies vo(A + X') > 2a which contradicts ().

Like in the previous case, we have the equality
(§) A2 = N2 = (=) [22 (g + 1) = 2.
Now, if v # v', we can write ' = 1 4 2°k for some odd k and e > 1. This yields
() d4+e=w(v—20)=wnr +uw)=a+uvy((A+N)(2% £ 1)+ 29°N\E).

This implies immediately v5(A 4+ A’) > 1 and therefore vo(A — X) = 1. Also, ()
implies v5(A + N') < d + e and we have

d+e=a+mA+X).
But (§) implies
d+e—a+1=v,(A+N)+1=c+ 1229 (n+n)—2%)
which is impossible.

Uu=1u
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Since v = v', we have u = +u’. If ' = —u then we notice that
a+1=wp(u+u) =rvy(—u? +v* — 1) = vp(—22N\? + 22%? £ 24 1p)

with d > a > 1, which is absurd.
This ends the proof of the theorem. [l

The above result provides an effective classification of representations of D, of
type (2,2). However, unlikely to what happens in Rep, ; or Rep, ,, we see no obvious
way to select a complete list of coset representatives. To give a hint of the kind of
phenomena that occur, we include here a sample of results about matrices which have
simple coset representatives.

Proposition 6. If I'y5(M) is odd, then M ~ ((1) F2,21(M))'

Proof. Take M ~ ({%). Then u is odd and we know that in this case the invariant
I'y 5 suffices to classify M. O

The next results are only valid when the ground ring is the ring Z, of the 2-adic
integers. Let us recall that a 2-adic integer x # 0 is a square in R if and only if there
exists r > 0 such that z = 22"y with y = 1(8).

Proposition 7. Assume R =Zy. If 6(M) =1 then M ~ (}2) for some unique v.

Proof. Take M ~ ({%). Then, one sees easily that the condition on §( M) is equivalent
to va(u) = 1, so we write u = 2)\ with A odd. If we want to look for a matrix (§ 2)
with the same value of the invariant I';, than the matrix M, we need to solve a

quadratic equation on v':
v + (u® —v? — 1)V — 3v = 0.

This equation has a solution in Z, if and only if the discriminant A is a square. If
we write v? = 8k + 1 we see that

A = 16(4k* + X' — N2 + 8k — 4\%k + 1),

which is, indeed, a square in Z,, A = (+4w)?. Then, we have two possible values for
v, given by
, 1+ —?

W = ———— + 2w.
2

To conclude that M ~ (§ 2) we need to check that vo(u — 2) # vo(2u + vv' — 1),
but it is easy to see that there is always a choice of the sign of w which makes this
inequality hold.

To see the uniqueness of v/, notice that the invariant I's o applied to (§2) ~ (§ 2)
yields v = v or v = —3/v. But this second value of v" gives vo(v — v') = 1,(20" +
20). O

Proposition 8. Assume R = Zy. If vo(u) > va(v? — 1) then (§%) ~ ($ %) for some
unique v'.
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Proof. Like in the previous proposition, let us first look for a matrix (9 ) with the
same value of I'y5 than the original matrix (%). We need to solve the quadratic
equation

v+ (U2 — v — 1) +v =0
i.e. we need to prove that the discriminant A of this equation is a square in Z,. Let
us write u = 2%\, v? = 2 + 1 with Ay odd and b > 3. Then,

A — 22b[24a72b)\4 4 7,’2 . 22&*1)4’1)\277 o 22a72b+2)\2]
and we see that the condition 3 < b < a implies that A is a square, A = (+2°w)? and

1 2 _ .2
w' = % + 20y = 2P £ w) — 22002 4 1.

Now, like in the preceding proposition, we can choose the sign of w in a way that
vo(u) # va(vv' —1).
The uniqueness part is trivial. [l

These two last propositions may induce the reader to believe that there are always
coset representatives of the form ({2 ). The following example shows that this is not
true.

Proposition 9. ((1) \}12—7) A (§%) for any v and any v.

Proof. The invariant ¢ of the matrix ((1] \}f—?) has value 2, while the ¢ invariant of the

matrix (}%) is equal to 2 only if r = 2. Then, Iy, ( \}12—7) =T95($23) if and only
if v satisfies the quadratic equation v? — %v — 15 = 0, which has no roots in Z,

because its discriminant is not a square. O

7. REPRESENTATIONS OVER A FIELD

The representations of D, over a field k of characteristic # 2 have been studied
by Dokovi¢ in [4]. Although our aim in this paper has been to study the integral
representations of D, it seems worthwhile, in order to present a more complete view
of the representation theory of the dihedral group, to relate our results to those of [4].
We point out that the main result of [4] is slightly inaccurate in the two-dimensional
case, which is the case we are dealing here with.

The irreducible representations of Dy, in GLy(k), k a field of characteristic # 2,
are the following:

(I): For any « € k*, a # £1, the representation p, given by

pa(rery) = <(g a01>

i = (1 )

with p, ~ pa-1.
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(IT): For any 3 € k such that 3°—1 is either 0 or a non-square, the representation
Tg given by
0 -1
T5(rary) = 1 23

m5(r1) = (gj é)

This follows from [4] in a quite straightforward way. Notice, however, that some of
the representations which appear in the main theorem of [4] are redundant, because
they become equivalent when the dimension is two.

In our case, k is the field of fractions of R, i.e. k is either the rational field Q or the
field of p-adic numbers Q. All irreducible representations are in Rep, ;. Hence, in
the set of irreducible representations of D, in G'Ly(k) we have the k-valued function
I' =T'1;. This function classifies the representations:

Proposition 10. I' is a one-to-one correspondence between the set of irreducible
representations of Dy, in GLo(k) and k.

Proof. The only thing that needs to be proved now is that each representation p,, 73
in the list above yields a different value of I'.
First of all, a straightforward computation which we leave to the reader shows that

I(pa) = (044‘;1)
D7) = #

Then, it is obvious that I'(73) = I'(75) implies 5 = 3" and ['(p,) = I'(por) implies
o =a,a” and p, ~ po. On the other hand, if I'(75) = I'(p,) then a # £1 is a root
of the quadratic equation

X2 — (4T(15) = 2)X +1=0
and this implies that 3% — 1 is a non-zero square and so 73 is not in the list. O

Finally, we would like to be able to distinguish which of these representations are
faithful and which are not. Clearly, this depends only on the representation over k.
We have the following partial result:

Proposition 11. Let p : Doy — GLo(Z,) (p odd) be an irreducible representation
with ' =0,1(p). Then p(Dw) has finite order if and only if p=3 and I' = 3/4, 1/4.

Proof. Tt is clear that p(Dy) has finite order if and only if the matrix w = ryrq is
nilpotent. w is a two-by-two matrix of determinant one. If we assume that w is
nilpotent then it has to be diagonalizable in @QQ,, or in some quadratic extension of @Q,,.
If ¢, ¢! are the eigenvalues of w then ¢ is an m-th root of unity for some minimal
m. Let us discuss in which cases this can happen.

If m is coprime to p then Q,(¢) is unramified over @,. The hypothesis on I" implies
that the mod p reduction of the characteristic polynomial of w is (z£1)% and so Q,(¢)
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is totally ramified over QQ,. Hence, Q,(¢) = Q, and so ¢ is an m-th root of unity in
Q, such that ¢ = £1 (p). Hence, we have ( = £1, w = %I and the representation is
reducible.

Put m = p"n with n coprime to p and » > 1. Then (" is a primitive p"-th root of
unity and we have

P —1) = [Q(C") : Q) < [Qp(Q) 1 Q) < 2.
Hence, p = 3 and r = 1. Moreover, as above, (3 = +1. Since the characteristic
polynomial of w is X% — 2(2I' — 1) X + 1, we obtain that I' = 3/4, 1/4.
The converse is easy. 0

REFERENCES

[1] J. Aguadé, C. Broto, N. Kitchloo, L. Saumell, Cohomology of classifying spaces of central quo-
tients of rank two Kac-Moody groups. Preprint.

[2] J. Aguadé, A. Ruiz, Maps between classifying spaces of Kac-Moody groups. To appear in Adv.
Math.

[3] C. Broto, N. Kitchloo, Classifying spaces of Kac-Moody groups. Math. Z. 240 (2002), 621-649.

[4] D.Z. Dokovié, Pairs of Involutions in the General Linear Group. J. Algebra 100 (1986), 214-223.

[5] V. G. Kac (ed.) Infinite-dimensional groups with Applications. Papers from the conference held
at the Mathematical Sciences Research Institute, Berkeley, Calif., May 10-15, 1984. Math. Sci.
Res. Inst. Publ., 4. Springer-Verlag, New York-Berlin, 1985.

[6] N. Kitchloo, Topology of Kac-Moody groups. Thesis, MIT, 1998.

DEP. DE MATEMATIQUES, UNIVERSITAT AUTONOMA DE BARCELONA, E-08193 BELLATERRA,
SPAIN
E-mail address: aguade@mat.uab.es broto@mat.uab.es laia@mat.uab.es



