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ABSTRACT. In this note we formulate and solve a natural interpolation prob-
lem for the Hardy spaces in the unit disc in terms of maximal functions and
weighted summable sequences.

1. INTRODUCTION

Let D be the unit disc in the complex plane. For 0 < p < oo, H?(D) denotes the
Hardy space of holomorphic functions in D such that

I ,
£ I = sup - |f(7"e“9)|pd9<+oo.

2 J_»
In this paper we are interested in the interpolating problem
(1) f(zn) = wn, n=12,...,

where Z = {2,}22, is a sequence in D satisfying the Blaschke condition
Z(l — |zn]) < 4o0.

In [2] and [3], this problem has already been studied, proving that the restriction
operator

R: f=A{f(zn) )it
maps H? onto {wy: > oo Jwa|P(1 — |2,]) < oo} if and only if Z is uniformly
separated, i.e.

inf [T |22 26>0
n fen — ZkZn
The starting point of this paper is the observation that the growth condition on

the {wy,},

n
is not necessary for a general Blaschke sequence, and in this sense the Shapiro-
Shields result is somewhat unnatural. Here (Section 2) we first obtain elementary
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necessary conditions on the {w,}, {zn} for the interpolation problem (1) to have
a solution f € HP. These conditions are expressed in terms of kth-order hyper-
bolic divided differences AFW of the sequence W = {w,, }°%; and a corresponding
maximal function W;'. For k = 0 it is simply the statement that the maximal
function

W (€) = sup{|wn|: 2z, € Ci(6)},

where C;(6) is the Stolz angle at e of opening ¢, must be in LP(T). This of course
follows from the maximal characterization of H?(D). We also obtain necessary
conditions of type (2) for a general Blaschke sequence Z.

In Section 3 we pose and solve the corresponding interpolation problem, one for
each k. That is, if

Sp(Z) =AW ={wn}7Z,: Wi € L(T)},

we prove

Theorem. The restriction map R is onto from HP to SY(Z) if and only if Z is
the union of k + 1 uniformly separated sequences.

As R always maps HP?(D) into SY(Z), for k = 0 this result might be called a
“Shapiro-Shields theorem revisited”.

Finally, we mention that our study has close connections with [4], where a similar
result is obtained for H* (the first named author thanks Professor Nikolskii for
pointing this out to him).

2. NECESSARY CONDITIONS

2.1. We will denote by M, f the maximal function
Mo f(0) = sup{|f(2)],z € Ca(6)}

corresponding to the angle . For z,w € A, we set
w—z

plew) =

so that |p(z,w)] is the pseudohyperbolic distance between z and w.

The following well-known lemma is an obvious consequence of the Cauchy for-
mula:

Lemma 1. Given 0 < a < 8 < 7 there exists a constant C = C(a, 8) such that
for all holomorphic f and all k,

sup (1= [2)*|f P (2)| < CkIMf(0).
z€Cq(0)

For a holomorphic function f, we define

A%f(z) =f(2),

Alf(z, w) :7f(w) — f(z)7 z,weD,
oz w)
and, inductively, for z; € D
(Akf )(217 vy Rk—15 Rk, Zk:-‘rl)
_ (AP 1) (21, 21y 2eg1) — (AR ) (2,0 21, 21)
P(2ks Zk41) '
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Lemma 2. Given 0 < a < § < 7, there exists a constant C = C(«a, 3) such that
for any holomorphic function f and k > 1, one has

sup |(Akf)(zl,...,zk+1)|§0 sup |(Ak_1f)(t1,...,tk)|.
zl,...,zk+1eca(9) tl,...,tkeCB(O)

Proof. First, let us consider the case k = 1. If [p(z,w)| > &, [(A'f)(z,w)| <

2(1f(2)] + | f(w)]), and if |p(z,w)| < %, z,w € Ca(h), there exists an absolute

constant A such that [(Alf)(z,w)| < Asup{(1 — |2|)|f'(2)|: 2 € Ca(6)}. Hence

sup  [(ANf)(z1,22)] S 2Maf(O) + A sup (1 —[2])f'(2)]
Zl,ZQEZmCQ(G) ZGCQ(G)

and Lemma 1 finishes the proof.
For k > 1, fixed 21, ..., 21, consider Fj,(z) = (AF1f)(z1,...,2k_1,2) as a holo-
morphic function of z. Writing

(A*f) (2150 2001) = (AYFR) (2 2041)

and applying the result for k£ = 1, one finishes the proof. O

The maximal characterization of H?(ID) gives the following result.

Theorem 1. Let f € HP and let Z = {2,}52, be a sequence of different points in
D. Then, for k>0

Sup |(Akf)(zn17'-'aznk+1)| GLP(T)
{2n,}CZNCa(0)

This result immediately gives a set of necessary conditions for the problem (1).
Denoting, as before, W = {w, }22;, we introduce

AW (wy,) = wh, AW (wy, w :M,
(AW) (w,) (AW, 0) = S
(AkW)(wm, Sy wnk—l7wnk7wnk+l)

(AW (wy,, - - - Wy Wiy ) — (AP ) (wpy s - - w0,

p(Zny, an+1)

3

the maximal function

Wi (e?) = sup |(AkW)(Zn1,---7an+1)|
Znq ey an+1€cha(0)

and the sequence spaces
Sp(Z) = {W: W € LP(T))
with norm
IWIE o = 15 1%

W5 = WL ery + IWE 10y

Then, W € S¥(Z) is a necessary condition for (1), for all k.
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2.2. Now we look for necessary conditions on W = {w,}52, for the problem (1)
of the type of (2). The following lemma was proved in [1].

Lemma 3. If h € H*(D) and ¢ > 0, the measure

%(1 e dvi(z)

is a Carleson measure with constant C||h|w/e?, that is, for all f € HP(D)

/ 2
/|f g 7 (z |2'5<1| DavV(z) < SIF Iyl

Let us apply this last 1nequahty to h = B, the Blaschke product with zeros in
7. We use the notation

TZk Z — 2k ]
= _ f
Z) kl;[n |Zk| 1—2k27 M égnm(zn,zk)l’

i.e. zp is at hyperbolic distance u,, from the other points in Z. We denote by D,
the hyperbolic disc centered at z,, of radius p, /2. As these are disjoint,

S = [P e - kD ave)
7Z>l2 CLhavie
>Z/ S (= aves)

In D,,,1—|z| =~ 1—|z,| and
z— zn

_ 1Ba(2)] 12 — 2nl
1 — |2] .

IB(e)| = 1Bu(o)] [{—o | =

Hence

c e [ e B .
71 = S0l [ WP s e O

We may think that D,, is a euclidean disk centered at z, of radius un,(1 — |z,]).
Using polar coordinates in D,,, this last integral equals

pn(1—=zn]) 27 ) |BI(Z +rei9)|2
e—1 0\ |p n
L+ . a9\ dr.
/0 " {/o 1F(zn - re) | B (2 + rei?)|2—¢ } '

In D, B,, does not vanish, hence by subharmonicity the integral in 8 dominates

p 1B e Ba(za)lf
| f(zn)] |Bn (20|22 | (zn)] (1—|za]2)%

Thus we obtain
C
(3) —If = D (= [2al)(IBn(za)ln)° L f (2 ) IP-

We have therefore proved

Theorem 2. For a Blaschke sequence {z,} the measure

oo
n=1>

Y@= lzal)(1Bu(zn) )6,

n

is a Carleson measure with constant C/e,e > 0.
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If {2,}22, is a uniformly separated sequence, this result recaptures the well-

known fact that
Z(l = |2n))02,

n

is a Carleson measure.
Of course, Theorem 2 gives as a necessary condition on W = {w,} for (1),
namely

(4) D (1= [z (1Bn(z0) 1) wa [P < +00, e>0,
n

a Shapiro-Shields type condition. We point out that (4) is already captured by the
statement W € S§(Z). This follows from the fact that Carleson measures bound-
edly operate on (nonnecessarily holomorphic) functions having maximal function
in LP(T) (in this case the function equals w,, on z, and 0 elsewhere).

Theorem 2 can be improved, in the sense that ¢(t) = ¢° can be replaced by a
function ¢ satisfying a Dini-type condition. For instance, multiplying both terms
of (3) by 7 and integrating in €, one obtains

> (1 = lzal) (| Log(|Ba(za) ) )T 1 (z0)P < % B>0,

which can be integrated again, and so on. This leads to improvements of (4), all of
them included in the statement W € S§(Z). In fact, it is an interesting question to
obtain conditions like (4) from W € S{(Z) using only the geometry of the sequence
Z.

3. SUFFICIENT CONDITIONS

Let Z = {z,} be a Blaschke sequence. In section 2.1 it has been shown that the
restriction operator

R: f = A{f(zn)}nts
maps H? into SY(Z),k=0,1,2,....
Theorem 3. Let Z = {z,} be a Blaschke sequence and k > 0. The restriction

operator R maps HP onto Si.(Z) if and only if Z is the union of k + 1 uniformly
separated sequences.

Proof. Assume R is onto. Consider W = {wy,}, wp = Onm, 1.e. wy, = 0if n #m
and w,, = 1. An easy inductive argument shows
2k

l0(Zms 2my) = P(Zms Zmy,)|

W;(eie) < , zm € Cy(0),

and hence
25(1 — |zm|)"/P
k<
lp(Zms 2my ) = P(Zms Zmy,)]
where {zp,;: j =1,...,k} are the k points in {z,} closest in the pseudohyperbolic
distance to z,,. Now, since R is onto, by the open mapping theorem there exists

fm € HP, fr(zn) = wa, || fimllp < C||W]|p,x where C' is a constant independent of
m.

Wi

b, ’
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Hence, f,, = Bm - gm and

[lgrmll» C1C2"

Bm Zm — m\Zm SC I .
B ()| = gzl < o T < oz ) - Gz

So,
(5) | B (2m)| > Alp(zm, 2my) - p(2ms 2my)|-

We will show that (5) implies that Z is the union of k + 1 uniformly separated
sequences. By Zorn’s lemma, there exists a maximal subset Z; of Z such that if
2r,2s € Z1 one has |p(z, zs)| > 271A. Do the same for Z replaced by Z\Z; and
repeat the process to obtain Zp,..., Zy+1. By (5) these sequences are uniformly
separated. Now let us show

If this were not true, there exists z, € Z\ "]

i1 Zj. By the maximality of each
Z;, there exists 2, ; € Z; such that |p(zm, 2m ;)| < 271 A. Hence, there exist k + 1
points in Z at pseudohyperbolic distance from z,, less than 27! A. This contradicts
(5).

To prove the converse, consider first the case k = 0, that is, Z = {z,} a uni-
formly separated sequence and W = {w,} € S§(2), i.e. Wi (e?) = sup{|wn|: 2, €
Co(0)} € LP(T). Since Carleson measures boundedly operate on functions hav-
ing maximal function in LP(T), (2) is satisfied and the Shapiro-Shields result gives
f € H?(D), f(zn) = wn, n=1,2,.... However, using that W € S} (Z) we can give
a more elementary proof.

By normal families, the result will be proved if we show that there exists C' > 0
such that for any N, there is fy € HP(D), satisfying fn(z;) = w;, 1 =1,..., N,
and ||l < C.

Take 6 > 0 such that D, = {z: |p(z, zn)| < 26} are pairwise disjoint. Let
H=HybeaC®inD, H(z) = w, if |p(z,2,)] < 6, H=0or D\Uﬁ;an and
|H(z)|] < |wy| for z € D,. It is clear that ||Ms(H)||, < ||[W||p,0 for some 8 < «a.
Let B be the Blaschke product with zero set Z. We look for solutions of (1) of the
form H — BG, where

(6) 0(G)=B~'0(H),  |GlLem <C

and C is a constant independent on V.
Since Z = {z,} is uniformly separated, one has |B(z)| > C'inf,, |p(z, z,)|. Hence,

|B(z)710H (2)| dim(z) <C(6) Y [wal(L — |2u]) ™" dmp,
<C@)H(2)] Y (1~ |za])”" dmp,,.
Observe that = > (1—|2,]) "' dmp,, is a Carleson measure. Now, the function

Y 5 BHE) dm
6(2) = = | =t g OO dm(e

satisfies 0G = B~10H. We estimate ||G||, by duality.
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Let A€ LY(T),p~! + ¢! = 1 and denote by P[A](£) the Poisson integral of A
at the point £&. One has

/WG(e“’)A(ew)dH‘ S/IP[IAI](§)|IB(§)I’1I5H(§)Idm(§)
0 D

sawéumwgmﬂwmmascwmmmmm,

where C} is independent on N, because P[|A|](§) - H(£) has maximal function in
L(T), so the function G satisfies (6) and this finishes the proof for k = 0. O

Assume the proof is completed for k and let us show it for k + 1, that is, assume
Z is the union of k£ + 1 uniformly separated sequences. One can split the sequence
7Z = Z1UZs, where Z1 = {ay, } is the union of k uniformly separated sequences and
Zy = {zp} is uniformly separated.

Let W € S}, | (Z). The previous splitting for Z gives W = Wy UWa, W1 = {sn},
Wy = {w,}. Applying the result for k = 0, one gets fo € HP(D), fa(z,) = wp, n =

1,2,.... Let By be the Blaschke product with zero sequence Z5. Now we look for
a function f € HP(D) such that
Sn — f2 (an)
7 Qp) = ————, n=12 ...,
(7) flan) = "5

because fo + By f will interpolate W at the points Z. By induction, (7) is solvable
if and only if
{(sn — fo(an))Ba(an) ™'} € SY(Z1).
Let z(n) be the closest point, in the pseudohyperbolic metric, in Zs to a,. Then,
Sn — Wk(n) p(ozn, Zk(n))
p(anu Zk(n)) BZ (an)
f2(zrn)) — folan) plan, 2r(n))
p(anu Zk(n)) B2 (an)

Now, since W € S ,(Z) and f, € HP(D), one has

Sp — Wg(n Zk(n)) — A

{ k(n) }ng(zl), {fz( k(n) — fa( )} € S1(7y).
POy Zi(n)) p(an, Zg(n))

Hence in order to finish the proof it is sufficient to show the following two auxiliary
results.

(Sn - f2(04n))BQ(Ozn)71 =

+

Lemma 4. Let Z be a Blaschke sequence, W = {w,} and A = {a,} two sequences
of complex numbers and denote by W A the sequence {wpay}. Then for k >0,

(Ak(WA))(wnlanlv R wnk+1ank+1)

k
=S (AIW) Wy, ey 1) - (AT A) e gy,
j=0

Lemma 5. Let Z = {z,} be a uniformly separated sequence, B the Blaschke prod-
uct with zero set Z and 6 > 0 such that the discs D, = {z: |p(z,2zn)| < 6} are
pairwise disjoint. Consider Q = J,, Dy, and ¢: Q — C,¢(a) = By (a)™' where
b(a) = zn ifa € D,,. Let A= {a,} € Q and p(A) = {p(an)}. Then p(A) € SF(A),
for any k > 0.
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Lemma 4 follows from a simple inductive argument. The case £ = 0 of Lemma 5
follows from the fact that Z is a uniformly separated sequence. For k > 0, one
shows by induction that

2= A" (an,, ..., an,,,2)

is a bounded analytic function in €.
Finally, concerning the necessary condition (4), since it is captured from the fact
W € S{(Z), Theorem 3 shows

R(HP(D)) = {W: W satisfies (4)}

if and only if Z is a uniformly separated sequence.
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