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Differentiability of functions in the Zygmund class

Juan Jesus Donaire, José G. Llorente and Artur Nicolau

ABSTRACT

Let f be a function in the Zygmund class in the euclidean space. It is proved that the Hausdorff
dimension of the set of points where f has bounded divided differences, is bigger or equal to
one. Furthermore, if f is in the Small Zygmund class, then the Hausdorff dimension of the set of
points where f is differentiable, is bigger or equal to one. The sharpness of these results is also
discussed.

1. Introduction

Given two parameters b > 1 and 0 < a < 1, in 1876, Weierstrass considered the functions given
by the series

o0

Z b~ "% cos(2mb"x), x € R,

n=0
and proved that they are continuous and nowhere differentiable if the parameters satisfy o'~ >
1+ 37 /2. After a series of contributions by Dini, Bromwich, Hadamard and others, in 1916,
Hardy gave a proof under the optimal assumptions b > 1 and 0 < « < 1; see [7]. The critical
case a = 1 is the hardest one and it corresponds to the function

folw) = b "cos(2rb"x), xR, (1.1)
n=0

which is in the Zygmund class. The Zygmund class A, (R?) is the space of bounded continuous
functions f: R? — R for which

||f||* Sup{|f(x+h) +f||(Z||_ h) _2f($)| :x,h ERd} < o0,

The small Zygmund class \.(R?) is the subspace formed by those functions f € A,(R?) which
satisfy
i sup M@+ R) 1= 1) = 2/(a)

= 0.
Ihl1—0 ;era [|A]]

These spaces were introduced by Zygmund in the 1940s when he observed that the conjugate
function of a Lipschitz function in the unit circle does not need to be Lipschitz but it is in
the Zygmund class [21]. For 0 < a < 1, let A,(R?) be the Hélder class of bounded functions
f: R? — R for which there exists a constant C' = C(f) such that |f(z + h) — f(z)| < C||h||%,
for any z,h € R%. It is well known that A;(RY) C A,(RY) C A, (RY) for any 0 < a <1 and
actually the Zygmund class A,(R?) is the natural substitute of A;(R?) in many different
contexts. For instance, the Hilbert transform of a compactly supported function in R may
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not be in R, while standard Calderén—Zygmund operators map compactly supported functions
in A, (R9) (respectively, in A, (R?) for some fixed 0 < o < 1) into A,(RY) (respectively, into
Ao (R?)); see [6]. The Zygmund class can also be described in terms of harmonic extensions,
Bessel potentials or best polynomial approximation and again it is the natural substitute of
the Lipschitz class A;(RY) in these contexts; see [18, Chapter 5; 21, 22].

A classical result of Rademacher says that any function in A;(R?) is differentiable at almost
every point. However, functions in the Zygmund class as the Hardy—Weierstrass function f3
given in (1.1), may not be differentiable at any point. More generally, let g be an almost periodic
function of class C? in the real line. Then for any b > 1, the function

f(z) = ib‘"g(b"m), xeR
n=0

is in the Zygmund class A.(R) and under mild assumptions on the function g, Heurteaux has
proved that f is nowhere differentiable [8]. It is worth mentioning that if we allow having an
infinite derivative, then every Zygmund class function defined in the real line has derivative on
a set of points of Hausdorff dimension 1; see [14, p. 237].

In the 1960s, Stein and Zygmund proved a series of nice results relating differentiability
properties of functions with the size of certain natural square functions. Let f be a measurable
function defined in an open set  C R%. Then the set of points of Q where f is differentiable
coincides, except at most for a set of Lebesgue measure zero, with the set of points x € ) for
which there exists 6 = §(x) > 0 such that the following two conditions hold:

[fle+h)+ flz—h) —2f(@)] _

Ih]<s [ ’

J |f(z+h) + flz —h) = 2f(z)?
IRll<6

1A+

dm(h) < oo.

Here dm denotes Lebesgue measure in R?. Hence, differentiability can be described, modulo
sets of Lebesgue measure zero, by the size of a quadratic expression involving second differences;
see [18, p. 262]. However, these nice results do not apply in the situation we will consider in this
paper where we study differentiability properties of functions in sets which may have Lebesgue
measure zero.

Let f, be the Weierstrass function given by (1.1). As mentioned before f, € A,(R) and one
can see that

oy L 1) = @)
h—0 |h‘

2007

at almost every point z € R. Actually, a Law of the Iterated Logarithm governs the growth of
the divided differences of f;, (see [2]). Similarly, there exist functions in the small Zygmund class
which are differentiable at almost no point. However, it was already observed by Zygmund [21]
that any function in A, (R) is differentiable at a dense set of points of the real line. Similarly, a
function in the Zygmund class A, (R) has bounded divided differences at a dense set of points.
In the 1980s, Makarov proved that Zygmund functions on the real line have bounded divided
differences at sets of Hausdorff dimension one. See [12] and also [1, 16, 17] for related results.

THEOREM A (Makarov). (a) Let f € A.(R). Then the set

{:c € R: limsup [flz+h) = f(@) < oo}
h—0 |h’|

has Hausdorff dimension 1.
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(b) Let f € A«(R). Then the function f is differentiable at a set of points of Hausdorff
dimension 1.

The main purpose of this paper is to study the situation in higher dimensions. Given a
function f € A.(R?%) and a unit vector e € R%, let E(f, e) be the set of points where the divided
differences of f in the direction of e are bounded, that is,

E(f,e) = {a: €R%: limsup [flw+te) = /()] < oo} .
R5t—0 |t]

There exist functions f € A,(R?) such that, for any unit vector e € R%, the set E(f,e) has
Lebesgue measure zero. However, the one-dimensional result of Makarov gives that for any
function f € A.(R?) and any fixed unit vector e € R?, the set E(f,e) has Hausdorff dimension
d; see also [10, 13]. Similarly, for a function f € \.(R?) and a unit vector e € R?, the set

{x eR?: lim w oxists}

R>t—0 t

may have Lebesgue measure zero but it has Hausdorff dimension d. For a fixed direction e,
the divided differences in this direction, (f(x +te) — f(z))/t, = € R, satisfy a certain mean
value property with respect to Lebesgue measure in R?. This is the main point in the proof of
Makarov’s result as well as in the arguments leading to the fact that dim E(f,e) = d. In this
paper, we want to study the size of the set E(f) of points where the divided differences in any
direction are simultaneously bounded, that is,

E(f) =4z €R%: limsup e +h) = J()] <00 .
Ih]|—0 [[7]

Let {e;: i = 1,...,d} be the canonical basis of R%. If f € A,(R%), then it turns out that

d
B(f) = () Elf.).

So, the main difficulty in the higher dimensional situation is to obtain a simultaneous control
of the divided differences in different directions e;, i = 1,...,d. The first main result of this
paper is the following.

THEOREM 1. (a) Let f be a function in A, (R?). Then the set E(f) has Hausdorff dimension
bigger or equal to 1.

(b) Let f be a function in A\.(R?). Then f is differentiable at a set of points of Hausdorff
dimension bigger or equal to 1.

The result is local in the sense that given f € A.(R?) and a cube Q C R? the set F(f) N Q
has Hausdorff dimension bigger or equal 1. Similarly, given f € A,(R?) and a cube Q C R?,
the function f is differentiable at a set of points in the cube @ which has Hausdorff dimension
bigger or equal than 1.

The proof of this result consists of constructing a Cantor-type set on which the function f
has bounded divided differences. The construction of the Cantor-type set uses a stopping time
argument based on a certain one-dimensional mean value property that the divided differences
of f satisfy. Roughly speaking, the divided differences distribute their values in a certain
uniform way when measured with respect to length. This is the main new idea in the proof
and it allows us to obtain a simultaneous control of the behavior of the divided differences in
the coordinate directions. Moreover, the result is sharp in the following sense.
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THEOREM 2. There exists a function f in the small Zygmund class \,(R?) such that the
set E(f) has Hausdorff dimension 1.

The one-dimensional case may suggest that a natural candidate for the function f in
Theorem 2 is a lacunary series. However, this is not the case. Actually, it turns out that
natural lacunary series f in A, (R9) satisfy dim E(f) = d (see [5]). Instead, the function f will be
constructed as f = > gk, where {gx} will be a sequence of smooth functions defined recursively
with Y~ ||gk|lcc < 00. The main idea is to construct them in such a way that Vg1 (x) is almost
orthogonal to V Z?:l gj(z) and 3" ||Vgi(z)||* = oo for most points z € R, Since one cannot
hope to achieve both requirements at all points z € R%, an exceptional set A appears. It turns
out that the function f is in the Small Zygmund class and it is not differentiable at any point
in R%\ A. The construction provides the convenient one-dimensional estimates of the size of
the set A.

It is a pleasure to thank David Preiss for an illuminating idea concerning Theorem 2 and
to the anonymous referees for pointing out that the idea of gradient moving orthogonally is
behind Reifenberg’s Topological Disk Theorem [15] and has been used to construct somewhat
similar functions in the so-called gradient problem posed by C. E. Weil. A function f : R® — R
satisfies the Denjoy—Clarkson property if for any open interval I C R, then f~1(I) is either
empty or has n-dimensional positive measure. The gradient problem asks whether differentiable
functions in R”™ satisfy the Denjoy—Clarkson property. A classical theorem says that the answer
is positive if n =1 but the problem has been open for a long time when n > 1. Buczolich
[3] proved that f~1(I) is either empty or has Hausdorff dimension at least 1 for any open
interval I C R and any differentiable f:R™ — R; see also [20]. Buczolich [4] finally solved
the gradient problem in the negative giving a counterexample in R?. While the parallelism
between our Theorem 1 and [3] is clear, part of the techniques that we use in the proof of
Theorem 2 are behind the proof of Reifenberg’s Topological Disk Theorem [15] and also in the
construction of [4].

The paper is organized as follows. Next section contains a result on Hausdorff dimension of
certain Cantor sets which will be used in the proof of Theorem 1. The third section is devoted
to the proof of Theorem 1. Theorem 2 is proved in Section 4 while last section is devoted to
martingale versions of our results.

The letter C will denote a constant, whose value may change from line to line, only depending
on the dimension d. Similarly, C'(N) denotes a constant depending on the parameter N and
the dimension.

2. Hausdorff dimension of Cantor-type sets

Forn=1,2,..., let D,, be the family of pairwise disjoint dyadic cubes of the form

ki ki +1 kg kq+1
7’ >< e >< 7’ s
on’  on on’  9n

where ki, ..., kg are integers. For x € R?, let Q,(z) be the unique dyadic cube of D,, which
contains the point z.
Given a number 0 < a < d, the Hausdorff a-content of a set E C R? is defined as

My (E) = inf § 3 HQ))" |

where the infimum is taken over all coverings of E by cubes {Q;} and ¢(Q;) denotes the
sidelength of @ ;. The Hausdorff dimension of E is defined as dim F = inf{a > 0 : M, (E) = 0}.
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Next result will be used to compute the Hausdorff dimension of certain sets appearing in
Theorem 1. We will only use the case s = 1. In dimension d = 1, the result can be found in [9]
r [11].

LEMMA 1. Fix0<s<d. Forn=1,2,..., let A(n) be a collection of closed dyadic cubes
in R? with pairwise disjoint interiors. Assume that the families are nested, that is,

U ec U e
QeA(n+1) QeA(n)

Assume also that there exist two constants 0 < ng < Ky < 1, satisfying the following condi-
tions.

(a) For any Q € A(n+ 1) with Q C Q for a certain Q € A(n), one has £(Q) < n0l(Q).
(b) For any @ € A(n), one has

D UQ) > Kol(Q),

where the sum is taken over all Q € A(n + 1) contained in Q.
(c) Furthermore, assume that there exists a constant K > 0 such that for any cube Q C R?

and any n = 1,2,... one has
S UGy < KUQ),

where the sum is taken over all cubes Q in A(n) contained in Q.
Then

. Py log K
dim ﬂ U Q| >s— .
log 1o

n=1QeA(n)

It is worth mentioning that although the constant K does not appear in the conclusions, in
the case 0 < s < d one cannot achieve any non-trivial lower bound for the dimension assuming
only (a) and (b).

Proof of Lemma 1. The proof is standard and proceeds by constructing a probability
measure p > 0 supported in £ =, UQe Aln Q for which there exists a constant C' > 0 such
that

p@Q) < CUQ), (2.1)

for any dyadic cube @, where oo = s — log K/ logng. Then it follows that M, (F) > 0 and
completes the proof.

The measure p will be obtained as a weak limit of certain measures ji,, which will be defined
recursively as follows. Let m g denote the Lebesgue measure in R? restricted to the set £ C R<.
Without loss of generality, we can assume that A(1) consists of the unit cube Q™. We choose
p1 = mgm . Fix a positive integer n and assume by induction that i,, has been defined. Then
consider the family A(n + 1) and define

ﬂn+1(Q)
2 m@ "

MUn+1 =
QeA(n+1)
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where the masses fi,,41(Q) are defined as follows. Given Q € A(n + 1), let Q be the dyadic

cube in the previous family A(n) which contains Q. Also, let A(Q) be the family of dyadic
cubes in A(n + 1) contained in Q. Then p,11(Q) is defined by the relation

é(Q)S ZQ*GA(Q) E(Q*)S.

Observe that

Z :un+1(Q) = :un(Q) (22)
QEA(Q)

Hence fi,,41(R?) = p,(R?) and iterating, we deduce that p, are probability measures. Let
be a weak limit of ji,,. Then p is a probability measure supported in (), UQE A(n) Q. The
rest of the proof is devoted to show the growth condition (2.1). Observe that (2.2) tells that
Q) = p1n(Q) for any cube Q € A(n). Let Q € A(n +1). As before, we denote by @ the cube
in the family A(n) with @ C @ and by A(Q) the family of dyadic cubes in A(n + 1) contained
in @. Then (2.2) and property (b) yield

wQ) _ pn+1(Q) _ (@) < 1 .Un(Q)
(Q)s (Q)* Yorea) HQ*)* T Ko 0(Q)

Iterating this inequality, we obtain

Q)
HQ)s

We now prove the estimate (2.1). Let R be a dyadic cube in R?, ¢(R) < 1. Choose a positive
integer n such that nJ ™" < £(R) < n. Then

p(R) <D p(Q),

where the sum is taken over cubes @ in the family A(n + 1) with @ N R # 0. Since the cubes
in A(n + 1) have sidelength smaller than 776"“, if QN R # (), then we deduce that Q C 3R,
where 3R is the cube concentric to R whose sidelength is 3¢(R). Hence, estimate (2.3) tells

WR) <KUY Q)

QEA(n+1)
QC3R

<SK," Qe Amn+1). (2.3)

and property (c) gives that
w(R) < Ko " 'K3%U(R)®.
Now
K6L+1 _ n(()n+1)logKo/logno > néog; Ko/lognoaR)logKo/logno’
and we deduce that

/L(R) < 35}?770— logKo/lOgnoe(R)sflog Ko/ log 7,07

which gives (2.1) and completes the proof. O

3. Theorem 1

Let {e1,ea,...,eq} be the canonical basis of R%. Let @ be a cube in R? with edges parallel to
the coordinate axis. We will say that @ has the origin at z € R? if its vertices are the points
r+0(Q)(e1e1 + 22 + - - +e4€4), where € € {0,1}, j=1,...,d and £(Q) is the sidelength
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of Q. Given a cube @ in R? with origin = and sidelength £(Q) and given a function f: R? — R,
let V(Q) be its discrete gradient at the cube @ given by

d
[z +UQ)e;) — f(x)
V(Q) = €j.
2 1)

If f is a function in the Zygmund class, then the vector V(Q) behaves as a sort of gradient as
the following lemma shows.

LEMMA 2. Let f: R? — R be a function in the Zygmund class A, (R?) and let Q be a cube
in R%. Assume that a and b are two points in R? for which there is a constant C' > 0 such
that dist(a, Q) < C4(Q) and ||b — a|| < C4(Q). Then there exists a constant K = K(C,d) only
depending on C and the dimension d such that

1£(b) = f(a) = (V(Q),b - a)| < K[| f]|£(Q)-

Proof. Without loss of generality, we may assume that @ is the unit cube in R? and 2||b|| +
la]] < 1. Since the function f is in the Zygmnund class, we have

[f(a) + f(b—a) —2f(b/2) < [If]l«
and
[£(b) + £(0) = 2f(b/2)] <[ f]+-
Hence,
[£(b) = fa) = (f(b—a) = £(0))] < 2| £l (3.1)

So we can also assume that the point a is the origin.

Let us first discuss the particular case when b lies in a coordinate axis, that is, b = bpe;, for
acertain k =1,2,...,d, with by € R, |bg| < % Since the function f lies in the Zygmund class,
the divided differences of f in a fixed direction can grow at most as a fixed multiple of the
logarithm of the increment. Hence, there exists a universal constant K7 such that

b) —
TOTO _ (f(es — (0| < ) o 7
by 161l
Since |bi| = [|b]] < 3, we deduce that

[£(b) = f(0) = bi(f(ex) = F(O))] < Kl £+

We now discuss the general case. Write b = 22:1 brer, where |bg| < %, k=1,2,...,d. Then

d k k—1
FB) = £(0) = f(brer) = FO) + Y _F [ D bies | = F D bjes
k=2 j=1 j=1

Applying (3.1), for any k = 2,...,d we get

k k—1
FAD bies | = £ D bjes | = (Flbwer) = £(0)| < 2]
j=1 j=1
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Now each term is in the situation of the particular case discussed in the previous paragraph
and we obtain

|f(brer) — £(0) = ba(f(ex) — f(0))] < Kil/f]l+,

k k—1
FAD bies | = F { Do bies | = belf(en) = F(O)] < (K1 +2)]f]l-,
j=1 j=1
for any kK = 2,...,d. Hence,

d
FO) = £0) =D bi(f(ew) = £(0))| < (K1 +2)d|f].,
k=1
which completes the proof. O

As a consequence of the lemma, in the proof of Theorem 1, instead of studying the divided
differences of a function in the Zygmund class, we can restrict attention to the behavior of the
discrete gradient.

COROLLARY 1. (a) Let f be a function in the Zygmund class. Let x € RY. Then x € E(f)
if and only if limsup,, . ||V (Qn(z))|| < oo, where V(Q) denotes the discrete gradient of f at
the cube Q.

(b) Let f be a function in the small Zygmund class. Then f is differentiable at a point
x € R? if and only if V(Q,(z)) has limit when n — oc.

The proof of Theorem 1 consists of constructing a Cantor-type set on which the function
f has bounded divided differences. The construction of the Cantor-type set uses a stopping
time argument based on the following auxiliary result which contains the main idea of the
construction. The key point is that, when the divided differences are large, the discrete gradient
distributes its values in a certain uniform way when measured with respect to length.

If f is in the Zygmund class A,(RY) and V(Q) is its discrete gradient at the cube @, then
consider the function

w(9) = sup{|V(Q") = V(Q)I}, (3.2)

where the supremum is taken over all pairs of cubes Q' C Q C R? with 20(Q’) = ¢(Q) < 6. It
follows from Lemma 2 that there exists a constant C' only depending on the dimension such
that w(0) < C||f]|«, for any § > 0.

PROPOSITION 1. Let f be a function in the Zygmund class A,(R?) satisfying

H' [ {z e R : limsup flw+h) = f)l <oop | =0 (3.3)
JR)—0 (IRl . .

Consider the corresponding function w(0) defined in (3.2) and assume that w(d) < 1 for any
0 > 0. Fix 0 < ¢ < 1. Then there is a positive constant Cy = Cy(e,d) such that for any § > 0
there is My = My (8) > 0 with the following property. If M > My and Q C R? is a dyadic cube
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0 x

FIGURE 1. The bold region corresponds to the possible locations of V(Q7) when u = —e.

with [(Q) < § and V(Q) = Me where e € R, |le|| = 1, then for each unit vector u € R?, there
is a finite family Q* = {Q}} of dyadic subcubes of Q) such that the following conditions are
satisfied.

(a) For any j, one has {(Q) < 27*My(Q) and eM < V(QF) — Mel|| < eM + w({(Q)).

(b) If € Q} and —log, £(Q) < n < —logy {(Q}) for some j and n, then ||V (Qn(z)) —
Me|| < eM.

(c) One has 3>, 4(Q7) = Cy*(Q), where the sum is taken over all cubes Q€ Q.
Moreover, for any cube R contained in @Q, one has ), {(Q}) < Col(R), where the sum is
taken over all cubes Q; € Q* contained in R.

(d) For any j, one has (V(Q}) — Me,u) > 3e>M.

Let us first explain the main idea of the proof. Let @) be a dyadic cube with V(Q) = Me,
consider the family {Q;} of maximal dyadic subcubes Q; of @Q satisfying

IV(Q) = V(Q))ll =M.

It casily follows that the whole family {Q),} satisfies conditions (a) and (b). In particular,
V(Q;) lays, up to a bounded term, in the sphere centered at V(Q) of radius e M. Condition (d)
tells that we are only interested in the subfamily Q* = {Q7} of {Q;} of cubes Q7 such that the
corresponding discrete gradient V(Q7) lies in a certain cone with vertex at V(Q); see Figure 1.
Condition (c) tells that when measured with respect to length, there is a fixed proportion of
cubes {Q7} satisfying (d). This is the main point in the result. We will construct a polygonal
path joining two parallel faces of a duplicate of @ on which the discrete gradient satisfies, up to
bounded terms, a certain mean value property. The family Q* will be chosen as a subfamily of
the cubes {Q;} which have a non-empty intersection with this polygonal and the mean value
property will lead to estimate (c).

Proof of Proposition 1. Without loss of generality, we may assume that ||f||. = 1. Let
N =eM. The proof is presented in several steps.



142 J. J. DONAIRE, J. G. LLORENTE AND A. NICOLAU

3.1. Reduction to the case u = —e

Assume that we have proved the proposition in the case u = —e and let us show it for another
unit vector u. Consider the function g(z) = f(x) — M(u + e, z). It is clear that g € A,(RY) and
llgll« = || fl«- Moreover, the discrete gradient V, of the function ¢ verifies that for any dyadic
cube R,

Vy(R) =V (R) — M(u+e).

Then V,(Q) = —Mu and, according to our assumption, we can choose the family {Q}} of cubes
given by the proposition, for which N < [[V4(Q7) — Vy(Q)[| < N +w(£(Q)) and (Vy(QF) —
Vy(Q), =V4(Q)/IIV4(Q)]]) > 3eN. Hence, N < viQ 7 = V(@I <N +w((Q)) and (V(QF) —
Me,u) > %sN, for any j.

3.2. Covering the cube @
Let {Q;} be the family of maximal dyadic cubes contained in @ such that

V(@) —vi(e)l =N

The family of cubes Q* in the statement will be a subfamily of {@,}. The maximality of the
cubes {Q;} imply that for any j we have

(i) N < [[V(Qj) — Me|| < N +w(l(Q));
(ii) |[V(Qn(z)) — Me| < N if z € Q; for some j and the integer n satisfies —log, 4(Q) <

—logy K(Qj)

Moreover, the condition w(d) < 1 gives that £(Q;) < 27N/(Q) for any j. So the whole family
{Q;} satisfy the first two properties in the statement and the rest of the proof consists of
finding a subfamily verifying the last two properties. Since condition (3.3) holds, Corollary 1
tells that

H! <{x € R : limsup |V (Qn(z))| < oo}) =0,
and hence H'(Q \ U Q;) = 0. Fix a small constant 1 > 0 with 7 < 1/4M+/d and find a covering
of @\ JQ; by dyadic cubes {R;} such that

Zﬁ ) < nl(Q). (3.4)

We can assume that no Ry is contained in |J@,. If %Q denotes the closed cube, centered at
the center of @, with sidelength £(Q)/2, then it is clear that $Q C UQ; U R;, where {Q;}
and {R;} are, respectively, the open cubes centered at the centers of Q; and R; with double
sidelength. Compactness of %Q allows us to obtain a finite covering that we will denote by
C1,Cs,...,Cy, that is, %Q C ChU---Cy. Now, we label each C; with a unit vector v; in the
following way:

(i) f C; = Q:k for some k, then choose v; = V(Qk)/|IV(Qk)|l;
(ii) if C; = Ry, for some k, then choose v; = e.

Using the cubes {C;:i=1,...,n} and their labels, we will construct a polygonal path T,
starting from a point in %Q in such a way that diam(T") is comparable to £(Q). The polygonal
will follow the directions of the vectors {v;} and will have vertices at certain points a1, as, ..., an
such that all of them, except the last one, lie in %Q
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3.3. Choosing the first vertices a;

Let a1 be a fixed point in the cube iQ. Next vertices are defined recursively. Assuming that
aj € %Q has been defined, let us describe the choice of a;y;. Since a; € %Q, there is a cube
Ck, k = k(j), containing this point, and recall that attached to this cube there is a unit vector
v. Let us define

aj+1 = a; + diam(Cy)vy

Since C}, is an open cube, it is clear that a;;1 ¢ Cj. Since € < 1, there exists a constant
ap < /2 such that the angle ay, between vy, and e satisfies |ay| < ap for any k. Let 7(z) be the
scalar product defined by 7(x) = (z,€), z € R%. Observe that m(aj+1 — a;) > (cos ag)diam C.
Since there are finitely many cubes C}, iterating this process, in a finite number of steps we find
a vertex not contained in %Q. We stop the process whenever we obtain a vertex a,, verifying
an ¢ 1Q. Observe that there exists a constant C such that £(Q)/4 < ||a, — a1|| < Col(Q).

Let ay,as,...,a, be the points obtained by the previous algorithm and let us denote by J’
the subset of {1,2,...,n} formed by the indices j for which the selected cube C} was a cube
in the family {]{m} Put J ={1,2,...,n}\ J'. Write

n—1

flan) = fla1) = Z(f(aj+1) — f(ay))
= Z (ajt1) — f(ay)) + Z (aj+1) — f(az)).

jeJ’ jeJ

Since ||a, — a1]] < Col(Q), we can apply Lemma 2 to obtain

f(an) — f(a1) = (V(Q), an — a1)| < CUQ), (3.5)

where C is an absolute constant only depending on the dimension. Since V(Q) = Me, we have
V(Q),an —a1) = M(m(a,) — m(ay1)) and (3.5) tells

S (Flager) = fla) + S (Flagin) - flay)) = M(x(an) - w(a)| < CEQ).  (36)

JjeJ’ JjEJ

The family Q* will be a subfamily of {Q; : j € J} while the first sum in (3.6) will be an
error term.

3.4. Estimating the error term

If j € J', then the cube Cy, k = k(j), containing a; belongs to the family {R,,}. So, write
Cy = Ry. Since Ry is not contained in |JQ;, we have that |[V(R;) — Me|| < N. Hence, by
Lemma 2, there exists a fixed constant C, such that |f(aj41) — f(a;)| < (M + N+ C)llaj41 —
a;|| < 2M||aj41 — a;|| if M is sufficiently large. Since by (3.4) the amount of length collected
by these squares is small, we make the trivial estimate on them:

> 1f(aj1) = flaj)| < 4VAM Y U(R;) < 4pVdMU(Q).

jeJ’ jeJ’
Since 7 > 0 was chosen such that 1 < 1/4M+/d, estimate (3.6) gives that
>_(f(ajr1) = f(a)) = M(m(an) = m(a1))| < CUQ), (37)
JjeJ

where C' is a constant only depending on the dimension.
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3.5. Choosing the cubes of the family Q*

Assume j € J. This means that a; € Cj € {Qk} To simplify the notation, reorder the family
{Qr} such that a; € Q; for j € J. Consequently, we have

ajp1 = a; + diam(Q;)v;.

For j =1,2,...,n, consider the segment between a; and a;1, and let I' be the polygonal with
vertices {a1,...,a,}. Since ||aj+1 — a;|| is comparable to ¢(Q;), we can apply Lemma 2 again
to get

[f(aj1) = flaz) = (V(Q5), aj41 — aj)| < CUQy). (3.8)

Since the angle o between the vectors v; and e satisfies |o;| < ag < /2, we have that |la; 41 —
aj|| < Cim(aj+1 — aj) for any j, where C = 1/ cos a. Hence,

D UQ)) < Cillan —ar]| < C24(Q). (3.9)
The choice of a;11 gives that for any j € J, we have

O —a) — V@l — e = W@ o
i)y aj+1 — aj) = [V(Q))lllaj+1 — aill = V(Q;),e) (m(aj41) — m(ay)).
So estimates (3.7)—(3.9) give the following one-dimensional mean value property:

12
E:&;g?[%ﬂwﬂ)ﬂwﬁAﬂﬂmﬂﬂm»+0WQ». (3.10)
jeJ 7

Here 0(4(Q)) denotes a quantity which is a bounded by a fixed proportion, independent of @,
of £(Q). Now, a simple calculation gives

V@)I? _ V(@) — Me|® + 2M(V(Q;) — Me, e) + M?

Q). €) (V(Q)) — Me.e) + M
(1= (M)VQy) - Me|?
=M (2 [T (1/A)(V(Q,) — Me,c) > | (3.11)

Decompose the set J into good and bad indices, that is, J = B U G where

G={jeJ: (V(Qj)— Me,e) < —2cN},
B=J\G.

The family of cubes Q* we are looking for is precisely {Q; : j € G}. It is clear that property
(d), with u = —e, holds. Let R be a cube in R? and assume that Q; € Q" is contained in R.
Then there exists a vertex a; of the polygonal I' with a; € 2Q} C 2R. Since /(Q}) < [laj+1 —
ajll < (cos™ ap)m(aji1 — a;), we deduce that there exists a constant C3 = C3(ayp, d) such that
> U(QF) < C3l(R) where the sum is taken over all cubes Q7 contained in R. This is the second
part of statement (c).

3.6. Estimates on G and B

The stopping time process described in Paragraph 2 in what follows gives that ||[V(Q;) —
Mel||? = N%. Hence, (V(Q;) — Me,e) > —N and if j € B, then we also have (V(Q;) — Me,e) >
—2eN/3. Consequently, using (3.11) we obtain the following estimates:

(i) if j € G, then one has [[V(Q;)[]?/(V(Q;),¢) = M(1 —¢);
(ii)) if 7€ B, then one has HV(QJ-)HQ/(V(Qj),e) >M(2—(1-¢%)/(1-2e2/3)) =
M1+ C(e));
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where C(e) = &2 /(3 — 2¢?) > 0. Hence, equation (3.10) gives

wlan) —wla) + 28 5 (1) S w0 )  7(0))
jeG
(4 06) Y (7lag ) — wlay). (3.12)
jeEB

Since Y U(R;) < nl(Q) < £(Q)/M, we have that

S w(age1) - wlay) = w(an) - mlar) +

jeJ

o(@Q))
M b

and we deduce that

o(Q))

m(an) — w(ar) + i

2 (m(an) = m(a1))(1+ C(e))
—(e+0(e) Y (ml(aj41) — m(ay))- (3.13)

jeG

Therefore, there exists a constant Cy(g) > 0 such that

> (w(aj41) = m(az)) > Ci(e)(m(an) — w(ar)).

JEG
Since m(aj+1) — m(a;) and 7(ay,) — 7(a1) are comparable, respectively, to £(Q;) and £(Q), we
obtain (c). O

REMARK 1. Taking u = —e in part (d), we obtain that for any j = 1,2,..., one has
IV@)I? = IV(Q)) — Me|* + M? +2M(V(Q}) — Me,e)
< (eM +w((Q)))* + M? — 4> M?/3
=M?*(1—?/3) + 2w(l(Q))eM + w(t(Q))>.

Taking the parameters such that Me > 20 and assuming w(£(Q)) < 1, we easily deduce that
V(@] < MCs(e), where Ca(e) = (1 — £2/6)'/? < 1. So starting from a cube @Q such that
the discrete gradient satisfies ||V (Q)|| = M, Proposition 1 provides a family {Q} of dyadic
subcubes of @ satisfying ||V (Q})|| < MC2(e) < M, as well as properties (a)—(c). This fact will
be crucial in the proof of Theorem 1.

REMARK 2. If 0 < e < 1is taken close to 1, then our arguments show that one can replace
in part (d) the constant 2¢/3 by a constant close to 1. This means that V(Qj) lies in a cone
with vertex at the point Me and small aperture. This fact will be used in the proof of certain
refinements of Theorem 1.

We can now proceed to prove Theorem 1.

Proof of Theorem 1. Let us first discuss part (a). Let f be a function in the Zygmund
class and let V(Q) denote its discrete gradient at a cube ). We can assume that the function
w(d) defined in Proposition 1 satisfies w(d) < 1 for any 6 > 0. Corollary 1 tells that we can
restrict our attention to the behavior of the discrete gradient on dyadic cubes. We can assume
that condition (3.3) is satisfied and that V(Q') = 0 € R? where Q! is the unit cube in R%. We
will construct a Cantor-type set on which the function f has bounded divided differences. The
generations A(n) of the Cantor-type set will be defined recursively. Fix a number 0 < € < 1, say
€= % Fix a large number M > M(1), where M(d) is the constant appearing in Proposition 1.
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The first generation A(1) consists of the unit cube Q'. The second generation is constructed
as follows. Consider the maximal dyadic cubes {R;} contained in Q' such that ||V (R;)|| > M.
The maximality and the estimate w(d) < 1 give that ||V(R;)|| < M +1 for any j =1,2,....
Let e; be the first vector of the canonical basis of R? and let L be the segment given by
L = {te; : 0 <t < 1} and consider the subfamily R of {R;} formed by those R; which have
a non-empty intersection with L. By (3.3) every point of L, except at most for a set of zero
length, is contained in a cube of the family R. Let II be the projection over the first coordinate,
that is, II(z) = (z,e1)e1, * € R%. Since {II(R;) : R; € R} are pairwise disjoint, for any cube
Q C R? we have

D URy) <UQ),

where the sum is taken over all cubes R; € R contained in (). Assume that N = eM = M/2 >
20. Apply Proposition 1 in each cube R € R to obtain a family of dyadic cubes Q(R) = {Q;}
contained in R satisfying conditions (a)—(d). In particular by Remark 1, we have ||V (Q;)|| < M
for any Q; € Q(R). The second generation .A(2) of the Cantor-type set is defined as the union
of the families of cubes {Q(R) : R € R}. Observe that if x € Q for some Q € A(2) and n <
—log, ¢(Q), then property (b) of Proposition 1 gives that |V (Qn(z))|| < M +1+ N < 2M + 1.
Property (a) of Proposition 1 tells that £(Q) < 27 for any Q € A(2), while Property (c)
gives that

> uQ) = ¢y,

where the sum is taken over all cubes Q € A(2). Moreover, if R is a cube in RY, then we
have > £(Q) < Col(R), where the sum is taken over all cubes @ € A(2) contained in R. The
construction continues inductively. Assume that we have defined the generation A(n) of cubes
satisfying |[V(Q)|| < M for any @ € A(n). In each Q € A(n), we act as in the first step, that
is, we consider the family {R;} of maximal dyadic cubes R; = R;(Q) contained in @ such
that ||[V(R;)|| > M. Let a = a(Q) be the origin of Q). Consider the segment L = L(Q) = {a +
ter: 0 <t < 4(Q)} and the subfamily R(Q) of { R; } formed by those R; which have a non-empty
intersection with L. Finally, in each R € R(Q) apply Proposition 1 to obtain a family of dyadic
cubes Q(R) = {Q;} contained in R satisfying conditions (a)—(d). The generation A(n + 1) is
given by the cubes {Q;: Q; € R(Q),Q € A(n)}. Properties (a) and (c) of Proposition 1 give
conditions (a)—(c) in Lemma 1 with the parameters s = 1, 9 = 27V, Ky = C(;l and K = Cy.
Hence, the Hausdorff dimension of the set

p-mon= U @

n=1QeA(n)

is bigger than 1 —log,(Co)/N. Since for any point = € E, we have |V(Q,(x))|| < 2M + 1, for
any n = 1,2, ..., we deduce that at any point in £ = E(M) the function f has bounded divided
differences. Since N = M/2 can be taken large the proof of (a) is completed.

We now discuss part (b) of Theorem 1. Since the proof is similar to the previous one we
will only sketch the argument. Let f be a function in the small Zygmund class. Corollary 1
tells that it is enough to show that the Hausdorff dimension of the set of points where the
discrete gradient converges is bigger or equal to 1. We will construct a Cantor-type set on
which the discrete gradient converges. The generations A(n) of the Cantor-type set will be
defined recursively. The main idea is to observe that in Proposition 1 if the function f is in
the small Zygmund class, at small scales one can use small parameters M. More precisely,
the proof of Proposition 1 gives that one can take My = My(d) with My(6) — 0 as § — 0. So,
choose an increasing sequence of integers N(n) — oo as n — oo such that

> Mp(27 V™) < o (3.14)
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The first generation A(1) consists of the unit cube Q!. Assume by induction that we have
defined the generation A(n) satisfying £(Q) < 2=V for any Q € A(n). In each Q € A(n),
we use a slight variation of the construction of the generations in part (a) with the purpose
that the cubes of generation n + 1 contained in @ have sidelength smaller than 2=V "*1) and
still have discrete gradient close to V(Q). Fix @ € A(n) and argue as in part (a) with the ball
centered at the origin of radius M replaced by the ball centered at V' (Q) of radius 2My (2~ N (™),
to obtain an intermediate family of cubes { R;} such that ||V (R;) — V(Q)| < 2My(2= V™) for
any j = 1,2,.... In each intermediate cube R;, we can repeat this process finitely many times to
obtain a family of cubes R(Q) such that £(R) < 2= N+ and |[V(R) — V(Q)|| < 2My(2~ V™)
for any R € R(Q). The family A(n + 1) will be formed by the dyadic cubes in | JR(Q), where
the union is taken over all cubes @ € A(n). Consider the set £ =), UQGA(n) Q. As before
Lemma 1 tells that the Hausdorff dimension of E is bigger or equal to one. Also condition
(3.14) tells that for any = € E the sequence V(Q,(z)) converges as n — oo. O

4. Theorem 2

The purpose of this section is to construct a function f in the small Zygmund class A, (R?)
for which the set E(f) has Hausdorfl dimension 1. Let us first explain the main idea of the
construction. Fix a sequence of positive numbers 0 < g < 1, with lim e = 0 such that > 5% =
0o. The function f will be constructed as f = > g, where {g;} will be a sequence of smooth
functions defined recursively with ) ||gx||cc < 00. Certain size estimates of g and its gradient
will give that f is in the Small Zygmund Class. Assume that the functions {g; : j =0,...,k}
have been defined. The idea is to construct the function gi41 in such a way that Vg1 (2) is
almost orthogonal to V Zle gj(z) and |Vgpy1(z)| is comparable to €441 for most points z €
R?. Since one cannot hope to achieve both requirements at all points 2 € R?, an exceptional set
appears and one-dimensional estimates of the size of this set will be needed. The construction
is easier in dimension d = 2 because the boundary of a square has dimension 1 while when
d > 2 some extra requirements will be needed to obtain the convenient one-dimensional
estimates.

Pick go = 0. Fix an integer k£ > 0 and assume by induction that f; = Zf:o g; has been
defined. Assume also by induction that V f; is uniformly continuous in R? and that

My, = sup |V fi]] < o0.
]Rd

The construction of the function gy is presented in several steps. The reader only interested
in dimension d = 2 could skip Paragraphs 3, 4 and 5 in what follows.

(1) Choose a positive number 7 > 0 with 7, < 27%/M, and 7, < 5% and find N, >0
such that

IV fir(2) = Vfr(w)| < ng, (4.1)

if |z — w|| < 27Nk,

(2) Consider the collection Q@ = {Q;: j=1,2,...} of pairwise disjoint open-closed dyadic
cubes of generation Nj. So R = JQ;, £(Q;) = 27 V*. Let a; be the center of Q;,j =1,2,....
All cubes in the construction will be in this family or in a family obtained by translating
{Q;j: j=1,2,...} by a fixed vector. When d =2 let e;(a;) be a unit vector orthogonal to

ka (a]').
(3) This paragraph only applies when the dimension d > 2. We will choose a set of unit
vectors {es(a;): £ =1,...,d — 1} associated to each cube @Q;, 7 = 1,2, ... which are essentially

an orthonormal basis of the hyperplane orthogonal to V fi(a;). More precisely, we claim that
there exists a constant C' > 0 only depending on the dimension, such that for each cube Q; € Q,
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j=1,2,... one can choose unit vectors {e;s(a;): £ =1,...,d — 1} satisfying the following three
properties.

(a) [(Vfu(ay),e(a;))| < Cnp/* for £=1,....d—1.

(b) For any collection {Q;(: £ =1,...,d — 1} of non-necessarily distinct d — 1 cubes in the
family Q with ﬂ?;ll Qj(o) # 0, the corresponding vectors {es(a;(p)): £ =1,2,...,d — 1} form
a C-Riesz set, that is, for any set {ay} of real numbers, one has

d—1 d—1 2 d—1
Oilz|a5|2 < Zozgeg(aj(g)) QCZ‘O@‘Q.
=1 (=1 (=1

(c¢) The angle between any coordinate axis and any es(a;), £ =1,...,d—1, j=1,2,..., is
between, say, 7/6 and /3.

The first condition tells that the unit vectors {e¢(a;): £=1,...,d — 1} are, up to a small
error, orthogonal to the gradient V f;(a;). Condition (b) tells that the unit vectors act, up to
constants, as an orthonormal basis. Property (c¢) tells that any hyperplane with normal unit
vector eg(a;) is far from being parallel to any face of any dyadic cube. These facts will be used
later. Let us explain the choice of the vectors {e¢(a;): £ =1,...,d —1}.

Let A be the set of indices j such that ||V fi(a;)|| > 17,1/2. If A is empty, then one can take
{ee(a;): ¢ =1,...,d — 1} to be any fixed orthonormal system satisfying (c). Then (a) and (b)
with C' =1 are satisfied. So, assume that A is non-empty. We first construct the unit vectors
corresponding to indices in A. Observe that by (4.1), one has

H V fi(a V fi(a
IV fela)l [V fe(a

. H <2n? ifj,j € Aand Q;NQy # 0.

Hence, the orthogonal hyperplanes M; = {z € R%: (z,V fi(a;)) = 0} deviate smoothly for
those j in A corresponding to contiguous cubes. Now, for every j € A one can choose an
orthonormal basis {e;(a;): ¢ =1,...,d — 1} of M; which for any ¢ =1,...,d — 1 satisfies

leo(a) —ee(as)|| < Cn/® if j,j" € Aand Q; N Qj # 0. (4.2)

Moreover, when d > 2, the dimension of M; is d —1>2 and one can take {e;(a;): ¢ =
1,...,d — 1} verifying also (c). Observe that since {e;(a;): £ =1,...,d — 1} is an orthonormal
basis of M;, the continuity property (4.2) gives (b) for indices j in the set A. We now need
to construct {es(a;): {=1,...,d — 1} when j ¢ A. The construction proceeds recursively and
the choice of the vectors {es(a;): £=1,. — 1} will depend on the vectors {e;(ay): £ =
1,...,d — 1} corresponding to cubes Qy Wlth Qj NQy # 0, for which {ee(ar)} will have been
prev1ously defined. We start with the family A; of indices j ¢ A so that QJ N Qj = () for some
index j' € A. Fix j € A;. Observe that since j ¢ A, property (a) with C' =1 will be satisfied
as soon as the vectors {es(a;): ¢ =1,...,d —1} are chosen of unit norm. We first choose
the vector eq(a;). For every set of non-necessarily distinct indices j(2),...,j5(d — 1) € A such
that Q; N ﬂ?}l Q) # 0, let M= M(j,j(2), ...,j(d —1)) be the subspace in R? generated
by the vectors {es(a;()): £ =2,. —1}. Since j € Ay, we can always choose j(2) =--- =
jd—1) € A with QJ NQj2) # (Z) Note also that since j(2),...,75(d —1) € A, the vectors
{ec(aje)): £=2,. — 1} have already been defined. Observe that for a fixed j, the number
of possible choices of indices and hence of subspaces of this form, is bounded by a constant
only depending on the dimension. Hence, one can choose the unit vector e;(a;) to be at a fixed
positive angle, only depending on the dimension, to any such subspace M and also verifying
(c). This guarantees (b) for the vectors {ei(a;),ee(a;)): £ =2,...,d —1}. We fix e1(a;) with
these properties. Once e;(a;) has been chosen, we choose e3(a;) similarly. Now the set of indices
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QY

Q'Y

FIGURE 2. The cubes Q;l) and Q;Q) in R3.

will be of the form j(1),5(3),...,5(d — 1) where j(3),...,7(d — 1) € A and either j(1) € A or
j(1) = j, such that

d—1
QN () Qjwy #9,

7
and we choose ez (a;) to be a unit vector at a fixed positive angle to any subspace in R? generated
by {ec(aj)): £=1,3,...,d =1} and also verifying (c). The vectors e3(a;),...,eq—1(a;) are
defined similarly. So, the unit vectors {es(a;): £=1,...,d — 1} are constructed for any
index j € A;. Next, using the same procedure, one constructs the unit vectors {ey(a;): ¢ =
1,...,d — 1} for the set Ay of indices j ¢ AU A; such that Q; N Qs # ) for some j' € Aj;.
The construction continues inductively.

(4) This paragraph only applies when the dimension d > 2. In that case we will need
d — 1 different collections of translated dyadic cubes in order to obtain the convenient one-
dimensional estimates. The idea is that the exceptional set will be contained in an intersection
of boundaries of cubes which are in different translated collections. This fact will be used later
when computing the dimension of the exceptional set.

Denote Q§1) =Q;, j=1,2,..., and for £=2,...,d—1, let {Qy): j=1,2,...} be the
collection of pairwise disjoint half-open cubes of sidelength K(Qy)) = ((Q;) = 27 N* and center
ay) given by

o _ (-1

D=+ ———2 27Nk j=1,2,...
A A TTC Y TS

where 1 =d~'/2(1,...,1) € R% In other words, consider Qge) = A(0) + Q; where \(¢) = (¢ —
1)27M1/10(d —1),£ =2,...,d — 1. Observe that forany £ = 1,...,d — 1, the cubes {Q;Z): j=
1,2,...} are pairwise disjoint, R? = | J F Qy) and moreover cubes in different families {Qy) 1 j=
1,2,...} corresponding to different indices ¢, intersect nicely; see Figure 2. More precisely, for
any set of distinct indices F C {1,...,d — 1} of cardinality n, each set of the form

©
N 9054,

LeF

is contained in at most C(d) distinct (d — n)-dimensional planes of R? parallel to a coordinate

hyperplane. Here 0Q) means the boundary of the cube ). To see this, observe that if /1 # /5,

then the choice of the centers of {Q;e)} guarantees that two parallel faces of Q%X) and Q%Z),
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with 1 # f5 never meet. So the points in (),cr 8@;% must lie into at most C(d) distinct
(d — #.F)-dimensional planes of RY.

(5) This paragraph applies only when the dimension d > 2. Let m¢(a;) denote a hyperplane
in R¢ with normal unit vector es(a;). The content of this paragraph is the existence of a fixed
constant C'(d) with the following property. For any collection of d — 1 distinct cubes {Q ;) : £ =
1,...,d — 1} of the family Q such that ﬂ;l;ll Qj(g) # () and for any collection F C {1,...,d — 1}
of distinct indices, the set

l
NoQs,n N melase)

teF e{1,... . d—1\F

is contained in at most C(d) lines in RY.

This follows from the fact that the set under consideration is contained in a union of at
most C(d) sets each of them being an intersection of d — 1 hyperplanes such that the angle
between two of them is bigger than a fixed constant only depending on the dimension (and
hence this set is contained in a line). To see this observe that by Paragraph 4, the points
in Ner 8Q§2) must lie into at most C(d) distinct (d — #F)-dimensional planes parallel to
a coordinate hyperplane of R? while by property (c) in Paragraph 3, the angle between the
hyperplanes {ms(a;c)): £ € {1,...,d—1}\ F} and any coordinate hyperplane is bigger than
7/6 and by (b) of Paragraph 3 the angle between two different 7m¢(a;(,)) is also bigger than a
fixed constant.

(6) In this paragraph, standard bump functions adapted to the collection {Qg-e) 2i=1,2,...}
are constructed. Pick a small positive number ay > 0, o, < 27V*~2 and a function wy,: R —
R, 0 < w, < 1 with

wr, =0 on R\ [—27Ne—1 9= Ne—11d,

wy =1 on [—2_N"_1 + ag, 27 Vet ]d
sup ag||Vwg(2)|| = C(d) < oc.

zERY

— Qg

)

Recall that the center of the cube Q;Z) was denoted by ag_e) and consider the function
w]@)(x) = wg(x — ay)), r € RY. Hence, wy) =0 on R%\ Qy), w]@) =1lon (1- akZN’“H)Qy)
and ozkHVw](-Z)(:E)H < O(d) for any x € R4,

(7) In this paragraph, a one-dimensional function with small size and large derivative
is constructed. Pick a small positive number o > 0 with oy < epagng /(1 + My). Pick an
integer ny > 20, ' and a small positive number 3, < C(d)2~ V¢ /ny. Consider a smooth one-
dimensional periodic function ¢5: R — R, satisfying ¢p(z + 1) = ¢r(z), for any = € R, such
that

sup |ox ()| < o,
z€R

sup |¢} (z)| < ex,
zeR

and such that |¢) (z)| = e for most points € R. More concretely, we require that the set
{z € [-1,1]: |¢).(z)| # er} can be covered by 4n;, intervals {J;} of length ;. This can be done
by smoothing the function 9y (t) = ex inf{|t — i/ng|: i € Z}. Observe that ||g]lc < ex/ni <
epoy < oy and |Y (z)| = ey if x # i/ny, for any i € Z; see Figure 3. Observe that the lengths
of the intervals {.J;} where the regularization is performed can be taken as small as desired.
(8) As explained before, the main idea is to construct a function gxi; whose gradient is
essentially orthogonal to V fi, where fi = E?:o g;. To achieve this, roughly speaking, in each

cube Q; = le) the function g1 will look like Zj;ll or((x — aj,ee(a;))), because the gradient
of this function is a linear combination of the vectors {es(a;): ¢ =1,...,d — 1} which by (a)
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ek/an

FIGURE 3. The graph of the function ).

of Paragraph 3 are almost orthogonal to V fi(a;). The functions {wy)} of Paragraph 6 will be
used to paste together the pieces corresponding to different cubes. More concretely, consider
the function

d—1
g1 (@) = DN i (@) ((z — aj,e0(ay))), = €RY

=1 j
and fryr1 = fr + gr+1. Observe that for every £ =1,...,d — 1 there is at most one single non-
vanishing term in the inner sum. Also observe that for every £ = 1,...,d — 1 we use the center a;

of Q; = Q;l) and the vectors {es(a;) : £ =1,...,d} corresponding to V fi(a;). Since ||w§z) [loo <

1, [V ls < C(d)/ak, |6kllsc < 0% and [[¢}]|o < er, we deduce that

sup |gr+1(z)] < (d — 1)oy,
rcRd

sup |[Vggp1(2)| < C (Uk + Ek) < 2C¢y,
z€Rd €95

because o was chosen such that oy < exay. Here C is a constant only depending on the
dimension.

All quantifiers needed to define gr4+1 have already appeared. They are small numbers which
have to be chosen in the right order, such that at each step the new one is smaller than a certain
function of the previous ones. Let us summarize the order. Given ¢ > 0 with ZE% = o0, the
quantifiers n;,, 27 are chosen to satisfy (4.1). Given these three quantities, the small number
ay is chosen in Paragraph 6 when the bump functions wy) are defined. Finally, the last three
ones oy, 1/n and [y are chosen in Paragraph 7 when the functions ¢ are introduced. We
continue recursively and we can assume that

Zaj < 20%.

Jjzk

(9) In this paragraph, we show that Vgi1(x) is almost orthogonal to V fi(x). This fact will

be crucial in the construction. Fix z € R%. For £ =1,...,d — 1, let j(£) be the index such that

x € Qy&). Since \\Vw§é)\|oo < C/ay, and ||¢r |l < op, we have

a
|

Ve (@) = > wii) (@)6h (@ — a5y, elajin))) exlaji) + Olon/ar). (4.3)

1

~
Il

Here the notation O(Ajy) means a vector (or a quantity) whose norm (or modulus) is bounded by
a fixed proportion, independent of k£ and x, of Aj. Since ﬂ?;ll Qgt&) # (), we have ﬂz;ll Qj([) #0
and condition (a) of Paragraph 3, tells that

(Y fi(aj0)s eelazn))] < Cny/>.



152 J. J. DONAIRE, J. G. LLORENTE AND A. NICOLAU

Since by (4.1), one has ||V fi(z) — V fr(a;))l| < Cnr, we deduce that [(V fi(x), er(a;p)))| <
207},1/2. Since ||¢}]|co < ek from (4.3), we deduce that

(11la). Vorsa(a) = O *20) + 0 (sup Vil o ).

Since oy, < epnrar/ supga |V fi|, we deduce that there exists a constant C' only depending on
the dimension such that for any z € R? one has

(Y fu(@), Vgrr1(z))] < Cemy/>. (4.4)

(10) We have observed that |[Vgit1lleo < Cei. Next we will show that [[Vggya(z)| is
comparable to ¢, for all points 2 € R? except possibly for a set of points A for which one has
a certain one-dimensional estimate. Here the one dimensional information given by the choice
of the vectors {es(a;)} and the cubes {Q } explained in Paragraph 5 will be used.

Fix z € R%. As before, for £ =1,...,d — 1, let j(¢) be the index such that = € QJ(Z) The
formula (4.3) tells that
IV grsr(z L (@04 ((x = aj, eazi0))eelaji)|| — Olon/ox)
4
czw;(z )6k ((z — aj00), eelajn))| — O(or /) (4.5)

because, since x € ﬂ? IIQEQ,), we have ﬂz;l Qy&) # () and consequently, by condition (b)
in Paragraph 3, the vectors {es(a;)): £=1,...,d —1} form a Riesz set. Now recall that
w](@) =1lon (1— 2Nk+105k)Q§'?g) and |¢), ((z — a;(e), ee(ajp))))| = ex if (x — aj), ee(aje))) is
not contained in any of the 4ny intervals in [—1,1] of length (3, which appeared in the
construction of the function ¢ in Paragraph 7. Let J C [—1,1] be one of such intervals and
let ¢(J) be its center. Let m¢(J) = m¢(aj(¢))(J) be the hyperplane of R? given by

mo(J) = {z € R%: (w,e0(aj(0)) = {aj0)s ee(ajey)) + c(J)},
and let 7¢(J) = 7¢(a;(e))(J) be the neighborhood of m(.J) given by
7o(J) = {z € RY: [z, ee(aj)) — (ajq), eelaje)) — c(J)] < B}

Observe that if o ¢ (J; 7,(J), then |¢) ((x — a;(), er(aje))))| = ex. Now given a collection of
cubes {Qy&): £=1,2,...,d— 1} such that ﬂj;ll Q;A&) # 0, let A({Q;@) l=1,...,d—1}) be

the union over all possible collections of distinct indices FC{1,...,d — 1}, of sets of the form
¢ ‘ -
AF) = N@Qo\ =2 aQonn (N Usfelae) ()
teF ee{1, ., d—1\F

Here the union J; is taken over the 4n;, intervals J C [-1,1] appearing in the construction of
the function ¢y. Since ﬂ?;ll (1{) # () one has ﬂz h Q](g # () and by Paragraph 5 each set

e
Nodiy,n N mlaw)
teF {1, d—1}\F

is contained in at most C(d) lines in R%. Since given e, n, N > 0, the quantifiers oy, and
Bk can be taken arbitrarily small, each set A(F) is contained in a small neighborhood of
C(d) lines. Let Ap = A({Q;‘é)[) :¢=1,...,d—1}) where the union is taken over all possible
collections {Q;l&) :¢=1,...,d— 1} of cubes for which ﬂz;ll Qy&) # (). Since the set A({QS?Z) :
{=1,...,d—1}) is a finite union of A(F) and in each bounded set there are at most C(d)
collections of cubes {Q;?E)}, there exists d; > 0, depending on the previous quantifiers ey, 7y,
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Ny, ag, Bk with 0 — 0, as kK — oo and a collection of dyadic cubes {R( )}J with sidelength
smaller than d;, such that A, C U R(k)

3 E(Rg’”) < C(N,d), (4.6)
J: R{On{|lel <N}#0

for any N > 0. Assume now that = ¢ Aj. As before, for any £ =1,...,d — 1, let j(£) be the
index such that z € Q((&) Let F be the set of indices ¢ in {1,...,d — 1} such that z € (1 —
2Nk+1ak)Q§.?) and hence wj((;) (z) = 1. Hence, z € (g Q%)@ \ (1 - 2N’“+1ak)Q§2) and since
x ¢ Ay, then x & (,c- U, 7e(aje))(J). Hence, there exists £ € F with « ¢ J; Te(aj)(J) and

we deduce that |¢}, ((x — a;(), es(aj(e))))| = k. Therefore, using (4.5) we get

IV gri1 (2 ozw;z) )6k ((x = a0y, eelajn))| — Olow /)

= CE;.C— (Uk/ak).
Since oy /ey was taken arbitrarily small, we deduce that
||ng+1( )H Cep forzxz e R4 \ Ay (47)

(11) We now prove that there exists a fix constant C' = C(d) > 0 such that if k is sufficiently
large, then one has

IV (i + ger1) @)* = IV (@) + Cei, (4.8)

for any z € R\ Ay,. To prove (4.8), write

IV(fi + grs) @2 = IV Fi(@)[P + 1V grar (@)1 + 2(V (), Vs (@)

By (4.4), we have (V f(z), Vgit+1(z)) = O(sknk *) while (4.7) tells that ||Vgre1(z)| = Cey if
x € R?\ Ay. Therefore, for any x € R\ Ay one has

IV (fx + grr)@)|2 > 1V fu(@)[* + Ce} — Oferny®).

Since 7y, was chosen in Paragraph 1 such that n, < 3 we deduce (4.8).

(12) In this paragraph, we define the function f in A.(RY) whose divided differences are
unbounded at any point except for a set of Hausdorff dimension 1. Since ||gx+1|lco < (d — 1)k
and > o) < 0o, we can consider

F=>
k=0

The function f is continuous in R?. In the next paragraphs, it will be shown that f € \,(R),
f has unbounded divided differences at any point of the set R? \ A, where

and that A has o-finite length.

(13) We first show that f € \.(RY). We will show that the functions f; = Z?:o gj are
uniformly in the small Zygmund class. Fix an integer k& > 0. Let h € R? and let {N;} be the
quantifiers appearing in Paragraph 1. We use the notation As f(z,h) = f(x + h) + f(z — h) —
2f(z), for z, h € RY. We distinguish two possible situations.
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(a) Assume ||h|| < 27V%. Since (4.1) tells that ||V fi(2) — Vfi(w)|| < ny if ||z — w| < 27Nk,
then we have |Agfi(x, h)| < ngl|h||. On the other hand, since ||Vgri1llco < Ceg, we deduce
that

|Asgt1(z, h)| < [grs1(2 + ) — grr1(2)] + |grt1(2) — g1 (z — h)]
< 2Ce ][R
So, we obtain that
|A2 fes1(z, h)| < (e + 2Ceg) |- (4.9)

(b) Assume 27 Ni+1 < [|h]| < 275 for some j < k. We have

|A2gk11(2, h)| < 4llgrirlloo < 4(d — Do <27 <A
Therefore, we have
|82 frt1 (@, h)| < [Azfi(z, b)) +77k||h|\o

Iterating this estimate, we obtain that if 2=Ni+1 < ||h]| < , then one has

k
A2 frpr (@ )] < Do fipa(e )+ | Y mi | IR
i=j+1

Now, case (a) applies to Azfj+1($ h) and by (4.9) we obtain [As fi11(x, h)| < (n; +2C¢;)]|h]|.
Hence, if 27N+ < ||h|| < 274, then we get

|As frosr(z, b)) Zm +2Ce; | 1A]. (4.10)

1=j

Now, since >_n; < oo and €; — 0, we deduce that f is in A, (R9).
(14) Let A= ﬂj Uk% Ag. In this paragraph, we show that f has unbounded divided
differences at the points of R% \ A. Let z,z € R?. One has

f(2) = f(@) = fulz (@) + > (g;(2) — gj(x)).

>k

Since ||gjlloo < (d—1)0;-1, we deduce that

1£(2) = f(@) = (fi(z) — fr(2))] < ) D o

j>k
On the other hand, applying (4.1) one gets
|fr(2) = fr(x) = (Vfi(2), 2 — 2)| < 2mellz — 2],

if |z — x| < 27"k, Hence,

1f(2) = f(@) = (Vfu(x), 2 = 2)| < 20|z — 2| +2(d = 1) Y oy,

j>k
if |z — | < 27Nk, Since > sk 0j < 204, we have
f(z) = f(z) < (z —x)
—_t Vfi(x), 77— )| < 2k +2(d — 1)ow/ ||z — «|l, (4.11)
‘ \Z—mll [Edl

if |z — x| < 27Nk, We can now prove that

{x € R%: hmsupM < oo} C A. (4.12)

N LA
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Indeed, fix x ¢ A, that is, x € ﬂk%(Rd \ Ag) for a certain index j. Applying (4.8) in
Paragraph 11, for any k& > j with j sufficiently large, we have
IV frsr(@)| = |V fi(@)|* + Cei,

and iterating
k

IV fen(@)]? > CY el
i=j
Since Y &2 = oo, we deduce that
i Vi) = o

Now choose z in (4.11) such that ||z — z|| = o, and such that z — x is an scalar positive multiple
of V fi(x). We deduce that

T IVA@I) < 20200 - ).
Consequently,
lmsup LG —T@_
P el

which proves (4.12).
(15) Finally, we only have to show that A has o-finite length. Recall that (4.6) tells that
there exist 0y — 0 and a collection of cubes {Rgm 1j=1,2,...}, K(Ryc)) < 6 such that

Ak C U R§k)
J
>, URPI<cw.a),
i RSV n{lal<N}£0
for any N. Then A = ﬂj Uk;j Ay has o-finite length. This completes the proof of Theorem 2.
Tt is worth mentioning that the set E(f) has o-finite length (and hence Hausdorff dimension
1). It seems likely that one could combine the construction above with one-dimensional

constructions to produce a function f € \,(R?) such that E(f) has zero length. However,
there seems to be some technical difficulties in following this plan and we have not done it.

5. Conservative martingales

Let Qo be the unit cube of R%. A sequence of functions {S,, :n=1,2,...}, S,: Qo — R, is a
dyadic martingale if for any n = 1,2, ..., then the function S,, is constant on each dyadic cube
of generation n and

1

Q|
for any dyadic cube @ of generation n. Here dm is Lebesgue measure in R?. This corresponds
to the standard notion of martingale when the probability space is given by Lebesgue measure

in the unit cube and the filtration is the one generated by the dyadic decomposition. A dyadic
martingale {S,} is in the Bloch space if there exists a constant C' = C'({S,}) > 0 such that

|Sn\Q - Sn|Q’| < C7

for any pair of dyadic cubes @, Q' with £(Q) = £(Q’) = 27" and Q N Q" # (. The infimum of
the constants C' > 0 satisfying the estimate above is called the Bloch (semi)norm of {S,,} and

J Snt1dm = Sy @,
Q
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will be denoted by ||S,,||«. The Little Bloch space is the subspace of those dyadic martingales
{S,} in the Bloch space for which

nlirrgo sup [Spj@ — Snjo/| — 0,

where the supremum is taken over all pairs of dyadic cubes @, Q" with £(Q) = ¢(Q') = 27™ and
QN Q' # (. It is well known that a Bloch dyadic martingale {S,,} may converge at no point,
that is, it may happen that

lim S, (z)

n—oo
does not exist for any = € Qg. However, a Bloch dyadic martingale is bounded at a set of
maximal Hausdorff dimension, that is, dim{z € Qo: limsup,,_ o, |Sn(x)| < oo} = d. It is worth
mentioning that the set above may have volume zero. Similarly, the set of points where a
dyadic martingale in the Little Bloch space converges may have volume zero but it has always
maximal Hausdorff dimension; see [11]. So the situation is analogous to the one described in
the introduction for the divided differences of a function in the Zygmund class.

Let {e;: i =1,...,d} be the canonical basis of R%. A sequence of mappings {S,}, S,.: Qo —
R% n=1,2,..., is called a dyadic vector-valued martingale if for any i = 1,2,...,d, then the
corresponding component {(S,,, €;)},, is a dyadic martingale. A dyadic vector-valued martingale
{S,.} satisfies the Bloch condition if so does each of its components {(S,,e;)}n, i =1,...,d.
Similarly, {S,,} is in the Little Bloch space if for any i = 1,...,d, then the scalar martingale
{(Sn,€;)} is in the Little Bloch space. In contrast with the scalar case, when d > 2 there exist
Bloch vectorial dyadic martingales {S, } in Qo C R? for which

limsup ||S,(z)] = oo,
for any = € Qo; see [11, p. 34; 19]. However, the proof of Theorem 1 suggests that there is a
natural class of Bloch dyadic vectorial martingales which are bounded at a set of points which
has Hausdorff dimension bigger or equal to one.
Let d > 2. A Bloch dyadic vector-valued martingale {S, }, S,,: Qo — R?, is called conserva-
tive if there exists a constant C = C({S,}) > 0 such that for any dyadic subcube @ of Qo with
/(Q) = 27" and any polygonal v C @ which intersects two different parallel faces of Q one has

J Sptrdy — J Sy dv’ < CUQ), (5.1)
vy ol

for any £k =1,2,.... Here f,y S,ndvy denotes the line integral of S,, through ~, that is, if the
curve 7 is parameterized by 7: [0,1] — R%, then the line integral is

1
[ Smar =] 8ntrn. @) ar
vy 0
Property (5.1) should be understood as a one-dimensional mean value property. For instance,
taking Q@ = Qp, n =0 and v a unit segment in the direction of e;, one deduces that for any
t=1,...,d, one has

sup

1
oo [ (Sulten). i) e — (Sol Q)| < C.

0

So, the mean of (Sg,e;) over a unit segment in the direction e; is, up to bounded terms, the
value of (Sp,e;) on the unit cube. Given a function in the Zygmund class there is a natural
conservative Bloch dyadic vectorial martingale which governs the behavior of the divided
differences of the function. Actually, let f: R — R be a function in the Zygmund class. For
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a dyadic cube Q C Qp C R? of generation n, the value S,, | @ of the vectorial martingale is
defined as the vector in R% whose components are given by

1
Q)¢

where Q7 (7) and Q (i) are the two opposite faces of @) which are orthogonal to e; such that the
ith coordinate of the points of QT (i) is bigger than the ith coordinate of the points of Q= (7).
Here dA is the (d — 1)-dimensional Lebesgue measure. Let us now check that the martingale
{S,.} is conservative. Let @ be a dyadic cube with ¢(Q) = 2~". Let v be a polygonal which
intersects two different parallel faces of @) at the points, say, A and B. Given an integer k > 0,
choose points Ag = A, Ay,...,Ax = BinyNQ with 27" k=1 < ||4;11 — A;]| < 27" for any
i=0,...,N —1and let Q; be the dyadic subcube of Q which contains A; with £(Q;) = 27"~*.
Lemma 2 tells that there exists an absolute constant C' > 0 such that

|f(B) = f(A) = (S4]Q, B — A)| < C||fIl]1 B — Al|.
Similarly, for any j =0,..., N — 1, we have
|f(Aj41) — F(A)) — (Sn+klQjs Ajrr — A < Ol fIllAj41 — Ajl-

Then condition (5.1) follows easily. The proof of Theorem 1 applies in this context and one
can obtain the following result.

(Sn | Q.es) = J fdA—J FdA) . i=1... .4, (5.2)
QF(3) Q~(4)

THEOREM 3. (a) Let {S,,} be a conservative Bloch dyadic vectorial martingale in Qo C R.
Then the set {x € Qo: limsup,,_, . ||S.(z)|| < oo} has Hausdorff dimension bigger or equal to
one.

(b) Let {S,} be a conservative dyadic vectorial martingale in Qo C R?. Assume that {S,}
is in the Little Bloch space. Then the set

{x €Qo: lim S, (z) exists}

n—oo

has Hausdorff dimension bigger or equal to 1.

It is worth mentioning that Theorem 3 applied to the martingale defined in (5.2) implies
Theorem 1.
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