A CENTRAL LIMIT THEOREM FOR INNER FUNCTIONS

ARTUR NICOLAU AND ODI SOLER I GIBERT

ABSTRACT. A Central Limit Theorem for linear combinations of iterates of an inner function
is proved. The main technical tool is Aleksandrov Desintegration Theorem for Aleksandrov-
Clark measures.

1. INTRODUCTION AND MAIN RESULTS

Inner functions are analytic mappings from the unit disc D into itself whose radial limits are
of modulus one at almost every point of the unit circle ¢D. Inner functions were introduced
by R. Nevanlinna and after the pioneering work of brothers Riesz, Frostmann and Beurling,
they have become a central notion in Analysis. See for instance [Gar07]. Any inner function
f induces a mapping from the unit circle into itself defined at almost every point z € dD by
f(z) = lim,—,q f(rz). This boundary mapping will be also called f. It is well known that if
f(0) = 0, normalized Lebesgue measure m in the unit circle is invariant under this mapping,
that is, m(f~!(E)) = m(FE) for any measurable set £ < dD. Several authors have also studied
the distortion of Hausdorff measures by this mapping. See [FP92] and [LNS20]. Dynami-
cal properties of the mapping f: 0D — 0D, as recurrence, ergodicity, mixing, entropy and
others have been studied by Aaranson |Aar7§|, Crazier [Cra9l|, Doering and Mane [DM91],
Ferndndez, Melidn and Pestana [FMP07], [FMP12|, Neurwirth [Neu78|, Pommerenke [Pom81],
and others. Dynamical properties of inner functions have been recently used in several prob-
lems on the dynamics of meromorphic functions in simply connected Fatou components. See
[BFJK17], [BFJK19| and [EFJS19).

It is well known that in many senses lacunary series behave as sums of independent random
variables. Salem and Zygmund ([SZ47] and [SZ48]) proved a version of the Central Limit
Theorem for lacunary series and, a few years later, Weiss proved a version of the Law of the
Iterated Logarithm in this context ([Wei59]). Our main result is a Central Limit Theorem for
linear combinations of iterates of an inner function fixing the origin. It is worth mentioning
that in our result no lacunarity assumption is needed. Recall that a sequence of measurable
functions {fn} defined at almost every point in the unit circle converges in distribution to
a (circullary symmetric) standard complex normal variable if and only if for any Borel set
K < C such that its boundary 0K has zero area one has

Jim m({z € 0D: f(z) € K}) = % L{ W2 g A ().

As it is usual we denote by f" the n-th iterate of the function f.

Theorem 1. Let f be an inner function with f(0) = 0 which is not a rotation. Let {a,} be a
sequence of complexr numbers. Consider

N N N—k
ok = Y lanl? +2Re Y. (0 Y Gnapir, N=1,2,... (1.1)
n=1 k=1 n=1
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Assume there exists a constant n > 0 such that

lim sup {|an|*: n < N} B

V(N o)

(1.2)

Then
Ly
— > anf”
2_10Nn:1

converges in distribution to a standard complex normal variable.

Let f be an inner function fixing the origin. Then it is well known that Lebesgue measure
m is ergodic. Hence the classical Ergodic Theorem gives that

at almost every point z € dID. This can be understood as a version of the Law of Large Num-
bers. Our result provides the corresponding version of the Central Limit Theorem. Actually
taking a, = 1, n = 1,2..., in Theorem |1 one can easily show that limy_,o 0]2\,/]\702 =1,
where

1+ £'(0)

2 _
o _Rel—f’(O)

(1.3)

and we deduce the following result.

Corollary 2. Let f be an inner function with f(0) = 0 which is not a rotation. Then

1 N
NPt

n

converges in distribution to a complexr normal variable with mean 0 and variance o given by
(1.3), that is, for any Borel set K < C such that its boundary 0K has zero area, we have

N
lim m ({z € oD: (27'N)1/? Z f(z) e K}) = % e~ lwl*/20° dA(w).
n=1

N—o 2o~ Ji

Observe that when f’(0) is close to 1 and hence f is close to be the identity map, the
variance o2 is large. However if f/(0) is close to a unimodular constant different from 1, the
variance is small. On the opposite side, if f/(0) =0, o = 1.

Let H? be the Hardy space of analytic functions in DD whose Taylor coefficients are square
summable. Let {a,} be a sequence of complex numbers. It is easy to show (see Theorem E[)
that Y. a,f™ converges in H? if and only if Y. |a,|? < 00. A repetition of the proof of our
main result gives the following version of the Central Limit Theorem for the tails.

Theorem 3. Let f be an inner function with f(0) = 0 which is not a rotation. Let {a,} be a
square summable sequence of complex numbers. Consider

A(N) = > lan)* +2Re >, f/(0)F ) @nasr, N=1,2,... (1.4)
n=N k>1 n=N
Assume there exists a constant n > 0 such that

lim sup {|ap|?: n > N} B

N> (anN |an‘2) (1-m)/2

(1.5)

Then

1 2 .
V2 10(N) EN anf

converges in distribution to a standard complex normal variable.
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Let $2, = S |a,[?. Tt is easy to show (see Theorem @) that there exists a constant
Kk = Ii(f) > 0 such that k719% < 0% < kS% = 1,2,.... When f/(0) = 0 we have
oy = Sy but in general, both quantities do not comcide. However if the following uniform
quasiorthogonality condition holds

SUPE<N ’Zg:_f @anﬂc‘
lim . —0, (1.6)
N—w SN

then limy_.o Sy/on = 1 and Theorem (1] gives that

1 N
L S
converges in distribution to a standard complex normal variable.

We now make some remarks on the assumption and proof of Theorem (I} Condition (|1.2)
implies that Y |a,|? = o0, but one can not expect this last condition to be sufficient in
Theorem |1} However note that if {a,} is bounded, both conditions are equivalent. The proof
of Theorem [I| uses two relevant properties of the iterates of an inner function fixing the origin.
The first one is that the square of the modulus of the partial sums are uncorrelated. More
concretely, given a set A of positive integers, consider the corresponding partial sum

§A) = D) anf™

neA
If An B = ¢, we will show in Theorem [6] that

[ capiewzan = ([ jgcaran) ([ lewPan). W

The second property provides an exponential decay of the higher order correlations of the
iterates. More concretely, let ¢, = 1 or g; = —1 for i = 1,2,...,k and n; < ... < ng be
positive integers satisfying nj —nj_1 > ¢ > 1, j =2,...,k. Denote € = (e1,...,¢e;) and n =
(n1,...,ng). For a positive integer n, denote by f~" the function defined by f~"(z) = f"(2),
z € dD. We will prove in Theorem [13] that there exists a constant C' > 0, independent of the
indices, such that

< CRRIF(0)®Em) ) k=1,2,..., (1.8)

H fa]nj dm,

if ¢ is sufficiently large and where ® is a certain function depending on the choice of indices
that satisfies ®(e,n) = kq/4. The main technical tool in the proof of both properties
and is the theory of Aleksandrov-Clark measures and more concretely, the Aleksandrov
Desintegration Theorem.

The paper is organized as follows. In Section [2] we introduce Aleksandrov-Clark measures
and use them to prove property . In Section [3 I we estimate the L? and the L* norm of
¢(A). In Section 4| we prove estimate . The proof of Theorem [1]is given in Section

2. ALEKANDROV-CLARK MEASURES AND PROPERTY (/1.7)

We start with an elementary auxiliary result which is just a restatement of the invariance
of Lebesgue measure.

Lemma 4. Let f be an inner function with f(0) = 0.
(a) Let G be an integrable function on dD. Then

G(f(2)) dm(z) = j G(z) dm(2)
oD oD
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(b) Let k < j be positive integers. Then
| 7 am = poy
oD

Proof of Lemmal[f]. We can assume that G is the characteristic function of a measurable set
E < 0D. Since m(f~!(E)) = m(E), the identity () follows. Using (a)) and Cauchy formula,
we have
| TP dm = [ =) dme) = 0
oD oD
O

Given an analytic mapping from the unit disc into itself and a point a € JD), the function
(o + f)/(a — f) has positive real part and hence there exists a positive measure po = pia(f)
in the unit circle and a constant C,, € R such that

a+ f(w)

a— f(w)
The measures {pq: o € 0D} are called the Aleksandrov-Clark measures of the function f.
Clark introduced them in his paper |Cla72] and many of their deepest properties were found
by Aleksandrov in [Ale86], [Ale87] and [Ale89]. The two surveys [PS06] and [Sak07] as well as
[CMRO6, Chapter IX] contain their main properties and a wide range of applications. Observe
that if f(0) = 0 then p, are probability measures. Moreover, f is inner if and only if p, is a
singular measure for some (all) & € D. From the definition it is clear that, in the case that
f is an inner function, the mass of ju, is carried by the set f~1({a}) = dD. Assume f(0) = 0.
Computing the first two derivatives in formula and evaluating at the origin, we obtain

—j Z+wd,ua(z)+iCa, weD. (2.1)
0

DR — W

J zdpe(2) = f'(0)a, « €D, (2.2)
oD
and
" 0
J 22 dpie(2) = f2()oz + f’(0)2a2, a € dD. (2.3)
oD
Our main technical tool is Aleksandrov Desintegration Theorem which asserts that
m= | podm(a) (2.4)
oD

holds true in the sense that
f Gdm = f G(z) dpa(z) dm(a),
oD oD JoD

for any integrable function G on the unit circle. Aleksandrov Desintegration Theorem will be
used in our next auxiliary result.

Lemma 5. Let f be an inner function with f(0) = 0. Fork =1,2,...,p, let ng, ji, be positive
integers such that

max{ng, jr} < min{ngi1,Jjrk+1}, k=1,...,p—1. (2.5)
Then

p __ p _
Ln,ﬂf ffkdmzﬂLDf firdm. (2.6)

Proof of Lemma[j. We argue by induction on p. Assume ([2.6) holds for p — 1 products. We
can assume n; < j;. By part @ of Lemma |4 we have

.11

oD 1

R p P
JrF dm = L pE L @G dme).

k=2
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Let {iio: a € 0D} be the Aleksandrov-Clark measures of the inner function f/1=™. The
Aleksandrov Desintegration Theorem ([2.4)) gives that last integral can be written as

LDLDZ“Hf"’“ (@) fieit (@) dpa (2) dm(a).

k=2
By (2.2)) and part of Lemma we have

J zdpa(z) = FO) ™ —O‘f frfir dm.
oD oD

Hence

L H fnkfjk dm = (LD fmfa dm> LD ;—[2]07% I Fi=t dm

D=1
and we can apply the inductive assumption. The invariance property of part @ of Lemma
finishes the proof.

Our next result is the first important tool in the proof of Theorem [}

Theorem 6. Let f be an inner function with f(0) = 0. Let Ag, k = 1,2,...,p, be finite
collections of positive integers such that

max{n: ne€ Aiy} <min{n: ne Ag1}, k=1,...,p—1 (2.7)
Consider
&k = Z anf".
neAg
Then

J H [€k[* dm = HJ €k [* dm.
D,
Proof of Theorem[6 Al almost every point of the unit circle we have

166 = D lanl® + D @na; F7 7 + Gan f1£7),
nEAk
where the last sum is taken over all indices n, j € A, with j > n. Hence [ |&|? can be written
as a linear combination of terms of the form

[ 1,
where ny, ji. € Ax. Observe that (2.7)) gives the assumption (2.5)) in Lemma |5, Now Lemma
finishes the proof. g

3. NORMS OF PARTIAL SUMS

In this Section we will use Aleksandrov-Clark measures to estimate the L? and L* norms of
linear combinations of iterates of an inner function fixing the origin. The main result of this
Section is Theorem[9] It is worth mentioning that the asymptotic behavior of the Aleksandrov-
Clark measures of iterates of an inner function has been studied in [GN15|, but we will not
use their results. As before, if n is a positive integer, we will use the notation f~" to denote
the function defined by f~"(z) = f7(z), for almost every z € dD. We start with a technical
auxiliary result which will be used later.

Lemma 7. Let f be an inner function with f(0) = 0 which is not a rotation. Let e, = 1 or
ep=-—1,k=1,234.
(a) Let ny, k =1,2,3,4, be positive integers with max{nji,ns} < min{ng,ns}. Then

I = (e, —euma,ngoma) = | fA0 74 =0,
oD
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(b) Let ny < ng < ng be positive integers and
II = II(e1n1,e2n2,63n3) = f FE(fE22)? £5573 dim.
oD

Then there exists a constant C' = C(f) > 0 independent of the indices n1,n2,ns3, such that
(11| < C[f'(0)["s .
(c) Let n1 < na < ng be positive integers and

IIT = I11(e1n1,e2n2,63n3) = J (f€1n1)2f€2n2f53n3 dm.
oD

Then there exists a constant C' = C(f) > 0 independent of the indices n1,n2,ns3, such that
[IIT| <1 ifng=n1+1 and n3g < ng + 2, and |I1I| < C|f'(0)]™~™ otherwise.
(d) Let ny < ng < ns < nyg be positive integers and

IV = IV ey, eam, gng, ) = [ f207 250 200 40 i,
oD

Then there exists a constant C = C(f) > 0 independent of the indices ni,n2, n3, ng, such
that |[IV] < C|f'(0)["2~m+m4=ns jfny —ng > 2, and [IV| < C|f'(0)["3™™ if ny —n3 < 2.
Moreover |IV| = |f/(0)|"27"™1+M4="13 jf 169 = £364 = —1.

Proof of Lemma[7 Let C denote a positive constant which may depend on the function f but
not on the indices {n;}, whose value may change from line to line.
@ We can assume that ny < ng. Part @ of Lemma [4| gives that

I= j 251 frerlnann) () e () PR () dim(2).
oD

Let {ito: o € dD} be the Aleksandrov-Clark measures of f™27"1. The Aleksandrov Desinte-
gration Theorem (|2.4)) gives

I= f J 25 T2 () fM T2 () d g (2) dm(a).
oD JoD
By
f 2V dug(2) = aa®, a € db,
oD
where |a| = |f/(0)]"27™. Since f(0) = 0, we deduce
| g e dme)| <o,
oD
@ We can assume €; = 1. Part @ of Lemma [4| gives that
I = | a2 a) 2o (z) dma).
oD

Let {pq: o € 0D} be the Aleksandrov-Clark measures of f"27"1. The Aleksandrov Desinte-
gration Theorem ([2.4) gives

1= [ et 00 @) dy () dma),
oD JoD

1= 1 @

By (232
f zdpa(z) = F(0)" "o, aedD.
oD

Hence

Il — *nf’(()) 2—n1 LD a1+252f53(n37n2)(a) dm(a)

Since 1+ 2e9 < 3, the modulus of last integral is bounded by C|f’(0)|"#~"2 if ng —ng > 2 and
by 1 otherwise. This proves (]ED
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We can assume €1 = 1. Applying part @ of Lemma 4| and Aleksandrov Desintegration
Theorem as before, we have

= f f 220% f23 1) () dpy (2) dim(ar),
oD JoD

where {p,: o € 0D} are the Aleksandrov-Clark measures of g = f"27"1. Applying (2.3, we
obtain

ey
II] = 92(0)J al—i—azfag(ns—nz)(a) dm(a) + g/(o)QJ a?—i—azfas(ns—nz)(a) dm(a>_
oD oD

Since 2 + 2 < 3, both integrals are bounded by C|f’(0)|™~"2 if ng — ny > 2, and by 1 if
ng —ng < 2. If ng —ny > 1, we have that |g”(0)[/2 + |¢’(0)?] < C|f(0)|"27™. If ng —ny = 1,
we have that |¢”(0)|/2 + |¢’(0)?| < 2. This proves (d).

We can assume €1 = 1. Arguing as before we have

na2—mni

IV = FO0 | ate e o) 40 ) dmfe)

If e = —1, we repeat the argument and prove that [IV| < |f/(0)["27"1+"4="3 Moreover if
g9 = —1 and if e3e4 = —1, we have [IV| = |f/(0)|"27™ 4773 a5 stated in the last part of
(d). If eo = 1, let {pa: a € JD} be the Aleksandrov-Clark measures of g = f"37"2. The
Aleksandrov Desintegration Theorem gives that last integral can be written as

f J 22058 241 () dpg (2) dm(a). (3.1)
oD JoD
By (2.3)

0
f 22 dpie(2) = J (O)a +¢(0)2a%, e dD.
oD

2
Hence the double integral in (3.1) can be written as

7 —
g"(0) f a1+53fs4(n4—n3)(a) dm(a) + g/(0)2f a2+53f54(n4—n3)(a) dm(a).
2 oD oD

Since 2 + 3 < 3, both integrals are bounded by C|f’(0)|™~"3 if ny — n3 > 2, and by 1 if
ng —ng < 2. If ng —na > 1, we have that [g”(0)|/2 + |¢’(0)?| < C|f'(0)|"7"2. If ng —ng = 1,
we just use the trivial estimate |g”(0)|/2 + |¢/(0)?| < 2. This proves (d). O

We will now prove an elementary auxiliary result which will be used several times.

Lemma 8. Let A be a collection of positive integers and let {a,} be a sequence of complex
numbers. Fiz A € C with |\| < 1. Then

Z aap\i"

n,ke A,k>n

A 2
< n|” -

neA
Proof of Lemma[8 Writing j = k — n we have that
Z Tpap\ " = Z N Z QnQntj,
n,keA,k>n >0 nmnt+jeAd

where the last sum is taken over all indices n € A such that n+j € A. It is also understood that
this sum vanishes if there is no n € A such that n + j € A. By Cauchy-Schwarz’s inequality,

D1 Bntng| < D) lanl’.

n,n+jeA neA
This finishes the proof. O
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Let H? be the Hardy space of analytic functions in the unit disc g(w) = 3 ¢ anw™, w € D,
such that

e}
lol3 = sup [ Jar) P dm(z) = 3 Jauf? < 0.
r<l JoD n=0
Any function g € H? has a finite radial limit g(z) = lim,_; g(rz) at almost every z € dD and

l]2 = L o) dmz).

See [Gar(07]. For 0 < p < o let |g|, denote the LP norm on the unit circle of the function g.
Next result provides estimates of the L? and L* norms of linear combinations of iterates of an
inner function. It will be applied to finite linear combinations. For ¢,z € C, let (¢, z) = Re(tz)
be the standard scalar product in the plane.

Theorem 9. Let f be an inner function with f(0) = 0 which is not a rotation and let {a,}
be a sequence of complex numbers with Y., |a,|* < c0. Consider

o0]

§= Zanfn

n=1

and

o0 0¢] o0
o’ = Z |an|® + 2Re Z F(0)* Z [y
n=1 k=1 n=1
(a) We have |€]3 = 02 and

o o
/{71 Z |an|2 < 02 <K Z |an|27
n=1 n=1
where k = (1 + | f(0)))(1 — |f/(0)|)_1'
(b) For anyt e C we have
1
f 4,62 dm = =t
oD 2

(¢) There exists a constant C = C(f) > 0 independent of the sequence {ay}, such that €4 <
Cll2-

Proof of Theorem[d. At almost every point of the unit circle we have

a0
€7 = ) |an|* + 2Reh, (3.2)
n=1
where o
h= Y aafFr. (3.3)
n,k=1,k>n
Part (]ED of Lemma (4 gives
a0
1613 = D) lanl* +2Re > @parf'(0)*7, (3.4)
n=1 n,k=1k>n

which is the identity in . Next we prove the estimate in @ To that end, let us first denote
b = | g dm
oD

and recall that, by part of Lemma {4, it holds that b, = FIO)Fif n > k and b, =
f’(O)kin if n < k. Now, rewrite identity (3.4) as

2
Z anfn = Z an@bn,k
n 2

n,k
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and consider the Toeplitz matrix T whose entries are b, = by,_k0, n,k = 1,2,... and its
symbol

o0
Z bpoz", ze€dD.
n=—

It is well known that T diagonalizes and its eigenvalues are contained in the interval in the real
line whose endpoints are the essential infimum and the essential supremum of s. See [BG00].

Since .
s(z) = 11O ﬂ” ,
|1 —f(0)2

the eigenvalues of T" are between x~! and x. This finishes the proof of part @ Since f(0) = 0,
the mean value property gives that

oD,

&dm =0
oD
and (]ED follows. We now prove . Let C(f) denote a positive constant only depending on f
whose value may change from line to line. The identity gives that at almost every point
of the unit circle, we have

o] 2 o0]
[ (Z ]an|2> +4Reh ) |an|? + 4(Reh)?,
n=1

n=1

where h is defined in (3.3). Observe that

hdm = Y @napf'(0)F "

oD n,k=1k>n

Hence Lemma [§] gives that

ol &
hd n .
- ’”‘ =170 |2’ . (3:5)

1
Next we will prove that there exists a constant C' = C(f) > 0 such that

0 2
f |h>dm < C <Z an|2> : (3.6)
oD n=1

Observe that (3.5) and (3.6 give the estimate in . Write
Cp = Qp Z akfkﬁ

k>n

Using the elementary identity

Z lcn]? + 2 Re Z Cn 2 ¢,

i>n
we can write
J |h|*dm = A+ 2Re B,
oD
where
. 2
A= 2 |an|2f Z apf*| dm
n=1 0 k>n
and

B=Y o Ya Y Gyl s (37)

n=1 k>n >n  I>j
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J,

and we deduce that 4 < C(f) (3, |an|2)2. We now estimate B. If n < k and n < j <[, we
have

By part @ we have
2

D arf®

k>n

dm < C(f) ) laxl

k>n

\ [ 5755t an| = 5@,
oD

where r = min{k, j} and s = max{k, j}. This estimate follows from last statement in part (d)
of Lemma |7l Part (]E[} of Lemma m gives that

e dm\ <cIr o,

if n < k <. The sum over j > n in (3.7) will be splited in three terms corresponding to
j>k,j=kandj <k Then |B|<C(f)(B1+ B2+ B3) where

2 ‘CLn‘ 2 \ak\ Z |a]|2 ‘Gle |k n+l— ]

n>=1 k>n i>k >j
By =Y Janl 3 lanl? . Jadll £/ (0) ",
n=1 k>n >k
By = lanl 2 laxl D5 laj] D lail| f/(0)F~H.
n=1 k>n n<j<k I>j
Observe that
Bi= ) lan| D lagl[f/O)F™ Y lagl X ladl | £/(0)7.
n=1 k>n >k >j

Applying Lemmawe deduce that By < C(f) (Zn>1 |an|2)2. Similarly

B, < (2 raw) D lan] Y ladl[£/(0) 7,

k=1 n=1 I>n

which again by Lemma |8 is bounded by C(f) (Z,@l \ak|2)2. Finally

By =) lan] D7 larl D5 1agllf @F " | D lallf @1+ X laillf/(0))*

n=1 k>n n<j<k I>k g<l<k

Using the trivial estimate
D lagllfOF ™ < Y7 lagllf ()",
n<j<k i>n

we deduce that By < By + Bs where

By= Y lanl Y 1aill /O™ Y] laxl Y] lal £/ (0)*

n=1 ji>n k>n >k
and
Bs = > lan| X 1ajllf/OF " Y lal Y laullf(0))*".
n=1 j>n k>n n<lI<k

Applying Lemmawe have By < C(f) (Zn>1 |an|2)2. Writing ¢t = k — [ we have

D lawl Y lal O < Y1 O0) Y larllare] < i ZI nl?.
\f

k>n i<k t=>1 =1 n>1

We deduce that Bs < C(f) (2,51 \an\2)2. This finishes the proof. O
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4. HIGHER ORDER CORRELATIONS

Next we will use Aleksandrov-Clark measures to estimate certain integrals which will appear
in the proof of Theorem [I The main result of this Section is Theorem We start giving
bounds for the size of the iterates f™ and of their derivatives at the origin.

Lemma 10. Let f be an analytic mapping from the unit disc into itself with f(0) = 0 and
0 < |f(0)] < 1. Then, there exists an integer d = d(f) > 0 such that

()] < [FO)"(1 = [w])™%, weD,
for everyn = 1.

Proof of Lemma[I0 This is a minor modification of [Pom81, Lemma 2]. We include the
argument for completeness. Let us denote a = |f’(0)| and consider the function

a+w
= , e D,
Plw) =w 1+ aw v
denote its n-th iterate by " and observe that, by Schwarz’s Lemma and induction, we have
[ (w)] < ¢™(Jw]), weD, (4.1)

for every n = 1. Next we use the construction of the Konigs function of ¢ (see [Sha93, pp. 89—
93]). Define for each n > 1 the function

gn(w) = ainzb”(w), w € D.

It is known that {g,} converges uniformly on compact subsets of D to g(w) = w + ... for
w € D, satisfying g(¢(w)) = ag(w). Moreover, for 0 < x < 1 we have that
PP (x)) 1 +a" 'gy(2)

> gn(x),

gt (7)== = 9T g, () 2

so that g,(z) < g(x) for every n > 1.

Next, since a > 0, there exists 6 = J(f) > 0 such that ¢ is univalent on {|w| < 0} and,
thus, ™ and g, are also univalent in this region by Schwarz’s Lemma. By Koebe Distortion
Theorem, there exists € = £(f) > 0 such that |g(w)| < 1 if |w| < e. Now take xg = ¢ and, for
n =1, let x,41 = ¢~ 1(x,). Observe that Schwarz’s Lemma implies that x, 1 > z,, for every
n = 0. Let d be a positive integer that will be determined later on. We want to show that

gle) <(1-2)™% 0<z <y, (4.2)

for every n = 0. By the choice of xg, it is clear that (4.2)) holds for n = 0. Assume that (4.2])
holds for n and let o < < x,+1. By construction, we have that 0 < ¢ (z) < z,,. Therefore,
we get

d
glo) = Lalvla)) < - v = 1 () o

Since ¢ > x¢ = €, we get the bound

g(x) <+ <1 * ‘”)d(l — )

a\l+e

Hence, using that a = |f’(0)| < 1, we can choose d = d(f) large enough and independent of n
so that (4.2) holds. Note that , since x,, — 1, one has in fact that (4.2)) is valid for 0 < x < 1.

Taking (4.1) and applying (4.2)), we get
™ (w)] < a"gn(Jw]) < a"g(|w]) < a™(1 = w|)™

as we wanted to see. O
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Lemma 11. Let f be an analytic mapping from the unit disc into itself with f(0) = 0 and
a = |f(0)] < 1. Let k,1,n be positive integers with | < n and consider g(w) = (f™(w))* for
w € D. Then there exists ng = no(f) > 0 such that for n = ng we have

197(0)] < a2,
l!

Proof of Lemma 11l Observe first that if a = 0, the result holds trivially. Indeed, if f has a
zero at the origin of multiplicity m > 1, then g has a zero of multiplicity km'™ at the origin.
Thus, if m > 2 and | < n, we have that g"(0) = 0.
Assume now that a > 0. In this case, Lemma asserts that there is a positive integer
d = d(f) for which
[f"(w)] < a"(L—|w])™" weD,
for n =1,2,.... Hence, Cauchy’s estimate gives

9" (0)] _ max{lg(w)| : [w] =7} _ ™"

- rl T orl(1 —r)kd’

Since | < n we obtain

0<r<l.

19" (0)] a*"
< ;
il (1 —r)kd
Fix r such that a'/4 < r < 1. Then there exists ng = ng(f,r) such that
n/4

0<r<l1. (4.3)

a2 a
<
rm(l—r) = (1—r)d
if n = ng. Since k = 1 we deduce that
akn/Z

<
(1 —r)kd = pn(1 —p)d

<1,

Hence, estimate (4.3)) gives

1" (0)]

0 < akn/2.

g

Let f be an inner function with f(0) = 0 and let {yq: a € dD} be its Aleksandrov-Clark
measures. Recall that (2.1]) gives that for any « € dD, there exists a constant C, € R such

that
a+ f(w) f zZ 4w
a—f(w)  Jopz—w
Expanding both terms in power series, for any positive integer [ we have

dia(z) +iCq, weD.

l
f 2 dug(z) = Z a | f(2)F2dm(z), «edD.
oD o J

Hence for any integer [, the I-th moment of u,, is a trigonometric polynomial in the variable «
of degree less or equal than |I|. We will need to estimate the coefficients of this trigonometric
polynomial.

Lemma 12. Let f be an inner function with f(0) =0 and a = |f'(0)] < 1. Let I, n be integers
with 1 < |l| < n and let {pq: « € D} be the Aleksandrov-Clark measures of f™. Then there
exists a constant ng = no(f) > 0 such that if n = ng, the coefficients of the trigonometric

polynomial
J 2 dyo ()
oD

are bounded by a™? for any a € OD.
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Proof of Lemma[19 We can assume [ > 0. Then

_ gk
Z dpa(z k , aedD,
| 2

where gi.(w) = (f*(w))*, w € D. Lemma [11] gives that

1)
|9kl(‘0)| < b2

if n is sufficiently large. Since k = 1, the proof is completed. O

We are now ready to prove the main result of this Section. As before, if n is a positive
integer, we will use the notation f~" to denote the function defined by f~"(z) = f"(z), for
almost every z € dD.

Theorem 13. Let f be an inner function with f(0) =0 and a = |f'(0)] < 1. Let 1 < k < ¢

be positive integers. Let € = {8]-};?:1 where ej = 1 ore; = —1, and let n = {nj};?zl where
ny < ng < ... < ny are positive integers with njy1 —n; > q for any j = 1,2,...,k — 1.
Consider

I(e,n) f5™ dm
|t

Then there exist constants C = C(f) > 0, qo = qo(f) > 0 independent of € and of m, such
that if ¢ = qo we have

I(e,n) < C*Ela®E™ k=12, .,
where ®(e,n) = 2?;% d;(nj41 — nj), with 6; € {0,1/2,1} for any j = 1,...,k — 1, and with
01 =1 and 6p—1 = 1/2. In addition, for j = 2,...,k — 1 the coefficient §; = 1 if and only if

0j—1 = 0. Furthermore, if 0;_1 > 0, the coefficient 0; depends on €j11,...,e, and nj,...,ny
forj=2,...,k—1.

Proof of Theorem [13. We first prove the following estimate
Claim 14. We have

I(e,n) < |f(0)["™™ max {I({sg, oy EkE {ng —na, .. g — nal),

21_[.]051 n;—n2) f 72Hf€1 ng— 712) ( )
=3 =3

To prove Claim @ we can assume €1 = 1. By Lemma [] and Aleksandrov Desintegration
Theorem we have

k

Hem) = |[ [ s [[750)@) dua(2) dm(a).
oD JoD i3
where {yq: a € 0D} are the Aleksandrov-Clark measures of f"27"1. By (12.2) we have
J zdpa(z) = f1(0)° "o, aedD.
oD
Hence if €9 = —1, we obtain
I(e,n) =a™ ™I({es,... ek}, {n3 —na,...,nE —na})

and if €9 = 1, we obtain

I(e,n) =a™™™

k
LD 22 Q fsi("F"Q)(z) dm(z)|.

This proves Claim We now prove
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Claim 15. For any integers k, [, j with 0 < |I| < j and 0 < j < k, we have

k
| AL ameo)| <
oD i=j
k
<ja(nj—nj—1)/2max‘n‘<|”+1 {U on H fei(ni_nj)(z) dm(z) }
i

By Aleksandrov Desintegration Theorem ([2.4)) we have

k k
| AL @) = || o TT 0 @) dis () dm).

=7 i=j+1

where {yq: a € 0D} are the Aleksandrov-Clark measures of f™~"i-1. Since [ # 0, according
to Lemma [T2] the moment

J dpa(z), o € 0D,
oD

is a polynomial in the variable a of degree at most |I| < j whose coefficients are bounded by
a("=m-1)/2 This proves Claim

The proof of Theorem |13 proceeds as follows. We first estimate I(e,n) by the modulus
of one of the three integrals in the right hand side of Claim and the factor a2~ that
corresponds to choosing §; = 1. Note that any of these three integrals involve k — 2 products
of iterates of f. In addition, the integral yielding the maximum in Claim depends only
on €3,...,6; and on ng,...,ng. Now if the integral giving the maximum is the first one,
we apply Claim again, obtaining the factor a™*~™ and this gives do = 0 and d3 = 1.
Otherwise we apply Claim obtaining a factor 2a("37"2)/2_ which corresponds to choosing
d2 = 1/2. Assume that we have applied this procedure to determine the values of 01,...,0;_1.
We continue applying Claim [14] or [I5] depending on which integral is yielding the maximum
in the previous step, which depends on €j41,...,¢; and nj,...,ng. Observe that when Claim
is applied, the number of factors of iterates of f is reduced by two units and we obtain
the factor a"i+27"i+1, which corresponds to fixing 6; = 0 and ¢;41 = 1. When Claim is
applied, we obtain the factor ja(™i+1=")/2 corresponding to taking d; = 1/2, and the number
of factors of iterates of f is reduced by one unit. We continue applying this process at least
k/2 times and at most k — 2 times, until we reach integrals of the form

f Zlfsk(nk*nkfl)(z) dm(z), |l|<k-1
oD

or

J fsk_1(nk_l—nk_z)fek(w—nk—z) dm.
oD

Let g = f™ ™1, The modulus of the first integral is |¢"(0)|/I!. Since |I| < ¢ < np — ng_1,
if ¢ is sufficiently large, Lemma [11] gives that last expression is bounded by a(™~"-1)/2_ The
modulus of the second integral is bounded by a™*~"™-1. This shows that 61 > 1/2 and
concludes the proof. O

In the proof of Theorem [I] we will split the partial sum into finitely many terms such that
the sum of the variances of these terms is asymptotically equivalent to the variance of the
initial partial sum. Next auxiliary result provides sufficient conditions for this splitting.

Lemma 16. Let {a,} be a sequence of complex numbers and X\ € C with |\| < 1. Consider
the sequence
N N—k

N
o3 = Z |an|2—|—2Re2 Ak Z Unpyk, N=1,2...
n=1 k=1 n=1
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For N > 1, let Aj = Aj(N), j=1,...,M = M(N), be pairwise disjoint sets of consecutive
positive integers smaller than N. Consider

= D Jan* +2Re )| A > Gntnsr, Jj=1,2...,M.
neA; k=1 neA;: ntkeA;

Let A = UA;. Assume
2

N—w Zr]yzl |an|?
and
lim max{|a,|*: n € A;}

0. (4.5)
J—0 ZnEAj ‘an‘Z

Then v
lim Zj:l o (A;)
N—o0 UJQV

=1.

Proof of Lemma[16 Let B be the set of positive integers smaller or equal to N which are not
in the collection A. Then

M
Z = A+2ReB+2ReC,
Jj=1

where

A= Z |a’ﬂ«‘2ﬂ

neB

N
B=) XY Gnan,
k=1  B(k)

where B(k) = {ne B,n < N — k} and

Mz

2N Z @k,
k=1

Jj=1 ‘7 )
where A(j, k) = {n € Aj:n < N —k,n+k ¢ A;}. According to part (a)) of Theorem [9] we
have
2 W 2
Then,
A1+ A
]2\7 1- ‘)“ Z -1 |an|2

which by assumption (4.4]), tends to 0 as N — co. Similarly

N
1B _ 1+ [ Tt M X lanllan-]
o 1= St [anl?
By Cauchy-Schwarz’s inequality

12 / n 1/2
D lanllan k] < (Z |an|2> (Z !an|2>
B(k) n=1

neB

and we deduce
1/2
1+ A (Saeglan)”

S A

B
— <[]
ON
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which according to (4.4), tends to 0 as N — oo. We now estimate C. For any k > 1
Cauchy-Schwarz’s inequality gives

N

M
2 2 lanllansil < 35 lanllantl < ) lanl

J=1 A(j,k) neA: n<N—k n=1

Hence, applying (4.6]), for any positive integer kg we have

M
Zk>k0 AF Zj:l ZneA(j,k) |an||an+kl
2

1+ |A|
(1—AD?
Fix € > 0 and use assumption (4.5) to pick jo = jo(¢) > 0 large enough so that

supflanfine A} <c 3 anf? (4.9
neA;

< AR

(4.7)
ON

if 7 > jo. Pick also kg such that [A*0 < e. Fix k < ko and note that there are at most k
indices n € A; such that n + k ¢ A;. Hence

. lanllan k] < klan,llan, i,
A(j.k)

where n; = n;(k) € A; is the index in A; with n; + k£ < N, where the product |a,||an+r] is
maximum. Hence

M M 2 /o 1/2
Z 2 |anl|anir] <k Z |anj‘|anj+k’ <k (Z ‘anj’2> (Z |anj+k|2> .
j=1

Jj=jo A(j,k) J=jo Jj=jo
Note that . ) gives that

2 lan, P <e 33 D Janl? eZmnP

J=jo J=jo neA,;

Since there are at most k indices n € A; such that n + k ¢ A;, we also have

M N
2 |anj+k|2 <k Z ’an|2-
j=1 n=1

Applying (4.6) again, we deduce
M
2k<ko AF 225> jo 244G k) |0nlantkl RPERAL 1+ A

< 4.
on? 1—)| (4.9)
where C1 = >, -, IA[¥E3/2. The estimates ([.7) and ([&.9) give that
|C| Zkgko szj‘qo ZA(j,k) |an|an+kl 1+ A L+ Al 1)
5 + 5€+C1 .
o TN (1 —1AD 1—|A|
This finishes the proof. O

We close this Section with an elementary result which will be used in the proof of Theorem

!

Lemma 17. Let {f,}, {gn} be two sequences of measurable functions defined at almost every
point of the unit circle. Assume that there exists a constant C' > 0 such that the following
conditions hold

(a) sup,, | fnl2 < C and
lim fn dm =1

(b) gn(z) > —C' for almost every z € dD and lim, 4 ||gn|2 = 0.
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Then

lim fne 9 dm = 1.

Proof of Lemma[I7. Cauchy-Schwarz’s inequality gives
Fule™ = 1) din| < | folale ™ = 1l
oD

Note that there exists a constant M = M(C) > 0 such that |[e™* — 1] < M|z| if z > —C.
Hence [le™9" — 1||a < M| gnll2, » = 1,2,.... This finishes the proof. O

5. PROOF OF THEOREM [II

Proof of Theorem[1]. Let
N
Sk =D lanl*, N=12,...
n=1

Recall that by part @ of Theorem @ we have n_la?\, < SJQV < /4;0]2\,, N = 1,2,..., where
k= (1+]fO))(1—]f O Pick0<e<n, py = S}V*E and qy = S}V’E. Let C(f) denote
a positive constant only depending on f whose value may change from line to line. The proof
is organized in several steps.

1. Splitting the Sum. In this first step, for N large, we will recursively find indices 0 <
My < N < M1 <N, 1< k<@, such that if

Ny, M1
G= D, af"  me= ), anf",
n=My+1 n=Nj+1
we have
lim 9N g, (5.1)
N—ow gN
N QN 2
Dlanf" =D& +m)| <2C(fpw, (5.2)
n=1 k=1 2
Nk Mk+1
PN < Z |an|2 < 2PN; qN < Z |an|2 < 2q1\7a k= 1721"'7QN7 (53)
lim — anf"— > & =0, (5.4)
N=w©OoN |72 k=1 o
Mk+1_Nk>QJﬁ\77 Nk_Mk >p7\[7 k:17277QN_17 (55)

where 3= (n—¢e)(1—¢)tandy=(n+e)(1+¢e)L.
Pick M; = 0 and let N; be the smallest positive integer such that

Ny
2 ‘an’2 = PN-
n=1

The minimality of V] gives that
Ny
Z |an|2 < pn + |aN1

n=1

| 2

Now let Ms be the smallest positive integer such that
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As before, the minimality of My gives that

Moy
Z |an‘2 < gN + ’aM2’2'
n=N1+1
We repeat this process until we arrive at an index N or My bigger than N. Let Qn be the
number of times this process is repeated, that is, k =1,2,...,Qn. Then
N
By = Z |an|* < 2pn. (5.6)
MQN+].
Since
N QN N
dianf" = DG tm) = Y, anf"
n=1 k=1 n=Mgq, +1
the estimate (5.2) follows from part @ of Theorem @ By construction we have
N
pN< D anl? <py + an, (5.7)
n=Mj+1
M1
gn < Z lan|* < gy + |an,,, |* (5.8)
n=Ni+1

for k = 1,2,...,Qn. Fix § > 0. Observe that the assumption (1.2) gives that |ay,|> +
lam, ., |* < dqn if N is sufficiently large. Taking 0 < 1 one deduces that (5.3]) holds if N is
sufficiently large. Moreover the estimates (5.7) give that

(pn + an)@n < 8% — Ry < (1 +8)(pn + qn)Qn, (5.9)
if N is large enough. Since pyqy = S% and because of the estimate (5.6), (5.1)) follows from
(5.9) tending 6 to 0. Observe that

My 41
D Janl? =y = Sy (5.10)
n=Np+1
By (T.2), if N is sufficiently large, we have that |a,|?> < Sy'™" for any n < N. We deduce
from (5.10) that Sx'="(Myy1 — Ni) = qn and My, — Ny = qjﬁv. A similar argument shows
that N, — Mg > p}. This proves (5.5). We are now going to prove (5.4). Observe that at
almost every point of the unit circle we have

QN 2 Qn-1QnN
> 2 mkl” +2Re Y > T
k=1 k=1 j>k
Since ||nx]3 < 2C(f)qn, we have
QN
> | imiam < 20(PavQu <304} (5.11)

if N is sufficiently large. On the other hand, if j > k we have
[ 7y m| < Slarllanll 1,

where the sum is taken over all indices r,t with N, <r < M4 and N; <t < M;11. Observe
that by (5.5) -, we have t —r > p),. Writing [ = ¢t —r and applying Cauchy Schwarz’s inequality,
we obtain

‘ankmdm‘ DL O ap|lager| < COF)IF(0)PVSF.

I=p),
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Hence
QN—-1QnN ,
> S| [mons dm| < cnrisiir o (5.12)
k=1 j>k
Using (5.11)) and (5.12)) we obtain that
QN 2
Moo <40k,
k=1 2
if N is sufficiently large. Since 0%, > C(f)S% = C(f)pnqn, we deduce that
sz lnkH
lim (5.13)
N—0

Now and ( give

The main 1dea in the rest of the proof is that {n;} are irrelevant while due to (5.5), {&x}
act as independent random variables.

2. Arranging the Fourier Transform. Applying (5.4]), the proof of Theorem (1| reduces to
show that

converge in distribution to a standard complex normal variable. By the Levi Continuity
Theorem, it is sufficient to show that for any complex number ¢ we have

on(t) = f BTN dm — e P2 as N > w0 (5.14)
oD

Here {(t,w) = Re(tw) is the standard scalar product in the plane. In this second step of the
proof we will show that

i<t7 €k> <t7 §k>2 _
oo o) f( m)“‘?(‘w)‘m—“ 1)

Fixed § > 0, consider the sets Ey = {z € dD: |{k(2)| > 0SSN}, k=1,2,...,Qn. By part of
Theorem |§| we have |&;[1 < C(f)p3 . Chebyshev inequality and (5.1) give

QN 2
C(fipx@n _ 2C(f)
kz::lm(Ek) < 5151 < gy

if N is sufficiently large. For p > 1, consider the set

QN
Ey = {z € dD: > (t,&(2)" > usfv} .

k=1
By part @ of Theorem |§| we have |[&ll2 < C(f)pn. Chebyshev inequality and (5.1)) give

i) < COIEQN _ 2001

HaN K

if N is sufficiently large. Hence the set
QN
E=|]JE
k=0

satisfies

2
m(E) < 2C(f) <541qN + ’2) .
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Using the elementary identity
22 9
xp(2) = (14 e 5+ ol12)).
where o(|z]?)/|z]?> — 0 as z — 0, we deduce

QN On )
o T ) 20)
IN k=1

Fix € > 0. Taking § > 0 sufﬁmently small we have

Z <<t (2 >>>< Clfren. 2eD\E
N

k=1

LD\EQX" (6 Twpydm = ) o ,ﬂ( wzflaN>eXp< =3 )

2\ 1/2 2
C(f)E“ f 1+ <t_’§kz exp _B&)” é;k> dm < e“Wer 1.
8D\E kel 2 O'N O'N

Last inequality follows from the elementary estimate (1 + z)"/2e~%/2 < 1 if x > 0. Hence

o [ () e ()

which proves (5.15). Therefore to prove (5.14]) it is sufficient to show that for any ¢ € C one

has
2
lim H (1 + Z<t £k> ) exp <<t,0§2k> ) dm = exp (—[t[*/2).

This will follow from Lemma apphed to the functions

-l )

L e - s

N k=1
According to Lemma [17] it is sufficient to show

Hence

dm| <

m| < 2m(E) + “er — 1,

skfp [fnll2 < o0, (5.16)
lim [gn|2 =0, (5.17)
N—0
lim fndm = 1. (5.18)
N—o oD

3. Estimating | fn|2. Observe that

o {t, &) W1 2 2
H 1+ 2_10_2 =1+ Z 2—k0-2k‘ Z<t7£j1> .- '<t7§jk> )

k=1

where the last sum is taken over all collectlons of indices 1 < j; < ... < jr < @Qn. Since
(€)% < |t2]€n]?, Theorem |§| and part () of Theorem |§| give that

LD L& (€)% dm < O(f)F |t
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Since the total number of distinct collections of indices j1, ..., jg verifying 1 < j; < ... < ji <
Qn is (QkN ), we deduce

[T (1o gt amens 5(3) 5

Since 0% = C(f)~15% = C(f)"‘pnan, we deduce

L 50) e B ()05 (920"

Hence gives that | fn[3 < exp (3C(f)?|t|?) if N is sufficiently large. This gives (5.16].
4. Estzmatmg lgn|2. Consider the set of indices Ay = {n € N: M < n < N}, k =
1,...,QN. Then

&= D, anf", k=1,...,Qn. (5.19)

nE.Ak
Let A = U | Aj.. Observe that (5.4) gives
llm anA|an‘2 — 1
N—0 S]2V '
This is assumption (4.4) of Lemma Assumption (4.5) follows from ([1.2). Thus, Lemma

Jim. L (5.20)
Denote \ = t/|t|]. We have
I O s
QN—ZMJQV;<2|§I<;| + A%+ A fk—2QN>~
Applying , the proof of reduces to show
RN e kak o
where v = 2(1&[* — [¢k3) +F&% + A€ . Now
2 Qv—1Qn
- 2 g +2Re Y 3 [ dm. (5.21)
2 k=1 j>kvoD

Since [¢y| < 4|€k]* + 2|&x[3, parts (&) and (d) of Theorem@give that [vx|3 < C(f)p3. Hence

QN
> Il3 < C(F)pkQn
k=1

and we deduce
QN

. 1
lim Py }: lx]3 = 0.

N—o N o1
The second term in ([5.21)) is splitted as

QN 1QN
J Urbjdm = A+ B+C+D,
k‘lj>k

where
QNn—-1QN

A=t Y 3 [ (6l - 16lB) (P - 1618) dm,

k=1 j>k7D
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QN 1 QN

B2 3 3| (el - lal) (%6 + ) am
k 1 j>k
QnN—-1QnN

c-2 % 3 [ (W +2@) (5P - lg1B) dm

k=1 j>k
QN-1QnN

p=>Y 3 f /\252 + )\2§k) (A?gj + )\252)

k=1 j>k

By Theorem |§|, [€k&ill2 = [I€kll2[1€; ]2 if & # j and we deduce A = 0. Since the mean of £ over
the unit circle vanishes and at almost every point in the unit circle one has

6> = D) lanf +2Re >° DT GnaifrA, (5.22)

neAyg neAy jeAg,j>n

the integrals in B can be written as a linear combination of
f jrF (326 + X2 dm,
oD
where ny, ji1 € Ay and hence max{n, ji} < min{n: n € A;}. According to part () of Lemma
7
| g am—o
oD

and we deduce B = 0. Since the mean of 5;% over the unit circle vanishes, we have

QN 1 QN
C = 4Re 2 f £21¢; 1% dm.
k 1 j>k

For the same reason, using the formula , we have

f&%!fj\Qdm=f €2 Re hy dm,
oD oD

where o
hi=2 > Gaff.
rleA;,l>r

Using formula (5.19) to expand &7, we obtain

f &I&1Pdm = E + F,
oD

where

p-Y ¥ @] (¢ (@l s+ oar T .

neAy rleA;,l>r

F=2 Y aa Y| (@l + e ) dm
n,s€AL: s>n rleA; l>r oD

By part of Lemma [7| we have
(2 s dm’ +

oD

We deduce that

(F™2fLfr dm’ <CNIF )™, ifn<r<l
D

B[ <C(f) D) laal® Y larlla|f/(0) "

nE.A;C rleA; l>r

According to , we have r —n > for any r € A; and any n € Ay, j > k. Now

Z \arHasz’(O)\l_”é\f’(O)!qNZ\f/(O)! D larllarsl.

rleA;l>r t=1 reA;: r+ted;
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By Cauchy-Schwarz’s inequality, last sum is bounded by » . A lar|? < 2pn. Hence

8
Bl < COIF )™ (5.23)
Similarly, part @ of Lemma (7| gives that

f T dm‘ n
oD

J f”fsfrfldm‘<O(f)|f’(0)|l_”, n<s<r<l—2,
oD

and

frrefrft dml + U f”fsfrfldm’ <SCHIFO™ n<s<r<lr=Il-2.
oD oD
Using the trivial estimate |ag| < Sy for any k < N, we deduce that

IFl<C(hHSy D] PR TE O]

n,s€Ap: s>n 1l l>r
As before, [ —n > qg for any r € A; and any n € Ay, j > k. We deduce
[F| < C(f)SK1f(0)7n/2.
Now, the exponential decay in ((5.23) and (5.16]) give that

im & 0. (5.24)
N—00 On

The corresponding estimate for D follows from the estimate
[ a6 an| < cstiror, x<;
oD

As before this last estimate follows from ([5.5) and from
FrLE L dm

oD

which follows from part @ of Lemma (7| This finishes the proof of (5.17)).

5. Integrating fn. In this last step we will prove ([5.18]). Observe that at almost every point
in the unit circle we have

<SCHIF O n<s<l<t—2,

Qn &
fu=1+ 2, MZ@,@»- (o,

where the second sum is taken over all collections of indices 1 < i1 < ...1; < Qn. Fix
1< <...ip < @Qy. The integral

k
f &> (& ydm — 2 J [] (g, +1&,) dm
oD oD 4
is a multiple of a sum of 2¥ integrals of the form

't LD &h.. &k dm,

where 7 +1 = k, g = L or g, = —1 for i = 1,...,k and we denote & 1(2) = &(z), z € oD.
Now, each &; is a linear combination of iterates of f,

Sj: Z anfn'
neA(j)
Hence

k
LD & grhdm = [[aw, LD FrME L fRER dim,

neC j=1
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where ) . means the sum over all possible k-tuples n = {n; };?:1 of indices such that n; €
A(ij) for j =1,... k. Since |ap| < Sy, n < N, we have

g dm| < s 3

neC

f Fras L frees dm‘ .

Let € = {sj}k ! be fixed and consider ®(n) = ®(e,n) = Zf 1di(njs1 — nj) where §; €
{0,1/2,1} for j = 1,...,k — 1, with 6; = 1 and 0,1 > 1/2, and with §; = 1 if and only if
dj—1 =0for j =2,...,k—1, as defined in Theorem Let a = [f/(0)]. Theorem gives

U S dm‘ < kISKC(f)F Z a®()
oD

neC

We split the sum over n € C as follows. Let D denote the set of (kK — 1)-tuples § = {J; }?;11
of coefficients that can appear in ®(n). That is, those tuples with 6; € {0,1/2,1} for j =
1,...,k =1, with 6 = 1 and 6,—; > 1/2, and with §; = 1 if and only if 6;_1 = 0, for
j =2,...,k —1. Observe that there are less than 2* such tuples. Given a k-tuple n € C, let
us denote by d(n) the (k — 1)-tuple § of coefficients appearing in ®(n). Then we have that

I WD

neC 8D {neC: 6(n)=5}

Given 8 = {J; ?;11 € D, we define ®5(n) = Z;ﬁ;i dj(nj41 — nj) for every n € C. We clearly

have that
Tt < Y g, (5.25)
neC 0eD neC

Consider now a fixed § = (d1,...,0,—1), and recall that §; = 1. Let {(1) be the minimum
integer such that &)1 =0 (weset I(1) = k—1if §; # 0 for all 1 < j < k—1). In particular,
observe that if (1) > 1, we have that §; = 1/2 for 2 < j < (1) by Theorem Thus, to find
a bound for the right-hand side of , we need to estimate sums of the form

Zl: Z (na—n1)+(ni—n2)/ Z Z q(n2—n1)/2+(ni—n1)/2 (5.26)
J=1n;eA(iy)

J=ln;eA(i;)

for some 1 <l < k—1. Denote here 77 = max A(i1), ng = min A(i2) and n; = min A(4;), and

observe that ng — Ny = q v because of . Assume [ > 2. Summing over ny and ns we get

that ( is bounded by

Caqf‘i’mi Z a(m—n1)/2

J=3n;eA(i;)
Next, summing over n; for j up to I — 1 yields the factor [A(i3)| + ... + |A(4;—1)|, while
summing over n; we get the factor a™~™)/2_ Here, |.A(i;)| denotes the number of indices in
the set A(i;). Using (5.5), we have that |A(i;)| = p}, > q]BV for any j = 1,...,k and, thus, we
get that n; — 7y > qf, + [AG)| + ..+ [A(i—1)| > lqﬁ,. Hence, we find that

!

Z Z q(n2—n)+(mu—n2)/2 Calav/4, (5.27)

=1n;eA(i;)
Note that if [ = 1 or | = 2, then (5.27)) is obvious. Assume now that we have determined
I(m—1). If ((m — 1) < k — 1, then let {(m) be the minimum integer such that I(m — 1) <
I[(m) <k — 1 and such that d;(,,)11 = 0. We iterate this process until we set I(r) = k — 1 for

some integer 1 < r < k. Observe that, by Theorem we have that [(m) > [(m — 1) + 2.
Taking [(0) = 0, the full sum over n € C in the right-hand side of (5.25)) becomes a product
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of sums of the form (5.26|) with j ranging from [(m — 1) + 1 to {(m), for m = 1,...,r. Thus,
applying the bound (5.27) we get that

Sa%™ < T ClgUm)=Lm=1))a% /4 < ok gkar /4,
m=1

neC

Now, summing over § € D and using the fact that there are at most 2¥ such tuples, we get

that
Z a®™ < C’kakqg/‘l.
neC

Thus
B
We deduce that
< KISKC(H)F|tFaban/A.

J <t,€i1> .. .<t, flk>dm
oD

Since the total number of collections of indices 1 < i1 < ... < i < Qpn 18 (QkN ), we deduce
that
f fndm — 1' <) < i )k!2k/2aNk(C(f)SN|t|)kak‘1N/4.

Last sum is smaller than

Q
|4 GOSN Qa1 ™

vV 2_10']\7 7
which tends to 0 as N — o0 because

SNQ?Van%/‘l .

lim
N—o0 ON
g
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