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A characterization of Farrell sets for the space of harmonic or holomorphic
functions whose boundary values are in BMO (VMO) is obtained. The main step
of the proof is the construction of certain VMO functions which are related to the
sharpness of the John—Nirenberg inequality.  © 2000 Academic Press

1. INTRODUCTION

Let o/ be a space of functions in the upper half space R4*! = {(x, y):
xeR? y>0} or in the unit disk D of the complex plane. Let ¥ denote the
set of continuous functions which belong to .«/. Suppose that there is given
a topology 7 in .7 such that % is dense in /. A relatively compact subset
FcR"*! (or F=D) is called a Farrell set (for (.7, 7)) if for any fe .o/
bounded on F there exists a sequence of continuous functions {p,} in %
tending to f (in the topology 7) and pointwise-boundedly on F, that is,
P, —f pointwise on F and

1pnlle = 1L/ e

where || /||  denotes the supremum of f over F.

This concept was introduced by Rubel, who also raised the question of
describing such sets [ R]. Actually, Farrell sets have been geometrically
described for several spaces of functions, for instance, (a) for the space of
all holomorphic functions in the unit disk D endowed with the topology of
uniform convergence on compact subsets of D [R-S], (b) for the space
H®> of bounded analytic functions in the unit disk with the topology of

! Both authors are partially supported by DGES Grants PB98-0872 and PB96-1183 and by
CIRIT Grant 1998 SRG00052.

21

0022-1236/00 $35.00
Copyright © 2000 by Academic Press
All rights of reproduction in any form reserved.



22 NICOLAU AND OROBITG

pointwise bounded convergence [ S], (¢) for the usual Hardy spaces H”(D),
0 < p < oo, with the weak and the norm topology [ R-S, P, P-S, B-P-S-T],
(d) for the space of bounded harmonic functions in the upper half space
with the weak-* topology [ P-T, B-T]. In cases (b), (c), and (d), Farrell
sets are those relatively compact sets F'= B such that almost any point
in FN 0B is in the nontangential closure of F. Here B denotes either D
or R%1.
Given a point x € R? and a >0, let

I(x,0)={(y. )R |y —x| <o)

be the cone with vertex at x and aperture «. Given a set F in the upper half
space R%*™!, the point x e R? is in the nontangential closure of F, if there
exists a >0 such that x is in the closure of F'n I'(x, ). The nontangential
closure of F is denoted by F,

In this paper we study Farrell sets for the space of functions of bounded
mean oscillation, obtaining a similar geometric description.

In the Euclidean space R% let Q denote any cube with sides parallel to
the axis and write |Q| for its Lebesgue measure. A locally integrable func-
tion f on R? has bounded mean oscillation, f € BMO(RY), if

Il =sup 10 j ol <,

10

where

fo= |Q|Jf f,/

is the mean of f over Q. Every bounded function is in BMO but BMO
contains unbounded functions. For instance, log |x| is in BMO(R¢). One
denotes by VMO(R?), the space of functions of vanishing mean oscillation,
the closure in BMO of the continuous functions with compact support.
Equivalently, VMO consists of those fe BMO such that the averages
1017 {5 |f—fol tend to zero uniformly as the side length of Q tends
either to zero or to infinity. Again, VMO contains unbounded functions
(e.g., [log [x][").

The celebrated duality theorem of Fefferman [ F-S] states that BMO(RY)
is the dual space of the Hardy space, H'(R“), of functions g in L' whose Riesz
transforms

Rig(x)=1

V; .
—agx—y)dy, j=1,..,4d
Hojuym} |p[9*!
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arein L'. We set | g[ 1=l gl +X9_; | R;gll;. Actually, given f e BMO(R?),
the corresponding functional A, is defined on the dense subspace of H' of
continuous compactly supported functions g with mean 0 by

Ay(g) =] f(x) glx) dx

and extends continuously to H'.
Given a function f in BMO(RY), we denote by f(z) the value of its
harmonic extension at the point z € R‘i“, that is,

J(2)=(f*P)(x)= Jm S(y) Pi(x—y)dy,

where z=(x, t), t>0, and

t

, ye R4,
(IyI?+ )@+

P, (y)=c(d)

is the Poisson kernel. The space of harmonic extensions of functions in
BMO(RY) is denoted by BMO(R%*!). If f e BMO(RY), the functions f,(x)
=(f* P,)(x), xeR? t>0, converge pointwise and weak-* to f as t — 0. So
the continuous functions in BMO(R?) are weak-+ dense in BMO(R?).

THEOREM 1. Let F be a relatively compact set in the upper half space
R4+, Then the following conditions are equivalent:
(a) Fisa Farrell set for BMO(R“* 1) equipped with the weak-* topology.
(b) Fis a Farrell set for VMO(R%™") equipped with the norm topology.
(c) Almost every point of F N R4 is the nontangential limit of points of F,
that is, |FnRI\F,,| =0.

The space BMOA (VMOA) consists of the holomorphic functions in the
unit disk that are Poisson extensions of functions of BMO(dD) (VMO(0D)).
The problem of finding a geometrical description of Farrell sets for BMOA
(VMOA) was proposed in [ R-ST.

THEOREM 2. Let F be a relatively closed set of the unit disk. Then the
following conditions are equivalent:
(a) Fis a Farrell set for BMOA endowed with the weak-+ topology.
(b) Fis a Farrell set for VMOA endowed with the norm topology.

(c) Almost every point of Fn oD is a nontangential limit of points
of F, that is, |F n0D\F,, | =0.
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Using duality methods, Pérez-Gonzalez, Stray, and Trujillo-Gonzalez
have recently proved Theorem 2, except for the implication from (b) to (c).
In both Theorems 1 and 2, when the geometric condition (c) is satisfied,
our methods are constructive. The main technical step is the construction
of VMO functions with certain regularity properties, as stated in Theorems
4 and 5 below.

On the other hand, the necessity of condition (¢) in Theorems 1 and 2
is closely related to the following fact. A set F = R?% is dominating (for H*)
if for any bounded analytic function f, one has

sup{|f(z)|: ze F} =sup{|f(z)|: ze R% }.

Such sets are also described by the condition |R\F,,| =0 (see [ B-S-Z]).
An analogous result for Hardy spaces H?, 0 <p < oo, has been obtained by
Thomas [T].

We will say that a set F=R%"" is dominating for BMO (for VMO) in
its closure if for any u € BMO (ze VMO) such that supy|u| < oo, one has

ue L®(F).

THEOREM 3. Let F be a relatively compact set in R*'. The following
properties are equivalent:

(a) F is dominating in its closure for BMO(R’TI).
(b) F is dominating in its closure for VMO(R%).
(c) |Fﬁ Rd\Fntl =0.

Certainly a similar result holds for the spaces BMOA, VMOA, as well
as for the Hardy spaces H”.

Recall that functions in BMO satisfy the John—Nirenberg inequality; that
is, there exist two positive constants C;, C,>0 such that whenever
fe€BMO then for every 4> 0 and every cube Q, one has

[{xeQ: 1f(x)— fol > A} < Crexp(— G4/ f1l4) Q-

So, roughly speaking, the set of points of a given cube where a function in
BMO differs from its mean has small Lebesgue measure. The next lemma
tells that this is best possible. That is, given 4 = Q such that |4|/|Q| =¢ is
sufficiently small, there exists f'e BMO, | f||, =1 such that |f(x)—f,| >
Cloge™! for any xe 4. This was shown by Garnett and Jones in [G-J,
p-379]. We need the following strengthened version.

MAIN LEMMA.  Let A be a measurable set of R and let Q be a cube of R
Assume |A N Q| <e|Q|, 0<e<]1. Then there is a function ¢ € VMO such
that
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) @ is supported on 3 Q and |supp ¢| < Ce |Q|.
) el <C.
(ili) 0<gp<loge™".
) If xeAn Q then p(x)=loge~ L.
) foo<C.

Here C= C(d) is a constant depending only on the dimension.

If one requires the function ¢ to be in BMO instead of VMO, then this
is Lemma 2.2 of [G-J]. Certainly, minor modifications of the proof in
[ G-J] should give our Main Lemma. However, in Section 3, for the reader’s
convenience, we will present a slightly different and shorter proof. Construc-
tions of similar type can be found in [J, U].

Our two next results are the main steps in the proof of Theorems 1,
2, and 3. In both proofs the Main Lemma plays a central role and the
construction is quite explicit.

THEOREM 4. Let A< R? be a measurable set and let x, € A such that

g 1950, 9) 0 4] _
=0 100

where Q(x,, 0) denotes the cube centered at x, of side length 6. Then there
exists a nonnegative function g€ VMO(R?) such that

(@) lgl,<C=C(d).
(b) hm&—»omyg(xo,&) g(y)dy=0.
(C) 1imy—>x0,yeA g(y):OO
THEOREM 5. Let A< R? and let x, € A be as in Theorem 4. Then there

exists a nonnegative function f € VMO(R?) such that f(y) <1 for all ye A,
I/l < C=C(d) and

lim

1
S dy = .
i e 7 o o =

2. PRELIMINARY FACTS

In this section we collect some results which will be used throughout the
paper. First, we state a criterion for weak-* convergence in BMO.
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LemmA 2.1. Let {fi} be a sequence of functions in BMO(R?) and
feBMO(RY). Assume that f, — f in the weak-+ topology and for some
20 € RGY, fi(20) > f(20). Then supy | fill < oo and fi(z) = f(2), for all
ze R*'. Moreover, f; tends to f uniformly on compact sets of R4,

Proof.  The conclusion supy, || fi ||, < oo is clear. We only will pay attention
to the pointwise convergence. For fixed >0, the Poisson kernel P, does
not belong to H'. It is well known that bounded functions with mean 0
that decay sufficiently rapidly at infinity belong to H' [ G-R, p. 327]. Thus
for any x € R? the function P,(x — y) — Cx o, 1)( ), where C,=|B(0, 1)| ',
is in H'. Then for each ze R4*! we have

Fla=Ca] SNy =12 =Cu] S dy

In particular, taking z =z,, we get

o V= [ f)d

B(0,1)
Therefore,
Ji(z) = f2(2)

for any ze R4+,

Given a cube Q in R? we denote by zo the point (xp,/(Q)) in the
upper-half space, where x,, is the center of Q and /(Q) is its side length.
Also, PZQ(y) =P(xy—y,/(Q)) denotes the Poisson kernel.

Our next auxiliary result says that when one computes the harmonic
extension of a BMO function, contributions from “far away” are negligible.

LEmMmA 2.2. Given ¢>0, there exists N= N(¢, d)>0 such that for any
cube Q = R? and any f e BMO(RY), ||| . <1, satisfying

If(x)]<1—e
for all xe NQ, one has
If(zo)l S 1.

Proof. Observe that for any cube P in RY one has

|fop—= el S C Il
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Hence, estimating the Poisson kernel in dyadic blocks, one gets

|f|2kNQ
P.(y)dy<C Y 2N
Joog N Pof) kgl iy

~ Z 275k 11l + 1 T vo)

2

N
=10

Hence

C
e =[P f0 | <5

and the result follows. ||

Given a natural number n, let D(n) denote the set of dyadic cubes Q of
edge length 27"; that is, Q is the cartesian product of intervals [/2 7",
(/4+1)27"] where ¢ is an integer. Related to each D(n) we consider a
partition of unity. We associate to each dyadic cube Q € D(n) a measurable
function ¥, supported in 3 Q such that 0<¥,<1, ¥y(x)=1 for all
xe2Q and

Y. Polx)=1

Qe D(n)

for all xeR? For instance, we could take Yo=yg for all QeD(n);
however, in the proof of Theorem 1, we will require the continuity of the
functions ¥,,.

The following result is probably well known but, since we have not
found it in the literature, a proof is provided.

PROPOSITION 2.3. Let f be a function in L} (R?). Let ¢(f,n) be the
function defined by

b4
p(fim)= 3 ap¥ where aQ—Xf 2
o< D) [

(a) IffeL?(RY), 1<p< o0, then ¢(f,n)— fin LP(R?) as n — .
(b) If f e BMO(RY) then @(f. n)— f in the weak-* topology as n— oo.
That is, for any he H'(R?)

Colfin), hy = f by as n— oo.
(c) If fe VMO(R?) then ||p(f,n)—f,—0 as n— oo.
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Remark. 1In both parts (b) and (c) one easily gets that for any # > 0 the
harmonic extension of ¢( f, n) tends to the harmonic extension of f uniformly
in {(x, y)eR*: y>p}.

Proof. (a) Observe that by Jensen’s inequality,

I

5UQ(X )

de<f<z lag|” 'I’Q(x)> dx
Q
%j X)|? Wo(x) dx

L/(0)17 d,

I
—

that is, (£ n)],< /],-

Now the conclusion follows because it holds trivially for continuous
function with compact support. Given &> 0 there is a continuous function
g with compact support such that || f— g, <e. Therefore,

If=o(fim)l,<|f—gl,+Ig—o(gn)l,+lle(g n) —e(f,n)l,
L2 f—gll,+lg—olg n)l,<3e

if n is large enough, because g is continuous and has compact support.

(b) Let f be a function in BMO and write

M(f;6)= sup j|f ~fol-

Z(Q)<6 |Q|

Let Q and Q' be adjacent dyadic cubes of generation n. Consider a cube
P containing 3 Q and 2 Q' such that /(P)<3-2~" Observe that

1P
lag—ag| <lag—frl +1fp=agl <315 | 110~ fol v

that is,
lag—ag | <3P 'M(f,3-27"). (2.1)
To simplify notation write ¢, = ¢(f, n). We now show

1f = @ull <SIM(£:3-277). (2.2)
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We first consider cubes P with /(P) <27". Then P only intersects adjacent
dyadic cubes of D(n) (at most 2¢) and therefore from (2.1) it follows that
for any x € P, one has

|9, (x) —(@,)p| <max{|ay,—ay|: O, Q' adjacent dyadic cubes of D(n)}
<3HIM(f3.277),

Then, in this case

|P|j (=0 = (f = @a)pl M 27") 43971 M(f;3:277),

When the cube P has /(P)>2"" we get
J, 1) =l dr< [ X 1£06) - agl olx)

<3 [, (o, 10100 oy ) o a
M(f22) Y ‘5 Col-

(5/4)Qn P+

5 2d
<2 (3) P M2 2,

ZQ

where we have used the simple fact that for any cube R one has

| | 1) —s)ldedy<IRI | 1f~fal

Finally

oL =oa= s <ty [ 17-oul <202 (3) min2270

and (2.2) is proved.

Therefore, [@(f,n)|,<5%|fIl, for all n. Thus we only need to check
that {@(f, n), h) - {f,h) when h is bounded, has compact support and
§h=0 (because this class of functions is dense in H'!). But now, as in
part (a), ¢(f, n)h— fh in L' and

ofim = [ p(fmh— [ fh=Cfhy  as no oo
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(c) When fe VMO, M(f,0)—0 as 6 -0 and (2.2) shows that ¢,
tends to fin norm. ||

If f'is a complex-valued function and p >0, denote by 7, fits truncation

at height p, that is 7, f(x) = f(x) if [f(x)| <p and T, f(x)=p f(x)/|/(x)|
if' | f(x)| = p. Since T, f'= D of, where @ satisfies

|D(z) — D(w)| < |z—w], z,weC,
it is clear that

1T, flle < 1Sl s

LemMmA 24. Let f be a function in BMO(R?). Then

(a) T, f converges to f in the weak-% topology, as p tends to .

(b) If fe VMO(R?), T, f tends to f in the norm topology, as p tends
to oo.

Proof. Part (a) follows easily because ||T, /|, <| /|, and because for
any cube Q one has T,(fyo) = fxo in L' as p — o0. To get part (b) one
uses the following fact. If fe VMO, given &> 0 there are ¢ >0 (small) and
R>1 (large) such that

1
0l

if either Z(Q) < or /(Q) > R or the distance from the center of Q to the
origin is bigger than R. |

J 1ol <

Sundberg established:

THEOREM 2.5 [Su, p.754]. Let f be a function in BMO(R?). For fixed
C>0, (T, f)(z) tends to f(z) uniformly on the set {ze R%*":|f(z)| < C}.

3. PROOFS OF THEOREMS 4 AND 5

This section is devoted to proving Theorems 4 and 5 and to presenting
a proof of the Main Lemma. In order to establish these results we will need
to construct unbounded functions in BMO (or VMO) of small norm. The
next two lemmas provide an easy way to do this.

We say that a Lipschitz function « is adapted to the cube Q if a is
supported in 3 Q and |grad a| <b/(Q) " for some constant b.
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Lemma 3.1 [G-), Lemma 2.1]. Let {Q;} be a sequence of cubes in R?
satisfying the packing condition

Y 10,1<C 10l for all cubes Q.

90

Let a; be adapted to Q;. Then ¥ ;a; € BMO and ¥ a;|, < CbCy where C
is a universal constant.

LeEmmA 3.2. With the same conditions as in the above lemma, assume
moreover |grad a;| < b(£(Q;)) /(Qj)’1 where b is a bounded positive function
with lim,_, o b(¢) =1im, _, , b(1) =0. Then ¥ ;a; € VMO.

An ecasy proof of Lemma 3.1 is given in [ G-J, p.379] and Lemma 3.2
follows from a slight modification of it.

Proof of Main Lemma. 1t should be observed that (v) follows from (i)
and (ii). Without loss of generality we assume that AnQ=J;0Q; is a
countable union of dyadic subcubes of @, that have pairwise disjoint
interiors.

Finite Case. We begin by considering the case when 4 n Q is a finite
union of dyadic cubes, that is, 4" Q= Uj‘;l Q;. Let us proceed with a
standard stopping time argument. Consider the family {L} of dyadic
subcubes of Q. Let {L}} denote the finite collection of maximal dyadic
cubes satisfying

2L <|LnAl

They are called first generation stopping time cubes and have pairwise
disjoint interiors. Since L} is maximal we have 2¢|L;|<|L} nA|<
2624 IL} |. On each L}, repeat the procedure, this time with the condition
|L~A|>2(2:27) |L|. In this way a collection of second generation stopping
time cubes {LJZ} is obtained. Continuing the process M(d, ¢) times (to be
made precise later), we will get a finite number of finite families of dyadic

cubes { L5}, k=1, .., M(d, ¢), such that

(a) EBach family {L%} is maximal according to the rule |[LnA|>
2(2-24)—1|L|.

(b) For every k, one has Qn A< /%), Lk, j(k)<N.

(¢) If k,>k, then either L;.‘l and L*: have disjoint interiors or
Lk c Lk,
Vi i
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- (d) Forany L one has 2¢(2-2)* " |L¥| <L n A| <e&(2-29)% |LF|.
us

k—1
> IL?I<M.

LheTE 2

To determine the bound M(d, ¢), we decide that the process will terminate
whenever we get a cube L¥ of the collection of cubes Q; of Q N A. In this
case, one has

26(2- 20—V |LF| < |L¥| = |LF N 4| <e(2-29)% | L¥),
that is,
26(2-29)F 1 <1 <g(2-29)%

Therefore we take M = M(d, ¢) equal to the maximum of 1 and the integer
part of ((d+1)log2)~'loge~

Let af be a Lipschitz function adapted to the cube L so that 0 <af <1
and a;.‘ =1 on Lj.‘ . Then the continuous function 2 | > J aj.‘ is supported
on 3 O, takes values between 0 and M, is equal to M on Q N A4, and by
Lemma 3.1 has BMO-norm bounded by a universal constant. We can apply
Lemma 3.1 because property (d) implies the necessary packing condition.

Finally, define

loge™!
o=l L4

k J

so that @(x)=loge ! if xeQnA. Since M>C(d)loge~!, one has
el <C, where C is a constant depending on d but independent of ¢, O,
and 4. So we have proved the lemma when Q N A4 is a finite union of cubes.

General Case. Let AnQ=1)7_, O;. We choose an increasing sequence

of integers O =Ny <N, <N,< --- <N < --- with the condition

N
2
Y 191<é 0l k=1,2, ..
J=Nj_+1
Set
Ny
F,.= U 0;.

J=Nj_+1
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Now, on each F, we proceed as in the previous finite case and we get a
continuous function ¢, supported in 3Q and |[l¢.|,<C. Moreover,
0<@,<k?loge™, p(x)=k?loge~" if xe F, and

][Q pr<C

Write

Note that the nonnegative function @ is supported in 2 Q, and if xe 4~ Q
then ¢(x)>loge™"'; moreover, §, ¢ <C and @], <X, k> @il <C.
The last task is to check that ¢ belongs to VMO. Fix ¢>0 and choose N
so that 3, _ v k=2 <¢&(2C)~". Therefore

N
f1o-00l< X | k210000l + ¥ k72 lgull,
Q k=1 "2

k>N
N
e
< o —(@r)ol +5
k:lJ[ 2
<é

if |Q| is either sufficiently small or sufficiently large, because the last sum
involves a finite number of VMO functions.
Finally, we take

@(x) =min(¢(x), loge™"). 1

We start by proving Theorem 4. Theorem 5 will follow from a modifica-
tion of that proof.

Proof of Theorem 4 and Theorem 5. One may assume x,=0. Consider
the Whitney type decomposition of R?\{0}. That is, R?\{0} may be
written as a “disjoint” union of dyadic cubes

0 k(d)

RA{0}= U U Q).
i=—o j=1
where k(d)=4—29=29(2?—1) and Q,; is a dyadic cube of R“ with
/(Q; ;)=2" and contained in Q(2'**)\Q(2'*'). From now on, Q(¢) will
denote the cube of side length J centered at the origin.
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Ck

fr

For each integer k> 1, we denote by C, the “annuli” of size 2 ~*; that
is,
K(d)

Ck: U Qk,j-

j=1

Since the set 4 has null density at 0 we have

|Qr, ; N Al <& | O,

where {¢,} is a nonincreasing sequence tending to zero. Next we apply the
Main Lemma to each @, ; and we get the corresponding function ¢, ;.
Write

k(d)
D= Z P, j-

Jj=1

If we defined g =3"_; ¢, we would get the properties in Theorem 4, but
maybe g is not in VMO. Since we want g to be in VMO, we will multiply
the functions ¢, by suitable constants and then we will add them.

The above sequence {¢,} can tend to zero very slowly. Let {7} be a
strictly decreasing sequence (to be determined later) of positive real numbers
tending to zero very quickly. For m>1 let 1,,=(#,,, 1, #,,] and define the
nonnegative functions

y10: Z (Dk,

&€ (ny, o0)
yImz Z (pk'
g el,
We note that if xe 4 m(UskE,m C,) one has ¥, (x)>|logn,| because

since &, €1,,, ¢, (x)=|loge,| = |logn,,|. Notice also that ¥,, have BMO
norm uniformly bounded, [|¥,,|,<Cmax |¢; ;[l,<C, because the
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functions {¢, ;}, involved in the definition of ¥, have almost disjoint
supports [ B-V, Lemma 1.7.3]. Clearly, ¥,, e VMO, and }Q((;) Y., <C
Consider a sequence of positive real numbers {«;} such that

(i) X572 0<+oo.
(i) lim;_, , o;logn; " = + 0.
(iii) The sequence d,,,=a;,logn;;!; —a;logn; ' is decreasing and
tends to zero.
For instance, one could take #,= 2% and a=2"7 ﬁ to get the
required properties. The above condition (iii) will only be used in proving

Theorem 5.
Finally we define

g:Zame'

m

Clearly, the function g satisfies the properties (a), (b), and (c) in
Theorem 4. The only remaining task is to check that ge VMO. Fix ¢ >0
and choose N so that 3 a,, <&(2C)~ L. Thus

m>N

N
fle—2ol< Y ouf 1¥=(Paol+ ¥ @yl
Q m=1 Q

m>N
N €
< |¥/m_(glm) |+7
mzzll J[Q e 2
<¢

if | Q| is either sufficiently small or sufficiently large. Consequently, Theorem
4 is proved.

To prove Theorem 5 we choose a sequence of cubes centered at 0 and
tending to 0:

Py

Py
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Consider the cubes

& <1y
Obviously, {P,,} satisfies the packing condition mentioned in Lemma 3.1.
We assign to every cube P,, a Lipschitz function /,, supported on 3 P,, such
that 0<h,,(x)<d,,, h,, is equal to d,, on P, and |grad h,,| <4d,,/(P,,) .
Define the unbounded function

h=Y h,,.

m

By Lemma 3.2, he VMO and | 4|, < C. By construction

lim h=+
-0 JQ(5)

because h(x)>a,,logn, ! if xe P,,. But we would like the function to be

bounded on the set A. The function g from Theorem 4 is unbounded on 4.
One could consider a function & — g that satisfies || — gl <2C, h—ge
VMO, and lim; _, {5 (h— g) = + 0, but still we could not assure that
h— g is bounded on A4.

However, if for all integer m > 1 we had the estimates

a,logn, ' <g(x)<a,, logn, ,  forany xedn(P,\P, )
(3.1)

then we would finish the proof because
|h(x)_g(x)|<dm> XEAH(Pm\Pm+1)'

We need to modify the construction of the function g in Theorem 4. Recall
that the composition of a BMO (VMO) function g with a real Lipschitz
function T is again a BMO (VMO) function and

ITogll < ITLipery 18114

By truncation we can assume 0 < ¥, <log 7, ' and alsoif xe A N (P, \P,, 1)
then ¥,,(x)=1logy,,"'. Let

T,

m

(1) = t if r<a,,logn,’
o, logy,t otherwise.
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Write
gi="
and if m>2
8m =T % ¥+ & —1)-

Since T, is Lipschitz, one has

I gmlls <% [Pl + gm—1 1l < 3 s 1Pi] < C.
i=1
Observe that if xe P,,\P,, ., then g;(x) = g,,,(x) for all j=m+ 1. So we
may take a limit and define

g(x)= lim g,(x).

m — oo

Moreover, {g,,} tends to g in L' because 0<g,, <>, o;¥; e L'. Clearly, g

satisfies (3.1) and lim(;aofg((;) g=0. Now, we have to see that || g||,<C
and ge VMO. It turns out that sup,, ||g,, |, < oo and the functions g,, are
uniformly in VMO, that is, given ¢ > 0 there are 6 > 0 and R > 1, independent
of m, such that if |Q] < or |Q] > R, then

f 1gn— (gm0l <e
Q

Take (Cy)p=0,(¥,)p and if m>2,

(Cm)Q: Tm(ocm( YIm)Q—i_ (Cm—l)Q)'

Thus
1
— —(C

1
=10 I T ot 800 = Tl o+ (Com)

o 1

<= v,— (¥ — _1—(C,,_
1 m

<igl L 1= ()l

J
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Therefore

m

lgmlls< X o 111, <C Y oyl < C

j=1 j=1

Moreover, given ¢ > 0 choose an integer N such that > ., a.<g/2C. Then

>Nj

1 N1 &
| 18m—=(Chlol < ) | 1= (P)ol +5<e
19 JQ e jg‘l 19 jQ 7Tre T
if |Q| is either small enough or large enough. So the functions g,, are

uniformly in VMO.
On the other hand, g, =1im,, , ,(g,.), since g,, — g in L'. Consequently

1 1
— — =— lim |g,,—(g.
|Q|Lﬁg' gol |Qlmeﬂolg (&m)ol

1

< lim = | [g,—(gnol <&
m— oo |Q| fedl ©
if either |Q| <d or |Q| > R.
Finally, define
f=1h—gl;

then f satisfies the conclusions of Theorem 5. ||

4. FARRELL AND DOMINATING SETS

This section is devoted to the proofs of Theorems 1, 2, and 3. Let F be
a relatively compact set in the upper half space. Given a >0, let F, () be
the set of points x € R that are in the closure of F I'(x, ). Thus

Fo= U Fpe(o)

a>0

However, for any « > 0, the set F,,\F,,(«) has zero measure (e.g., [T]). So
except for a set of zero measure, the nontangential closure may be defined
using cones of a fixed aperture.

For fixed k > 1, given a point z in the upper half space RZ*", let

T(z)=T(z)={xeR?: |x—z| <kzy,} (4.1)
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be its scope over R% Given a set Fc R%*! and 6 >0, let F; denote the
open set

Fs= U T(z).

zeF,z;, 1 <0

Thus, except for a set of measure zero, F,, is the intersection of Fy; that is,

=0.

Fa\ () Fs

0>0

So |FnR?\F,,| >0 if and only if there exists # > 0 such that
|FARY\F,|>0.

Two proofs of Theorem 3 are presented. The first, using Theorem 5, is
shorter, while the second is based on Corollary 4.1 below, which is a conse-
quence of the easier Theorem 4. We will also use this corollary in the proof
of Theorem 2.

First Proof of Theorem 3. Part(b) follows trivially from (a). Since
Poisson extensions of BMO functions have nontangential limits at almost
every point, one gets (a) from (c). So one only has to show that (c) is
necessary.

Assume |FnRY\F,|>0; that is, |FnR?\F,| >0 for some 7> 0. Let x
be a point of density of F Rd\Fq. Observe that xe F , and apply Theorem
5 with the set 4 =F,. So one obtains a nonnegative function g e VMO(RY)
such that g(y) <1 at every point y € F, and

. 1
;11110 [O(x, 9)| jQ(x,é) 8(y)dy=co. (42)

Then, if k in (4.1) is sufficiently large, Lemma 2.2 gives sup{g(z): z€F,
Z, 41 <1} <2. Consequently

sup{g(z): ze F} < 0.
On the other hand, since g€ VMO, one has

1

10(x, 6)| )= &ox el dy—>0 as 0—0.
1000, 0)] o g 187~ Eesa dy

Now, the Chebyshev inequality gives that for any & >0 one has

1

WHJ}EQ(X’(;):|g(y)_gQ(x,5)|>6}|—>() as 5_)0
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This, together with (4.2), implies that for any M >0 one gets

i L2 €Q(x, 0): g(y) > M}
550 |Q(X,5)|

Since x is a point of density of FnR? one deduces that

i {2 E€Q( )N F: g(y) > M}
50 |O(x, 9)|

This shows that g¢ L®(F) and finishes the proof. ||

=1

=1.

We will need the following auxiliary result.

CoROLLARY 4.1. Let F be a relatively compact set of the upper half
space RA*Y. Assume |F A RY\F, | >0. Then, for almost every point x € F N
RY\F, and for any N> 0, there exists a nonnegative function g = g(x, N) €
VMO([REd), I gl <1, satisfying

(a) inf,_pg(z)=N.
(b) mfg(x,a)gﬂo as 6 — 0.
(c) inf{g(z):zeF, |z—x|<d} >0 as 6> 0.

Proof of Corollary 4.1.  Since |F nRY\F,,| >0 there exists #>0 such
that |[FnRY\F,| >0. Let x € R be a density point of this set. In particular
xeF,, and

F
lim 10(x, )N |:1’
s—0 |Q(x,0)]

and

. 10(x,0)nF,|
0. o))

Applying Theorem 4 one obtains a function />0, fe VMO, |f],<3,
satisfying inf{ f(y): yeF,, |y —x|<d} - o0 as 6 >0 and

=0.

1

i 3 Vo T =0

We claim that, given d,>0 and N >0, one has a nonnegative function
he VMO(R?) such that [|A], <3, h(y)=2N for all yeR\Q; (x), and
h=0 on a neighbourhood of x. Easily, if J, is sufficiently small, one
deduces h(z) =N if ze R, 2z, >
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Finally, the function g= f+ h satisfies the conditions of Corollary 4.1.
Recall that given z e R%*" one has

‘g(z) ol )dy‘<€|g*-

1
|T(2)] 7z)

Thus, g(z) > N at any point z€ F, z,,, | <1.

Observe that the function H defined by H(y)=|log|x— y||Y* if
[x—y|<1 and H(y)=0 otherwise belongs to VMO, |[H]|,<C(d).
Truncating the function H, one gets the function /4 in the Claim. ||

Second Proof of Theorem 3. Assume (b) holds. A standard application
of the Open Mapping Theorem shows that there exists a constant C >0
such that for any ue VMO(R?) n L*(F), one has

]l oy < CUlJull  + ual] o ())- (43)

Assume |FNR\F,|>0. Let xeR‘nF\F,, be a point given by
Corollary 4.1, let N>0 be a large number to be fixed later, and let g, be
the corresponding function and g= g, N ~'2. Define f =exp(—g). Thus, f
is in VMO with | f|, <N~ 0< <1, sup{f(z):ze F} <exp(—N'?),
and lim; _, ¢ f(x, 5y = 1. Therefore,

. H{yeo(x,d): fly)=3}]
b 0(x.0) =

Since x is a density point of Fn R we deduce

e o) nF: A1)z
Jm 0(x, 0) =1

SO | fll L= > 3. But, for N large enough, the function f contradicts (4.3).
|

Proof of Theorem 1. We first show that condition (c) is necessary. We
will proceed as in the first proof of Theorem 3. Assume |Fn R4\F,|>0,
that is, |[Fn R*\F,|>0 for some #>0. Let x be a density point of
FARY\F,. Observe that x e F, and apply Theorem 5 with the set A =F,.
So one obtains a nonnegative function ge VMO(RY), g(y)<1 for all

eF,, and

li = 0. 44
;f%)gg(x,a) 0 (4.4)



42 NICOLAU AND OROBITG

Then, if the parameter k in (4.1) is sufficiently large, Lemma 2.2 gives that
sup{g(z):z€F, z, ., <n} <2. Consequently

sup{g(z):ze F} < 0.

Now, if F is a Farrell set for BMO (or VMO) there is a sequence of con-
tinuous functions {P,} tending to g in the weak-x topology, P,(z)— g(z)
for any ze F and || P, ||r— |/ gl Thus, for some absolute constant C and
foralln, |P,(z)|<C, forany zeF, | P,|, < Cand, by Lemma 2.1, we have

P,(z)— g(z) for any zeR4*!. (4.5)

By continuity, |P,(y)| <C at every point y e Fn RY Next, using that x is
a density point of FnR? and sup,, || P, | . < C we get

|(Pn)Q(x,6)| <2C

if 0 is small. Then, from the estimate |P,(z)—(P,)ru| < C|P,ll, we
deduce that |P,(z)|<4C for all n where z=(x,?) and 0<?¢<J. This
contradicts (4.5) because from (4.4) the values g(z) are unbounded when
z=(x, t), and ¢ tends to 0.

Conversely, assume |FnRY\F,,| =0 and let us show that F is a Farrell
set for BMO (VMO). So, given f€e BMO (fe VMO), || fl.=1, |f(2)| <1
for any z e F, one has to find continuous functions P, tending to f in the
weak-+ (norm) topology, pointwise in F, and satisfying

|P(2) <1 if zeF. (4.6)

Observe that, by Lemma 2.4 and Theorem 2.5, one can assume that f is
bounded. We now claim that it is sufficient to have condition (4.6) for
points x € Fn R?, that is, given ¢ > 0 it is enough to find continuous func-
tions @, tending to f in the weak-* (norm) topology, pointwise in F,
1Pkl o < C |l fllo, where C is a universal constant, and satisfying

|Dr(x)] <1+e¢, for xe FnR (4.7)

To establish this claim, observe that Lemma 2.1 gives that @, tend to f
uniformly on compact sets of R%™!. Hence, there exists 7, >0, 1, — 0 as
k — oo, such that

D (2)|<1+e¢ for any zeF such that z,, ,=>#,.
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Also since @, are continuous, condition (4.7) gives that there exists a
neighborhood U of FnR?in {(x, 7): xe R? 1 >0} such that |®,(z)| <1+e¢
for ze U. So there is d, >0 such that

|Dp(2)| <1 +e¢ for any zeF with z,,,<J,.

Consequently, |@,(z)| <1+ ¢ for the points z € F satisfying either z,, ; < J,
or z,,; =n. Considering a subsequence of @, one may assume that 7, >
O >N, for any k=1, 2, ... Now, one can take

2N

1
Py==— @,
N Nk:% ,

+1

It is clear that P, tend to f in the weak-* (norm) topology and pointwise
in F. Also, if z € F there is at most one k such that d, <z, <#; or ;. <
Z44+1<0y. Hence for points z € F, one has

N—1 [Pl (N=D)(1+e)+C| [
P <— <
[Py(2)] < N (IL+e)+ NS

and this would finish the proof. Therefore, one only has to find the func-
tions @, mentioned in the previous claim.

Since |f(z)| <1 for ze F and |FnR?\F,,| =0, Fatou’s Theorem gives
that |f(x)| <1 at almost every point xe Fn R% Given k=1, 2, ... let D(k)
denote the collection of dyadic cubes in R of length side 2~*. Proposi-
tion 2.3 asserts that the functions

Pe= ap¥y
QeD(k)

tend to f in the weak-x topology and if fe VMO tend to f in norm. Now,
we require the continuity of the functions ¥, and therefore the functions
¢ will be continuous. However, the natural choice @, = ¢, does not work
becuase ¢, may not be bounded by 1+¢ on F. The same trouble would
appear if we took @, (x)= f(x, k1), the restriction of f at level k1.
Denote by % = %(k) the subcollection of those cubes Q in D(k) satisfy-
ing that Fn30# ¢ and ./ =./(k,¢) those cubes in % such that
lag|>1+e If xeF\U,_ 20 then |, (x)| < plagl Po(x)<1+e Thus,

we should modify ¢, on the points xe Fn ({J_, 3Q). We next claim that

Y 10]1-0 as k— oo. (4.8)

Qe
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Note first that 3, , ¥ = xFin L L(R?) as k — o0, because F is a compact
set, and so ZQEQBaQ‘I’Q tend to fy7in LY(RY). Fix a cube Qe .«Z. For all
xe(2Q)\F, one has

Y ao¥o(x) = f(x) xr(x)

Qe#R

—lag)>1+¢

and for almost every xe (3Q)nF

Y. aoPo(x) = f(x) xr(x)| = lagl — | f(x)| > 1 +e—1=e

QeRB

Consequently,
U 30| <[freR?:| Saoolo)— ) 22| >} = 0
oL

and then we get (4.8).

We first assume that functions ¢, are nonnegative. For each k we will
construct a nonnegative continuous function g, supported in U,.,, 20
with || g, || < C, where C is an universal constant, such that ¢, (x) — g,(x)
<1 +¢forall xe Fn R% In the BMO setting, g, — 0 in the weak-* topology
as k— oo. Then @, =max(¢,— g, 0) will satisfy our claim. Notice that
@, — fin the weak-* topology because ¢, — @, tend to 0. When f € VMO we
also will get g, — 0 in BMO and then @, = max(¢, — g, 0) tend to fin BMO
(using now that ¢, are uniformly in VMO).

To construct the functions g, first we point out that there exist constants
C,, C,>0 such that for any Q € D(k) one has

130N FI<Crexp(—C,lagl) |5 Q- (49)

To see this one may assume that |a,| is large. Remember that a,, is close
to f(s/4)0; that is, |ap — f5u0| < C | f| 4. Then (4.9) follows from the John-
Nirenberg Theorem applied to A= lag|—1 because |f(x)| <1 at almost
every x € FnR? Moreover, if f€ VMO one may take C,= C,(k) - o as
k — oo.

Fix a cube Qe .«/. Now, we apply the proof of the Main Lemma (finite
case, because 3Q N F is compact) and we obtain a nonnegative continuous
function g = g, satisfying
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g=0 on (2Q)°
g=a, on :0nF,
tgéa
gl <C I flloos
gl <m(Cy),

where C is a constant independent of k and m(C,) -0 as C, - 0. In
particular, if e VMO, m(C,) — 0 as k — co. Define

&= . 8o
Qe

Again, || g, ], < Cmaxye ., 1804 < Cm(C,). From (4.8) and the estimate
lgillo <C | fll. wehave g, —0in L'. Thus, g, — 0 in the weak-# topology
(or in norm if f'e VMO).

In the general setting, we write ¢@,=max(@;, 0)—max(—g@,,0)=
o — @, . We apply the above construction to ¢,;" and ¢, separately. We
get nonnegative continuous functions g, and /4, with the required proper-
ties. Finally, take

D =max(¢y — g, 0) —max(gy iy, 0)

and the proof is completed. ||

Proof of Theorem 2. We first show that condition (c) is necessary.
Assume |FnOD\F,,|>0 and let £€0D be the point and g= g5 =0 the
function given by Corollary 4.1. Consider

H=exp(—g—ig),

where ¢ denotes the conjugate function of g with g(0)=0. Then
HeVMOA, |H|,<1 and

|H(z)|<e™™,  zeF

lim [H(ré)| = 1.

r—1

Since He VMOA, given ¢ > 0 there exists a small arc /< 0D centered at &
such that

[{nel:|Hm| <3} <elll.
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Assume F is a Farrell set for BMOA or VMOA,; then there exist analytic
polynomials P,, | P, |, < C, converging pointwise to A in ) and such that

sup |P,(z)| <e M.

zeF

We now use an argument from [ B-P-S-T]. Since (|| P, ||, < \/2771 1P, |l +
|P,(0)]), the norms ||P, |, are uniformly bounded and, passing to a sub-
sequence if necessary, one can assume Py — H weakly in L% Then, if
E=Fn1I, one has

_ 9 |E|

2 - 1
jP,,HanfE|H| >
while

[ Ptz <e 18,

which gives a contradiction because |E| > 0.

Conversely, assume |FnoD\F,,| =0 and let us show that F is a Farrell
set for BMOA (VMOA). Let f be a function in BMOA and assume
sup{|f(z)|:ze F} <1. Then, C.Sundberg [Su] constructed fyeH®>,
[fxll« <CIfll, such that for any C>0, fy —f uniformly on the set
{zeD:|f(z)| < C}. Since Farrell sets for H® are characterized by condition
(c) [S], there exists a sequence {P{™:k=1,2,..} of analytic polynomials
with sup{| PV (z)|: ze F} <1, tending to f in the weak-* topology of H*
as k — oo. This gives convergence in the weak-* topology of BMOA and a
diagonal process finishes the proof.

Now assume that f'e VMOA, sup{|f(z)|: ze F} <1, and &> 0. Theorem
1 provides a continuous function ¢ in the unit circle such that

lo—fl<e

sup{|p(z)]: ze F} <1+e.
Here ¢(z) denotes the value of the harmonic extension of ¢ at the point
ze . We want to approximate f by functions of the form ¢ — &, where

he % (D) satisfies

oh=0p  onD (4.10)
sup{|h(&)|: £€dD} < Ce. (4.11)
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Assume one can find such a function 4. Observe that (4.10) and (4.11)
show that / is harmonic in D and bounded by Ce. So ¢ —/ is a holo-
morphic function in the unit disk and continuous up to the boundary. So
the estimates

lo—h—flly<(1+Ce
sup{|p(z) —h(z)| :ze F} <14+ (1+C)e

will finish the proof.
To find the function /, observe that the Fefferman—Stein decomposition
(see [G, p.252]) provides

@o—f=u+7, onT,
where u, v are continuous functions on the unit circle and
[ul o + 0] o < Ce.

Then, the function h=¢ —f+i(v+i0) satisfies (4.10) because oh =
d(¢p — f)=0¢ and (4.11) because on T, h=u+iv. |

As Pérez-Gonzalez pointed out to us, one can also prove that a Farrell
set for BMOA must be Farrell for VMOA. Actually if F is a Farrell set for
BMOA and fe VMOA, one can find polynomials P, tending to f in the
weak-x topology of BMOA. Since f € VMOA, the polynomials P, also tend
to fin the weak topology of VMOA. Then, there exist convex lineal com-
binations of P, which tend to f in norm.
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