FINITELY GENERATED IDEALS IN THE NEVANLINNA CLASS

ANDREAS HARTMANN, XAVIER MASSANEDA, ARTUR NICOLAU

ABSTRACT. In this paper we investigate finitely generated ideals in the Nevanlinna class. We
prove analogues to some known results for the the algebra of bounded analytic functions H>°. We
also show that, in contrast with the H°° case, the stable rank of the Nevanlinna class is strictly
bigger than 1.

1. INTRODUCTION

The aim of this paper is to investigate analogues for the Nevanlinna class of some known
results on finitely generated ideals of the algebra H*° of bounded analytic functions in the unit
disk D, equipped with the supremum norm || f||o = sup|f(2)|-

z€eD

Let us begin by recalling these results. The first one concerns interpolating sequences. A
sequence of points A = {\,},en in D is called interpolating for H> if for every bounded
sequence {wy, }nen Of complex numbers, there exists a function f € H® such that f(\,) =
wy,n € N. By a famous result by Carleson [2] a sequence {\, },, is interpolating for H°° if and
only if

A Blaschke product with simple zeros is called an interpolating Blaschke product if its zeros are
an interpolating sequence.

The next important result in the context of this paper is Carleson’s corona theorem: every
family { f1, ..., fin} of functions in H* satisfying

mfZ]ﬁ ) >0

generates the whole algebra. See [5] or [21]. More generally, we denote by Iy (fi, ..., fn) the
ideal generated by the functions fi, ..., f,, in H*>. The general structure of these ideals is not
well understood (see the references [1], [4], [7]-[11], [18], [19], [24], [25] for more information).
As it turns out, in certain situations the ideals can be characterized by growth conditions. More
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precisely, the following ideals have been studied:

T (fi, o fm) ={f €H®: Fe=c(f) > 0, [f(2)] <D _|fi(2)], z € D}.
i=1

It is obvious that Iyeo (f1, ..., fm) C Jus(f1,..., fm). This leads us to the third circle of results
we are interested in here. Tolokonnikov [24] proved that the following conditions are equivalent:

(@) Jy(fi,-..,fm) contains an interpolating Blaschke product,
(b) Iy (fi,..., fm) contains an interpolating Blaschke product,

(© inf S5 (=) + (1= =) f(=)]) > 0.

As it turns out, in the special situation of two generators with no common zeros these condi-
tions are equivalent to Iy (f1, f2) = Ju~(f1, f2). In the case of two generators f; and f, with
common zeros, we have I(f1, fo) = J(fi1, f2) if and only if I(f1, f2) contains a function of the
form BC where B is an interpolating Blaschke product and C' is the Blaschke product formed
with the common zeros of f; and f5 (see [11]).

Let us now turn to the framework we want to discuss in this paper. We are interested in ana-
logues of the above results for the Nevanlinna class N, consisting of the holomorphic functions
f on D such that log, |f| has a positive harmonic majorant on D. Equivalently, f € N if and
only if f is holomorphic on D and

lim ]D)logJr |f(rQ)|do(¢) < oo

r—1- B)
Here do denotes the normalized Lebesgue measure on the unit circle.

As a general rule we shall see that the results for 7> translate to the Nevanlinna setting
provided that the boundedness of the elements described above is replaced by a control given
by a positive harmonic majorant (or minorant). Let Har, (D) be the cone of positive harmonic
functions in the unit disk . Recall that any H € Har (D) is the Poisson integral of a positive
measure 4 on the unit circle, that is

H(z) = Plul(z) = / P (o)

where

P(z,¢) = Re (C+Z) el Gl

¢—2 ¢ — 22
is the Poisson kernel in D.

It is a standard fact that functions f in the Nevanlinna class admit non-tangential limits f*
at almost every point of the circle. It is also well-known that any f € N can be factored as

f = BSE, where B is a Blaschke product containing the zeros of f, S is a singular inner
function and F' is the outer function:

Bl = Cow{ [ 1 log\f*(<)|d0(C)},

D¢ —2

where |C| = 1. In particular

log |E(2)| = Pllog[f*[l(z), z€D.
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A function S is singular inner if there exists a positive measure ;. on JID singular with respect to
the Lebesgue measure such that

S(z):exp{—/a C”du(g)}, 2eD.

D¢ —2

For the Nevanlinna class R. Mortini observed that a well known result of T. Wolff implies the
following corona theorem (see [17] or [16]).

Corona Theorem for N (R. Mortini). Let I(fi,..., f.,) denote the ideal generated in N by a
given family of functions fi, ..., fm € N. Then I(f1,..., fm) = N if and only if there exists
H € Har (D) such that

Z’fl )| > e HE e,

We need to define the ideal corresponding to Jg- in N. This will be done in the following
way:

J(fiso oy fm) = {f € N:3H = H(f) € Har, (D), |f(2)] < e Z>nyl |, z €D}

It is clear that I(fy,..., fm) C J(f1,..., fm). Let us also mention that, by the previous corona
theorem, in the case when J(f1,..., fr,) = N,then I(f1,..., fr) = N

Recall that a sequence space is called ideal if it is stable with respect to pointwise multiplica-

tion by bounded sequences. For the following definition see also [13].

Definition. A sequence of points A = {\, },, in D is called interpolating for N (denoted A €
Int V) if the trace space N|A is ideal.

Equivalently, A € Int NV if for every bounded sequence {v,, },, of complex numbers there exists
f € N such that

FfO) =vn, neN,

Interpolating sequences for the Nevanlinna class were first investigated by Naftalevitch [20] start-
ing from an a priori fixed target space which forces interpolating sequences to be confined in a
finite union of Stolz angles.

A rather complete study, based on the above definition, was carried out much later in [13]. In
particular, it was proved that a sequence {\,, }, is interpolating for N if and only if there exists a
positive harmonic function H € Har (D) such that

)\ _
1.1) | | Lk e A
k

k:k£n

e_H(’\") ,n € N.

Moreover, it was also shown that if A € Int NV, then the trace space is given by

(1.2) N|A = {{w,}, : 3H € Har, (D) , log, |w,| < H(\,)}-
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It was also noticed that in the previous condition only the factors corresponding to A\ close to A,
are relevant. More precisely, fixed any ¢ € (0, 1), the condition

AL — Ap
(1.3) 11 "“—_ > HOW) e N
kikn L=k
p(Ak’A'n)SC

is sufficient for A to be interpolating (see [13, Proposition 4.1]).

A Blaschke product the zeros of which forms an interpolating sequence for the Nevanlinna
class is called a Nevanlinna interpolating Blaschke product.

The analogues of the results mentioned above in the context of H*° read as follows.

Theorem 1.1. Let fi, ..., f,, be functions in N. Then the following conditions are equivalent:
(@ I(f1,...,fm) contains a Nevanlinna interpolating Blaschke product,
(b) J(f1,--., fm) contains a Nevanlinna interpolating Blaschke product,

(c) There exists a function H € Har, (D) such that

m

ST+ A= 2P 2 e ), 2z eD.

=1

In case m = 2, if f1 and f5 have no common zeros, the above conditions are equivalent to

@) I(f1, f2) = J(J1, f2).

As in H®® each of the conditions (a)-(c) implies I(fi,..., fm) = J(f1,-.., fm). However,
when m > 3, the converse fails, as will be explained after the proof of the result. Also, like in
the H°-situation, if the two generators f; and f; have common zeros, then I(f1, f2) = J(f1, f2)
if and only if I( f1, f2) contains a function of the form BC where B is a Nevanlinna interpolating
Blaschke product and C' is the Blaschke product formed with the common zeros of f; and fs.

Our proof of Theorem 1.1 uses some of the ideas from both [24] and [11], but also some
specific properties of the Nevanlinna class. In particular we will make use of a new description
of Nevanlinna interpolating sequences in terms of harmonic measure, which we discuss now.

Denote by

plz,w) =

Z—w
1—Zzw
the pseudohyperbolic distance in DD, and by D(z,7) = {w € D : p(z,w) < r} the corresponding
disk of center z and radius € (0,1). Let B denote the Blaschke product with zeros A = {\,.},,
and let
An Ap— 2 B(z)
by, (2) = = A W(2) = .

)\n(z) ’)‘n‘ 11—,z ) (’Z) b>\n(2>
In these terms B(z) = [, ba.(2) and |by, (2)| = p(z, \,). Given H € Har, (D), consider the
disks DY = D(\,, e~H#(*+)) and the domain

of=p\ |J D
k:k#n
P Ak, An)<1/2
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It will be clear from the proof of Theorem 1.2 below that the choice of the constant 1/2 in the
definition of QX is of no relevance; it can be replaced by any ¢ € (0,1). Let w(z, F, ) denote
the harmonic measure at z € {2 of the set £ C 0f2 in the domain (2. The following result collects
several new descriptions of Nevanlinna interpolating sequences which will be used in the proof
of Theorem 1.1.

Theorem 1.2. Let A = {\,}, be a Blaschke sequence of distinct points in D and let B be the
Blaschke product with zero set A. The following statements are equivalent:

(a) A is an interpolating sequence for N, that is, there exists H € Har (D) such that
(1= Pa)IB' ) = [Ba(ha)] 2 e neN.
(b) There exists H € Har, (D) such that |B(z)| > e #®p(z,A), z € D,
(c) There exists H € Har (D) such that |B(2)| + (1 — |2|?)|B'(z)| > e #®), z € D,
(d) There exists H € Har (D) such that the disks DI are pairwise disjoint, and
inf w(\,, oD, Q) > 0.
neN

Statement (d) and its proof are modelled after the corresponding version for H°°, proved in [6].
Descriptions of interpolating and sampling sequences in Bergman spaces in terms of harmonic
measure can be found in [22]. It will be clear from the proof that (d) can be replaced by a
seemingly stronger statement: for every ¢ € (0, 1) there exists H € Har, (D) such that the disks
DH are pairwise disjoint, and

inf w(A,, 0D, Q) > 1 —¢.
neN

The paper is organized as follows. In the next section we shall prove Theorem 1.2 and some
Corollaries which will be used later. Section 3 is devoted to the the equivalence of the statements
(a), (b) and (c) of Theorem 1.1 and Section 4 to condition (d) in the case m = 2. At the end
of Section 4 it is also explained that when m > 2 then condition (d) does not imply any of the
previous ones. The last Section is devoted to present two related open problems. The first one
concerns the stable rank of N and the second is a version of the well known f? problem of T.
Wolff (see [5, p. 319]), solved by S. Treil in the context of H*° [27].

A final word about notation. Throughout the paper A < B will mean that there is an absolute
constant C' such that A < C'B, and we write A < B if both A < B and B < A.

It is a pleasure to thank Raymond Mortini for drawing our attention to the Corona Theorem in
the Nevanlinna class and to his paper [17].

2. INTERPOLATING SEQUENCES IN THE NEVANLINNA CLASS

We start with an elementary lemma.

Lemma 2.1. Let f € H*® with || || = sup |f(2)] < 1.
zeD

(a) Forall z, A € D,
|f(w) = fF)] < 2p(w, A) .
(b) Fix 0 < 6 < 1/5. If |f(2)| < 6 and (1 — |2*)|f'(2)| > & for a fixed = € D, then
[f(w)] = 6% if pz, w) = &2
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©) If p(z,w) < 1/2, then
(1= [2)f'(2) = (1 = [w) f'(w)] < 6p(2,0).
Proof of the Lemma 2.1. (a) This is a direct consequence of Schwarz’ Lemma:
p(f(w), fF(A) < p(w, X)) z,AeD.

(b) Assume first that z = 0 and write f(w) = f(0) + f'(0)w + w?g(w). Since || |l < 1 and
|£/(0)] <1, we have |g(w)| < 3 for every w € D, and hence,

[f(w)| = [f'(0)][w] = [ £(0)] = 3[w]* ,w € D.
Since § < 1/5, then for |w| = 62 we have |f(w)| > §% — 6* — 3§* > ¢*, as desired.

For arbitrary z € D we apply the previous argument to the function f o ¢, where

z—w
¢:(w) = 1—zw
is the holomorphic automorphism of I exchanging 0 and z. Since |(f o ¢.)'(0)] = (1 —

2] f(2)] = 6 and |(f 0 ¢:)(0)] = [f(z)| < ¢, taking ¢ € D such that w = ¢.((), we
get|f(w)] = |(f o ¢:)(Q)| = 0% if p(z,w) = |¢| = 0%,
(c) Again, assume first that z = 0. If |¢| < 1/2 then

17
1=

[F1(0) = = ICPF O] < 1F0) = FOI+ ISP < 1F(0) = f(O +
Let g(¢) = f'(¢) — f'(0). For |¢| < 1/2 we have

(O = 1(Q) = f(0)] <

Applying (a) to h(z) := 3/7 g(z/2) we deduce that

14
9Ol < =l 1K< 172,
Finally, if |¢| < 1/2, from the above estimate we deduce that

P

|f 1_K‘ Klg — 3

!C|+ il < 6l

o<
as desired.

For general z € D we use the case z = ( and the invariance by automorphisms of Vf (z) =
(1= 12[*)f'(2) . thatis, V(f 0 ¢.)(¢) = (Vf)(:(C)) for any ¢, z € D. Then, for |¢| < 1/2,

(L= [2[)f'(2) = (1= [CPP)(f 0 02) (Q)| = [(f 0 6-)(0) = (1 = [¢I*)(f 0 6:)'(C)] < 6I¢] -

Letting ¢ = ¢.(w) and using the invariance we see that (1 — |(]2)(f 09.)(¢) =1 —|w]?)f (w)
and the result follows. |
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In the proofs we will repeatedly use the well-known Harnack inequalities: for H € Har (D)
and z,w € D,

1—p(z,w) < H(z) < 14 p(z,w)

L+ p(z,w) = Hw) = 1= p(z,w)

In certain parts of this paper, we will need to suppose that z, w are pseudohyperbolically close:
p(z,w) < xforsome 0 < x < 1,sothat (z — 1)/(z+1) < H(z)/H(w) < (z+1)/(x —1).
The constant (z 4 1)/(xz — 1) will occasionally be called the Harnack constant.

2.1

In this section we shall always assume, without loss of generality, that positive harmonic
functions H € Har, (D) defining pseudohyperbolic neighborhoods D(A, e=# ) are big enough
so that the corresponding Harnack constant is at most 2. More specifically, let H € Har, (D) be
such that H(z) > In 3 for any z € D; then

(2.2) @ < H(z) <2H(w) if plz,w)<e @,

Here is another easy and useful fact.

Lemma 2.2. There exists a universal constant C > 0 such that for any f € N with |f(z)| <
e, » € D, for some H € Har (D), one has

CH(2)

(a) Forevery z €D, (1 — |2])|f'(z)| < eCHE), (1 — |2])?|f"(2)] < eCHE),
)eCH(z).

<
(b) Forevery z,w € D with p(z,w) < 1/3, |f(2) — f(w)| < p(z,w

Proof. The estimates in (a) are an easy consequence of Cauchy’s formula and Harnack’s inequal-
ity. The estimate in (b) follows immediately from (a) integrating f” from z to w and using again
Harnack’s inequality. n

Proof of Theorem 1.2. (a)=—> (b). By hypothesis there exists H, € Har, (D) satisfying Theo-
rem 1.2(a), and therefore the disks DHo = D()\,,, e‘HO(A")) are pairwise disjoint. We will show
that condition (b) holds with H = C'H,, where C' is an absolute constant. Consider the disks
D20 = D(\,, e 2Ho0n)),

i) Pick z € D?Ho, By construction, )\, is the closest point of A to z and
|B(2)| = |Bn(2)|bx, (2)| = [Bu(2)|p(2, A)

Since B,, does not vanish in DﬁHO, by Harnack’s inequalities (2.1) and (2.2), there exists an
absolute constant C' > 0 such that

|Bn(2)‘ > ’Bn<)\n>|0 > e—CHo()\n) > e—QC’HO(z) )
ii) Let Q := D\ U,D?H0. The function B is holomorphic and non-vanishing in Q. Let F’ be
the holomorphic function with Re ' = 4C'H, on . Then G = Be! is also holomorphic and
non-vanishing on Q. For 2 € 9D, from the preceding case we know that

|G(Z)| _ ’B(Z)|64CHO(Z) _ |Bn(z)|p(Z,An)€4CHO(Z) > G—QCHO(Z)—HO(An)+4CH0(z) >1.

For z € 0D we have |G(z)| = ¢*“fo(*) > 1. Hence throughout 2 we have |G| > 1, that is,
|B(2)| > e F?)| = ¢=4CH() for 2 € (.
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(b)=>(c). We can assume that the function H in (b) satisfies inf{H(z) : z € D} > In3.
Separate into two cases.

i) If p(z, A) > e719H() then, by hypothesis, | B(2)| + (1 — |2|*)|B'(2)| > |B(z)| > e 1H(),

i) If p(z, A) < e710H() there exists a unique A, such that such that p(z, A) = p(z, \,). Then
by hypothesis

‘ M2 2L 5 o, 2 # A,

1—
( Anz)z -\

and taking the limit as z — \,, we deduce that (1 — |\,|>)|B’(\,)| > e 7). Finally, by
Lemma 2.1(c) and by Harnack’s inequality (2.2)

- Y

(1 o |Z|2>|B/(Z)| > e—H()\n) . 6p<27 /\n) > 6—2H(z) . 6—8H(z) > %e—2H(z) > e—SH(z)

and therefore
IB(z)|+ (1= [2)|B'(z)| = e, 2 eD.
(c)==-(a). This implication is immediate taking z = \,,.
(a)==(d). Let H € Har (D) such that | B,,(\,)| > e #*) n € N, that is,

1
2.3 log——— < H(\,), neN.

Again the disks D are disjoint, and so will be the smaller disks D:#. By definition
WA, 0D, Q) =1— Y w(X, 0D, Qlf).

k:k#n
p(An,Ag)<1/2

Since

w(z, 0D D\ D) = log(1/p(2; Ax))

4H (\g) ’
estimate (2.3) is equivalent to
4H (A
(2.4) sup > w(A,, D D\ D) () <
neN kikn H()\n)

If p(An, Ax) < 1/2 Harnack’s inequalities (2.1) imply that 1/3 < H(\,)/H(\;) < 3. Thus, by
2.4),

Yo wh, D i < Y w(h, 0D D\ D)

k:k#n k:k#n
PAnA)<1/2 PO A)<1/2
H(\) _ 3
<3 >y A, ODE D\ D <=
— w( ) k > \ k )H(/\n) = 47

k:k#n
PAn M) <1/2

and therefore
w(An, OD, Q27 >

| =

Observe that by replacing 4H by N H in the above reasoning it is possible to get w(\,,, 0D, QVH) >
1—-3/N.
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(d)= (a). For simplicity we drop the superscript H in the notations DX and Q. and let
5, =e Hn) Tete = ing w(An, 0D, Q,,) > 0 and consider the bigger domains
ne

0, =D\ |J D&
kik#n
p()‘ny)\k)gl/4
Notice that then w(\,,, 9D, Qn) > w(A,, 0D, Q,) > e .Given N > 1, to be determined later on,
let A, = D(\,,0Y) € D(\,,4,) and

k:k#n
p(An;Ax)<1/4

Notice that €2,, C Qn C V,.. Define the harmonic functions

Un(2) =w(z,0D,Q,) and wu,(2) =w(z,0JdD,V,) .
Then u,(z) > U,(2) for € Q,. In particular u, (A\,) > ¢ > 0,n € N. We apply Green’s formula
to the functions ®(z) = log(1/p(z, \,,)) and w,, on the domain V,,:

1

T Jv,
1 [ , 1 1 ou
= — P\, e?)do — —/ lo () do(0),

p(An,AR)<1/4

where 0/0n indicates the outer normal derivative. Using the hypothesis and the fact that for

¢ € OAy one has
1

log(————) < log(————),
L rewr el Trwew),
we deduce that

k:k#n p(
p(An,Ak)<1/4
1 1 ou
S o7 | o8 “(()do(¢) <1—¢.
k:kz;ﬁn 2 0Ag (p<)\nac>) on

Taking into account (1.3) we will be done as soon as we prove that 85‘; (¢) >0,¢ € 0Ay and

ou,, 1
2.5) /é; (©do(©) 2 gy k-

A Gn

Define for k # n,
Un i (2) = w(z,0D, V, UAy),

E(2) = w(z, 04, D\ Ay) = loglf)lg/(fl)(/?lv)\)k))

and notice that, again by the maximum principle,

(2.6) Up > Upp — Uk ON Y, .
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For Ay, A; such that p(\,, \x), p(A, A;) < 1/4 we have p(A,,, \;) < 1/2 and therefore

(M) > w()\k,ﬁ]D),ID)\ U Aj) > W, D, Q) > > 0.
POSAI<L/2

By Harnack’s inequalities there exists ¢’ = ¢’(¢) > 0 such that u, ;(z) > ¢ > 0 for z € 9D
Also, for z € 0Dy,
log(1/4 1
ve(2) = g(—/]kv) _
log(L/5Y) N
and inequality (2.6) yields
1
un(2) 2 un(2) —op(z) 2 €' = =, 2 € 9Dy

Choose N so that 1/N < ¢’/2. Then u,(z) > €'/2 for z € 0Dy, k # n, and by the maximum
principle

~

up(z) > %wk(z), 2 € D\ Ay,

where
log(p(2, Ar) /0Y)
log(1/0 1)

wk(z) = w(z 8Dk, Dk \ Ak)

Since log(1/6;) = H(Ag), this inequality implies that for { € 0A

ou,, e’ Owy, 1 0
> — > —_
on (©)= 2 On Oz H(\) On

log p(C, Ax)

and therefore

ou,,
/;mk%@d Ak /Mk log p(2, A) dor(C)

Finally, we use Green’s formula with u = 1, v(¢) = log p(¢, \x) and the domain D \ Ay:
| aprosstcrado©) = [ Shiogpcadolc) = [ PO G do(c) = 1.
an, 0 on O oD
|

We end this section with two easy consequences which will be used later. The first one says
that Nevanlinna interpolating sequences are stable under convenient pseudohyperbolic perturba-
tions, and will be deduced from Theorem 1.2(d).

Corollary 2.3. Let A = {\,} be a Nevanlinna interpolating sequence and let H € Har, (D),
satisfying Theorem 1.2(a). If ' = {\ },, C D sarisfies

1
P(An, ) < Ze_H(’\”) , neN,

then N is also a Nevanlinna interpolating sequence.
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Proof. We shall use the characterization of Nevanlinna interpolating sequences given in Theo-
rem 1.2(d). Consider the domains

Q, =D\ U D\, 6_H()\k)) , =D\ U D(N,, 6_2H()‘;€))
k:k#n k:k#n
p()‘kv)‘n)gl/Q p()\;€7A’/n/)§1/4

Then €, C €2, and by Harnack’s inequality there exists ¢ > 0 such that

w(A,0D, Q) > cw(\,, D, Q) > cw(,, D, Q).
The result follows then from the hypothesis. |
Corollary 2.4. Let A be a Nevanlinna interpolating sequence and let H € Har (D) be such that

inf{H(z) : 2 € D} > In3and |B(z)| > e #@p(z,A), z € D. Then for every H, € Har, (D)
with inf{H,(z) : z € D} > In 3, we have

|B(2)| > o~ CH@A2HL(2) b omovor ¢ Uanjl,
Proof of Corollary 2.4. Suppose first z ¢ U, D(\,,1/2). Then p(z,A) > 1/2 and
1
|B(2)| > e 7 p(2,A) > §B_H(Z) > ¢ 2H(2),

Next, if z € U, D(\,, 1/2) picking the closest point A\g € A with p(z, A) = p(z, \g) > e H1(M0),
Harnack’s inequality (2.2) gives

3. PROOF OF THEOREM 1.1

Notice first that we can assume throughout the proof that the functions f; are Blaschke prod-
ucts. For conditions (a), (b) and (d) this is easily seen by considering the Nevanlinna factor-
ization f; = B;eY%, where B; is the Blaschke product with the zeros of f; and g; is such that
Re(g;) = H;t — H; , for some H;", H; € Har, (D). Then, since ¢%,7 = 1,...,m, are invertible
functions in N, we have I(f1,..., fm) = I(B1,...,By) and J(f1,..., fm) = J(B1,..., Bn).
As for condition (c), let us now see that there exists H € Har (D) such that

m

3.1 D B+ 1= |P)Bi(x)) 2 e, 2eD

i=1
if and only if (c) holds with a suitable, possibly different, H € Har (D).

Let us first suppose that (3.1) holds. Let E; = e%,i = 1,...,m, and take H; € Har, (D) such
that

log|Ei(2)]| = |Re(gi(:))| < (=), z€D,  i=1,...,m.
Recall from Lemma 2.2 that
(3.2) (1—|2]?)|Ei(2)] < ) e D,

where C' > 0 is an absolute constant. Fix z € [D. We shall distinguish two cases.
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(1) Assume first that z € D is such that

- 1
Z |Bz<2)| > ZG_H(Z)_(1+C)H1(Z) .
=1

Then

S 1
i = B E > - —H(2)—(2+C)H1(2)
;\f 2)| = Z| NE)] > e

and (c) holds.

(i1) Assume now that

Z|B |<_6 H(:)= (O (2)

which is in particular bounded by Ze_H (*). Then by (3.1) we have

m

3
>0 = PIBYe) = e

=1

Therefore
v 3
S (1= BB 2 e
=1
and by (3.2)
. 1
Z(l — |Z|2)|Bz(2’)||EZ,(Z)| < ZG_H(Z)—Hl(Z)
=1
Thus
D A= 2P)AE)] =D (1= PIBIR)E)] =) (1= Bi(2) ]| Ei(2)]
= =1 i=1
> §e_H(Z)—Hl(Z) _ _e—H(Z)—H1(Z) _ 16_(H(Z)+H1(z))
4 2
and so (c) holds.

The converse is based on exactly the same argument. Observe that we can write B; = f;/F; =
fi€ where &; is an invertible function in N for which we get similar estimates as for £;. Now,
replacing in the arguments above B; by f; and E; by &;, we will reach (3.1) when starting from

(c).

Before giving the proof of Theorem 1.1 we shall see that (a) implies

I(fiy. o fm) = J(f1, ooy Im)-

We only have to show the reverse inclusion. For this,letg € J(fi,..., f,,) andlet H € Har, (D)
be such that

z)| < efl Z\fz z € D.
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Let B be a Nevanlinna interpolating Blaschke productin I(fi, ..., f,,) and denote by A = {\,, },,
its zero set. Since forany ¢ = 1, ..., m, we have

9O FO] _ "0 (S FODD?
) SRMTPSICED SN AP RN

using the description of the trace space N|A in (1.2) we see that there exist h; € N such that

n €N,

. B 9(An) fi(An) n
) = s e

Consequently, the function )" | f;h; — g vanishes on A, and therefore there exists G € N such
that

zm:fihi —g=BG.
i=1

Since BG € I(f1,..., fm), this shows that g € I(f1,..., f) as well.

Let us now move to the proof of Theorem 1.1.
(a) = (b) is obvious because (f1,..., fm) C J(f1,---, fm)-

(b) = (c). Assume that B € J(f,..., fnn) is a Nevanlinna interpolating Blaschke product
and let A = {)\,,},, denote its zero set. By definition and by Theorem 1.2(b) there exist H, H; €
Har, (D) such that

(3.3) p(z,Ne ™) < |B(z)| < e Z|fz zeD,

Recall from Lemma 2.2 that there exists Hy € Har+(]D>) such that
i)+ Q= DI+ Q= L) < P, zeDi=1,...,m.

Now let H; € Har, (D), H; > H + H; + H, + In 3 to be chosen later. Observe that the disks
D,, = D5 = D()\,,, e~ 30)) are disjoint. Observe also that (2.2) holds. By (3.3) and Corollary
2.4, we have

Z |f7, | > e H(z)+H1(z)+H3(z)) > ¢ U Dn

n>1
So, it only remains to dlscuss the estimate on D,,. We will prove that

(3.4) EZU )+ (1= 2DIf/(2)] > e, - e D,

We argue by contradlctlon. Suppose there is a z € D,, where this estimate does not hold. Let u
be the closest point of 9D,, = D to z, that is, u € 9D, and p(z,u) = p(z, dD,,). Then using
a Taylor expansion at z, as Tolokonnikov did in the H*°-case, for every ¢ = 1,...,m, one has

£ = )+ =2+ [ w-of
S 1A+ (0 DA o) + (1= |27 sup (£ lp(e, 0

vE[z,ul

< 676H3(Z) +€76H3(Z)7H3(/\n) +€H2(U)*2H3()\n)’
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Hz(An)

where v is a suitable point in D,,. Since p(u, A) = e~ , using (3.3) we deduce

o~ (H () +Hi (u ) < Z i) S m (267655 4 Ha)=2HaO)Y |

Harnack’s inequality (2.2) gives Hg(Z) > H3(\,)/2 and we deduce

ef(H( w)+Hi (u)) HS()\n < Z |f1 | < m 73H3()\n) + eHz(v)fZHs()\n)) )

Since the functions H, H; and H, are ﬁxed and Hj3 can be taken arbitrarily large, we obtain a
contradiction. Hence (3.4) holds and the statement (c) follows.

(c) = (a). First of all recall that in condition (c) we can assume that the functions f; are
Blaschke products. We can also assume that the positive harmonic function H appearing in
condition (c) satisfies inf{ H(z) : z € D} > In(3m). Then Harnack’s inequality (2.1) gives that
for any h € Har (D) one has

4 h(z)
3.5 - <
(33) 5~ h(w)

Now take C' > 1 big enough to be determined later on, and let

E = {Z eh: Z |f1 ‘ < G_CH(Z)} nEn7

(S8

2H(z) )

< - if p(w,2) <e”

W

where F,, are the connected components of E. For every n € N choose )\, € E,, if any, such
that

Z [Fi(Aa)] < e720H0w),

and let A = {\,}, (we discard those E,, for which such a A, does not exist and keep the
indexation with N). Observe that the sum above is trivially bounded by e=2# %),

Claim 1. Assume C' > 24. Then for every )\, € A, one has
D(\,,e “20HOW)Y ¢ B, C D(\,,e” 6H(n)Y |
The first inclusion is an immediate consequence of Lemma 2.1(a) and Harnack’s inequality
(3.5),
i) < i)l +2p(2, An) < e72HO 4 2e720H0) = gem2CH )
< 3¢ (B/8)CH() < o~CH(2)

In order to see the second inclusion notice that, by hypothesis, on the set £, and so on F,,, the
following estimate holds
(1— 12 Z |f/(2)] > 72,

and in particular there exists i such that (1 — \)\n\ ()| > e 2HOn) [ > e=3HOn) = § Thus
by Lemma 2.1(b), for every z with p(z, \,) = e 8#) = §2 we have |f;(z)| > e 12H), By
Harnack’s inequality (2.2) we get

(3:0) F(2)] 2 €O p(z,\,) = e 01O,
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Thus, taking C' > 24, we get the desired inclusion.
Observe also that 9D(\,, e" 7)) N E = () and in particular

P(An, Ap) > max(e 0HOn) o =6HOW)) k #n.

Lemma 3.1. The sequence A constructed above is interpolating for N.

Proof. We shall use the characterization given in Theorem 1.2(d). Consider the disks D¢ =
D (A, e26H () and the domains

of=bp\ |J Df.
k:k#n
P A)S1/2

Since DS C E,, Harnack’s inequality (3.5) and the fact that || f;[|c < 1 give that, for every
1=1,...,m we have

05| £(0) < ~CH(Q) < 5 H(v) if ¢ € oD,

log|£:(O)| <0 if ¢ € aD.
Hence, by the maximum principle
C
log |fi(2)| < =5 > HOWw(z,0D8,05),  zeqf.
ﬂ()\klffj)nﬁlﬂ

Notice that, by the separation above, the disk D(\,, e~ 6H (’\”)) 1s contained in Qg Then, as
established in (3.6) there is ¢ such that

1£:(Q)] = e 2*H©) if ¢ € 9D\, e S0y c QF,
whence

% Z H(\)w(C, 0D Q) <24H(C), ¢ € OD(\,, e )

k:k#n

By Harnack’s inequality applied to both H and w(-, DS, Q¢), we deduce that
192
> w,opf 0 < -

k#n
P(AksAn)<1/2

Choosing C' big enough we finally have
W, 0D, Q) =1— Y w(X, 0D, Q) >

1

2 .
k:k#n

p(>\n7>\k)§1/2

Notice that, by Theorem 1.2(a) and the proof above, there exists Cy > 0 such that

IT . M) = @O peN.
k:k#n
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Although our choice of {\,},, depends on C, the constant Cj is uniform. We indicate to the
reader that the Nevanlinna interpolating Blaschke product we are heading for is not constructed
with the zero-set A but with a sequence close to A. This, in view of Lemma 2.3, will guarantee
that the new sequence is still interpolating. In the sequel we will need to introduce a new constant
D > C > Cy, where C > 24 is the constant fixed in the preceding discussions. Given a
harmonic function G, we denote by G its harmonic conjugate.

Claim 2. For every n € N there exists i € {1,...,m} such that g; := f; — e 2P +iH) hag 4
unique zero al’ in DSH.
By condition (c) we can assume that for some ¢ € {1,...,m} (not necessarily unique) we

have (1 — [M\u|?)|f/(A)] > e 37O Since |f;(\,)| < e 2¢HO) and C' > 6, applying again
Lemma 2.1(b) we obtain
(3.7 |fi(2)] > e 125 for 2 € DS,

We use this and Rouché’s theorem to compare the number of zeros of g; and the function h; =
fi — f;(\,) in DSH . Observe that h; vanishes at A, and (1 — |\, |)|AL(A\,)| > e 3G 5o that
with Lemma 2.1(b), applied to any 6 < e~57(») it can be shown that h; does not vanish at any
other point of DS# . Now, for z € 9DSH, Harnack’s inequality (3.5), D > C' > 24 and (3.7) give

|gl(z) _ (fz(z) ( ))| — |fz( n) —12D(H+zH )| S G—QCH()\n) + e—lQDH(z)
< e MO <fi(z) = i)
as desired. This proves the Claim. [

The argument works for every i with (1 — |\, [2)|f/(\,)| > e 37O, but we will pick a?, for
only one i. We will denote by i(n) the index in {1,...,m} satisfying Claim 2. The previous
argument with Rouché’s theorem also allows to show that p(al’, \,) < e~CH(n)_ Since C' >
Cp, we deduce from Lemma 2.3 that the sequence A; := {agf )}n is also interpolating for V. Let
I; denote the Nevanlinna interpolating Blaschke product with zero set A;.

Claim 3. Assume C' > 24. Then 7", |g;(2)|/|1;(2)] = e~*“#©) for any z € D.

To see this consider first z ¢ U, DS, so that > | | fi(2)] > e “H#(). Hence, there exists f;
such that | f;(z)| > e 2“H(2), and therefore

(3.8) Z

Consider now 2z € DSH . Notice first that for ¢ € 9D and for i = i(n) by (3.7), we have
19:(C)| > e3¢H(©) Applying the minimum modulus principle to g;/I; we deduce that

QJ ‘ ()] > |fi(2)] - e 12DH(2) > —2CH(2) _ o—12DH(2) » o—3CH(z)

9i(2) . . —3CH(C) —4CH(z)
f |g;(C)] > inf > .
1) | = copyn 9N Z e 2
This finishes the proof of the Claim. []
Since (g1/11,- .., gm/In) is unimodular, by the Corona Theorem for N (see Introduction),

there exist h; € N such that

'\4|Q
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and

Z]h )| < MHE) L eD.

Here My = My(C) > 0 is a constant which may depend on C' but not D, since the estimate in
Claim 3 only depends on C. Since ¢; = f; — e~ 2PU+i])

m m I
(39) F — Zfz sz 1 k HI + e*lZD(H+’LH) Zh Hk 11k )
i=1

, we have

Since the function F is obviously in I(f1,. .., fi), we will be done as soon as we show that the
zero set of this function is an interpolating sequence for /N. In order to consider the zeros of F'
we will again distinguish two cases.

Observe first that since p(a\), A,) < e~C#*=), choosing C > Cj, and observing that A; are
Nevanlinna interpolating sequences, we will have

(3.10) H Ii(2)| > e 291 for z e D\ U, D

Since
’6—12D (H+iH) Z h,HZL ]k| < o(—12D+Mo)H
T IZ J— )

CoH

which, choosing D large enough, can be assumed neglectible with respect to e~~°", we see that

F cannot vanish outside the disks D,

To consider the disks D%, we again use Rouché’s theorem to see that £ has exactly one
zero in such a disk. Since A; is Nevanlinna interpolating we can then conclude by applying the
stability result Lemma 2.3. To apply Rouché’s theorem we shall compare the function (3.9) with

[Ti-, Ix. In view of (3.10), for every n € N and 2 € 9D
. ch Ik
‘H Li(2) + 120 (H+H)( Zh 1 ij ‘
k=1

—12DH Z|h |< e (12D—Mo)H(z) e~ 2C0H(2) <

as desired. [ |

4. THE CASE OF TWO GENERATORS

In this section we shall assume m = 2 and prove the equivalence between condition (d)
and (a),(b), (c) in Theorem 1.1. We have already proved that (a) implies that I(fi,..., f) =
J(f1,..., fm) forany m > 2. Hence we only need to prove the sufficiency of condition (d) when
m = 2. We start with an auxiliary result which allows to reduce the situation to the case where
B; and B, have no common zeros.

Lemma 4.1. Let B be the Blaschke product formed with the common zeros of f1 and fs. Then

I(fi, f2) = J(fr. f2) ifand only if I(f1/ B, fo/ B) = J(f/B, f2/B).
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Proof. If [ € J(f1/B, f2/B), then |f| < e (|f1/B| + |f2/B|) for some H € Har (D), and
so fB € J(f1, f2) = I(f1, f2) giving f € I(fl/B fQ/B) Conversely, if f € J(f1, f2), then
1| < e (|fi] + |f2]), for some H € Har, (D). In particular B divides f. Hence f/B €

JUMBHﬁB)IIUMBMﬁﬂﬂgwmgfefﬁhﬁ) u

In order to prove the sufficiency of condition (d) when m = 2 we need some more auxiliary
results.
Lemmad.2. LetO <my <mg <---<my <1, with N > 2. Assume vazl m; <n <1and
H;VZQ m; < n'/2 Then there exists an integer k with 1 < k < N such that H?Zl m; < n'/* and
H;'\[:k+1 my < n'? (< '),

Proof. Let k be the smallest positive integer such that H?:l m; < n/%. Observe that k < N,
because otherwise H;V;ll m; > n*/* and it would follow that my < 7°/4, and then

N-1

H mj <mp <my < 773/4 < 771/4,

=1
which is a contradiction. Hence £ < N. If £ = 1, the conclusion follows immediately from the
assumption HjVZQ m; < n/2. Next, if k > 1, we have Hf;ll m; > n'/* and Hle m; < nt/4.

The first estimate gives m, > n'/* and hence m; > n'/* forany j = 1,..., N. Then
N N
- Hj:l m; Ul 1/2
Hm]— k—1 1/4,,1/4 77/
j=k+1 mg Hj:l my o 1

Lemma 4.3. Let f;,9; € N, i = 1,2, such that fig, and frgo have no common zeros. If

I(f191, f2g2) = J(f191, fag2), then I(f1, f2) = J(f1, f2).

Proof. We need to show that J(fy, fo) C I(f1, f2). Let f € J(f1, f2), thatis |f] < ef(|f1] +
| f2|), for some H € Har, (D). Then there exists another H; € Har, (D) such that |fg;gs| <
e (| fig1| + | f292|). By assumption, there exist hy, ho € N, such that fg,g> = figih1 + fogaho.
Thus f,g1h; vanishes at the zeros of g, and since f,g; and fg, have no common zeros, so that
f191 and g» have no common zeros, it is h; vanishing at the zeros of g,. We thus may write
hi = goh] for a suitable h] € N. A similar argument leads to hy = ¢, 15 for some hj € N. Thus
f = fibi+ fohs. u

Lemma 4.4. Let B be a Blaschke product with zero sequence N. Let z € D be such that
AN D(z,0) = 0 and let pa denote the pseudohyperbolic distance in A = D(z,0). Then

A(zw) 1-pp (z,w)

() [B()[ 7725 < [B(w)] < [B(2)| 7450, we A,

2| s |B(2)]
(b) (1 —[2[*)|B'(2)] < 5 log Bz
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Proof. The estimates in (a) are just Harnack’s inequalities rescaled to A and applied to the posi-
tive harmonic function u = — log | B|. To prove (b) let A = {\, },,. A direct computation shows

that
Z —\, 1-— |An |2
bAn \)\ | (1— A nz)?

Hence

- P < 51PN 0

and we finish by using the estimate log(1/x) > 1 — x, x > 0, since then

= (1= )1 - ) S . IS S S
) T e D A <221g<xn,z> BB

n=1 n=1

Lemma 4.5. Let A = {\,},, be a sequence of distinct points in D which is the union of two
Nevanlinna interpolating sequences. Then the trace of N on A is

N|A = {{wn}n : dH € Har, (D) : sup Me’H(’\”)’H(’\k) < oo}.

It is also true in general that when A is the union of n Nevanlinna interpolating sequences then
the trace coincides with the set of sequences such that the pseudohyperbolic divided differences
of order n — 1 have a positive harmonic majorant (see [12]).

Proof. Let {w,}, € N|A and let f € N with f(\,) = w,, n € N. Let H be a positive
harmonic majorant of log | f|. Given A, Ay € A, k # n. Define
fw) = f(An)
Af(Ap, M) = —————=.
f( k) b)\n ()\k)
If p(An, i) > 1/2 we get
1
IO()‘m )‘k)

f(An)

%
NI ] o

eHOw) 4 eH()\n)) < 2eHOR)+HHO)

If p(An, A\x) < 1/2 apply the maximum principle to the holomorphic function z — Af(\,, z)
and use Harnack’s inequalities (2.2) to get

AfQu M) < sup (AN, Q) < sup 28O < BHAFESHOL)
C:p(Ag,$)=1/2 C:p(Ag,$)=1/2

Let A = Ay U Ay, where A; = {)\gf )}n are Nevanlinna interpolating sequences, ¢ = 1, 2,
and denote by B; the corresponding Blaschke products. We will also denote w; = w,, when
)\,(f) = A,. A usual technique to interpolate on finite unions of interpolating sequences is to
look for an interpolating function of the form hg + Byh;, where h interpolates on A; and h;
interpolates suitable values controlled by the divided differences on Ay. Since by assumption
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{w,(cl)}k has a majorant MO, there exists ho € N with ho()\g)) = w,gl), k € N. If we want an
interpolating function of the form h = hy + B1hy, with h; € N, then, h(/\,(f)) = w,(f) reduces to

wl — h(A?)
B\

Since A, € Int N we only need to see that the values on the right hand side have a suitable

majorant. Given )\,(f) take )\,(:) such that p(/\,(f), Ay) = p()\,(f), /\,(61)). There is no restriction in

assuming that p()\ff), )\,(:)) < 1/2, since otherwise the estimate below is immediate. Since A, is

a Nevanlinna interpolating sequence, by Theorem 1.2(b), there exists H; € Har (D) such that

4.1 hi(AP)) = . keN.

Bi (A > e~ 00 A2 g e,

and therefore

w = hoO)| | =V o) — (M)
Bi(\) Bi(\) Bi(\)
< <|w§f> —uwp] | Jhe(”) - ho<A53>>|> )
(1) (@) (1) (@) '
P()‘k s AL ) /0<>‘k s A\p )

. ) (1) ()
By hypothesis the first term between parentheses has a majorant of the form e/ )+H (") The
second term can be assumed to satisfy the same estimate because of the first inclusion and the
fact that hy € N. Thus, there exists Hy € Har, (ID) such that

w? — ho(AP)

0 9 Ho ) +H2NY) JH1 ()
B, (/\k )

By Harnack’s inequality this is bounded by 262721 %”) | Then (1.2) yields the existence
of hi such that (4.1) holds. |

Lemma 4.6. Let A = {\,,},, be a separated Blaschke sequence and let § = infyz, p(Ag, A\p) >
0. Given 0 < g, < 0/2 consider the disks D,, = D(\,,€,). Let By and By be two Blaschke prod-
ucts without common zeros, having each exactly two zeros in each disk D,,. Assume I(By, By) =
J(By, By). Then there exists H € Har (D) such that

g, > e HOn) p e N,

Proof. The assumptions a priori allow B; and B, to have zeros outside U, D,,. In order to get
rid of these, let h; be the Blaschke product vanishing on the zeros of B; which are not in U,,D,,.
Setting BY = B;/h;, Lemma 4.3 shows that I(BY, BY) = J(BY, BY) (note that B; and B,
are assumed to have no common zeros). Thus we can henceforth assume that the zeros of B;,
1 =1, 2, are contained in U, D,,.

Let ¢!, d’ denote the zeros of B; in D,, n € N, i = 1,2. Pick the largest of the mutual

n’'n

distances p(ck,c2), p(cl,d?), p(d:,c?), p(dL,d?), say p(dL,d?). Then we have

n’n n’ 'n n’n n’'n n’'n

4.2) 2e, > p(dl, d2) > max{p(cl,c2), p(cl,d?), p(d-,c2)}.

n’»-’'n n»-n n’'n n’n

For i = 1,2 let D; be the Blaschke product with zeros {d.}, and let C; = B;/D; = []b.: .
Since A is separated and B; has exactly two zeros on each D,, we deduce from [13, Corollary
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1.9] that C; and D; are Nevanlinna interpolating Blaschke products. Hence, taking into account
(4.2) there exists H € Har (D) such that the values

‘Cl(di) _ plep,d) | (C1/be)(dy) Co(dy)  ple,dy) | (Cafba)(dy)
Di(dz)|  p(dy, d2) | (Di/bay)(d)| " Da(dy,)  p(dy.dy) | (D2/baz)(d},)
are bounded by e” (@) and () respectively. Consequently, there exist 11, ho € N such that
Cy(d?) Co(d})
ha(d2) = 21 ho(dl) = Z2%n)
1( n) Dl(d%) ) 2( n) DQ(d}L)

Hence, there are gq, go € N with Cy = D1hy + Dsgy and Cy = Dyhs + D1 go. Next we show that
C1Cy € J(By, By). Indeed, assume (without loss of generality) that |Cy(2)| < |C1(2)|. Then

[C1(2)Ca(2)] < |(D1ha)(2) + (Dagn) ()| Ca(2)] < [P (2)[|Bi(2)] + [92(2)][ Ba(2)] -

Hence C,Cy € J(By, By) = 1(By, By) so that there exist fi, fo € N with
CiCy = B fi + Bafa = CiD1 fi + C2Ds f5 .

Therefore, f; vanishes at the zeros of C5 and f, vanishes at the zeros of (', and there exist
i, f5 € Nwith fo = Cy f5 and f; = Cyf] . Hence

C1Cy = C1D1Cs f| + Co Dy C fy

and we deduce that 1 = D, f; + D, f5 . Then there exists H; € Har (D) such that | D, |+ |Dsy| >
e~H1 . Consequently, and since p(d., d?) < e we can use Harnack’s inequalities to deduce that

en > p(dt,d2) > |Dy(d2)] > e HdR) > ¢=2HOw)

Let us now move to the proof of (d)==-(c) in Theorem 1.1 in the case m = 2. Recall that we
can assume that f; = B, are Blaschke products. Let A; be the zero set of B; and denote

2

k(z) =) (IBi2)|+ (1= |:P)IBi(=)l),  =€D.

i=1
In view of [13, Proposition 4.1], for any 6 > 0 there exists Hs € Har, (D) such that

|Bi(2)| > e 5 for z with p(z,A;) >6,i=1,2.
Hence, to prove estimate (c) we can assume that z belongs to a Whitney box T'(1) = {z = re? €
D:e? e I,|I|/2<1—r < |I]}such that p(T(I),A;) < 1/2,i = 1,2. Here I indicates an
arc in OD. Let {T'(;)}; be the collection of Whitney boxes satisfying this condition and pick
a; € T(I;) such that

k(a;) = min k(z).

ZET(I]')

To prove (c) we need to construct H € Har (D) such that
(4.3) k(aj) > e ) jeN,

since then, by Harnack’s inequalities, the inequality propagates to the whole 7'([;), that is, if
z € T(I;), we have k(2) > k() > e H@) > ¢=CHE),
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Splitting {«; }; into finitely many subsequences if necessary, one can assume that the pseudo-
hyperbolic disks D; = D(«;, 1/2) are pairwise disjoint.

Fori = 1,2 and j € N let B;(j) be the subproduct of B; formed with the zeros of B; placed
outside D;. Then (again using [13, Proposition 4.1], see also (1.3)) there exists H, € Har (D)
independent of 7 and j such that

(4.4) |Bi(j)(ey)| = el jeN.
We can also assume that each D; contains at least two zeros of B; and two zeros of B,. In-
deed, suppose A is the only zero of B; in D; (if there is none, then B;(j) = B and k(o) >
|Bi(a;)| > e (@) 5o that there is nothing to do). If p(a;, \) > e~H1(%) for a suitable fixed
Hy, then since |By| = |Bi(j)||ba] we get (4.3). If p(a;,A) < e H1(@) ] first observe that
(1 — [M?)|B(N)] = |Bi(j)(N)] > e 20 Then, by Lemma 2.2(b) we deduce that, for a
sufficiently big H; (depending on Hy only), (1 — |a;|)|Bj(a;)|| > e~3Ho(@) which again yields
(4.3).

We can also assume that
(4.5) k(o) < e~ 100H0(@g)
since otherwise (4.3) holds.

Fori = 1,2 and j € N let Agi) be a zero of B; such that p(a;, Aﬁi)) = p(aj, A;). Denote
B,; = B,/ b/\@. We claim that there exists a universal constant C' > 0 such that
(4.6) 1Bij(a;)| < Ck(a;)'?  jeN,i=1,2.

To see this notice first that we have |B;(«;)| < k(ay). If p(a;, )\g.i)) > k(ay;)/? we obtain (4.6)

from
| B; (O‘JH

plaj, \\)

If p(a, )\5 ) < k(a;)Y/? we use Lemma 2.1(c) to see that

|Bij ()| = < k(ay)"?.

(1 — |y )|Biey)] — (1 = NIDIBIA | < 6p(az, A

J
Since (1 — Ja;D|Bi(a;)| < k(ay) we deduce that (1 — A7) BN < Th(ay)/2, that is,

|B”( N| < 7Tk(a;)Y/2 . Since p(ozj,)\gi) < k(a;)"?, by Schwarz’s lemma we deduce that

|B”(aj)| < Cik(a )1/2 for some C; > 0 and (4.6) holds also in this case.

Fori=1,2and j € N let
E;;={z€D: Bi(z) =0and p(z, ;) < 1/2},

and let b; ; be the Blaschke product with zeros in E; ; so that B; = b; ;B;(j). Since |B;(«a;)| <
k(a;), estimates (4.4), (4.5) and (4.6) give

(47) |bi,j(05j>| < k( ) Ho(ay) < k( )99/100 7
(4.8) H p Z Oz] |’BBE])(EZ);‘ < Cl{?( )1/2 Ho(cj) < Ck’( )1/2 1/100
z2€E; J

75)\(1)
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In order to prove (4.3) we will now split {c;}; into different pieces and consider different
cases according to the number of zeros of B; and B, in the following neighborhoods of «;:
U; = D(aj, k(a;)/1%) and U; = D(aj, k(a;)/1%°) D U;. Here are the cases we are going to
discuss now:

(i) At least one Blaschke product has at least two zeros in U;. The set of these o; will be
denoted by A;. Splitting possibly A; into two subsequences we can assume that B; has
at least two zeros in U, (in case B has at least two zeros in U; while By has not, inversing
the roles of B; and B, yields the exact same estimate). In this case we will distinguish
three subcases. 3

(i)-a. By has at least two zeros in U;. The set of these «; will be denoted by Ay;.
(1)-b. B, has no zero in U ;. The set of these c; will be denoted by Ajs.
(i)-c. Bs has exactly one zero in U ;. The set of these «; will be denoted by A;3.

(1) Both Blaschke products have at most one zero in U;. The set of these «; will be denoted
by AQ.

We will establish (4.3) in each of these cases.

Case (i)-a. We will start with ; € Ay;. For ¢ = 1,2 pick two zeros of b; ; in Uj and let Bm
be the corresponding Blaschke product of degree 2. Consider B; = I ; ?)Z—,j where the product
is taken over all j such that o;; € Ay;. Since Bi is a subproduct of B;, the assumption (d) and
Lemma 4.3 give I(By, By) = J(Bi, By). Applying Lemma 4.6 with ¢; = k(a;)"/'%° we obtain
H € Har (D) such that

]C(O[j)l/loo Z G_H(aj), Q; € All .
This gives the required estimate (4.3) for the points in Ay;.

Case (i)-b. The idea in this case is to replace B by an appropriate perturbation By — GB,
where B, is a sub-product of B; vanishing exactly twice in each Uj, in order to generate two
zeros (controlled by Rouché’e theorem) and then conclude as in Case (ii)-a.

For o; € A, the function b, ; has no zero in Uj. For each a; € Ay, pick two zeros of By in U;
and let B3, be the Blaschke product formed with these zeros as in case (i)-a. Since U; C D; and

the disks D; are disjoint, B, is a Blaschke product whose zeros form a union of two Nevanlinna
interpolating sequences [13, Corollary 1.9]. Hence there exists H € Har, (D) such that for every
zero \ € U; of By, and 2 with p(z, ;) = k(a;)Y/?°,
4.9) 1B1(2)] > e HEp(2,0) > e ) dist (2, 0U;) > k(a;)/Pe HE)
Let~G = eH“'H, where H is the harmonic conjugate of /. By Lemma 4.3, I(Bl,Bg) =
J(By, Bs). Then, observing that G is invertible in /V, one has

I(By, By) = I(B1,GBy — By) C J(B1,GBy — By) C J(By,Bs) = I(By, By)
hence . . . .

](Bl, GBl - BQ) = J(Bl, GB1 - Bg) .

Now, for points z € I such that p(z, a;) = k(a;)'/*° we have, by Lemma 4.4 and the assump-
tion:

- 1—rj

@100 |Bi()G(:) — (Bi()G() — Baf:)] = Ba(o)] < [Bala)| ™ < k)™ .
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where p; = pg. (2, ;) and pg, indicates the pseudohyperbolic distance in U;. Since p(z, ;) =
k(a;)' /30 and U; = D(ay;, k(a;)/19°) S U;, we have

pi, (2, 0) < k(a)t2071/10,

Indeed we can assume o; = 0 and let ¢ : D — U; be given by ¢(w) = k(a;)"/'®w; then

z 2] < k(a-)1/30_1/100 '

pUj(Z,O./j) = p(k(aj)1/10070) = k(@j)l/loo = J

Since we can assume that k(«;) is small, say k(a;)/30~1/1% < ¢ we deduce from (4.10) and
(4.9) that

Bi(2)G(2) = (Bi(2)G(2) = Ba(2))| < k(o) ¥ < k(y)""® < |Bi(2)G(2)] -

Then, by Rouché’s theorem B,G — Bj has two zeros in D(a;, k(a;)'/?°). Observe that we

can replace B;G — B, by the Blaschke product vanishing on the zeros of B;G — B, and we
can thus argue as we have done for A;; (note that k(«;) now only gives the size of D;, U; and

Uj, and it only depends on the fact that the Blaschke products under consideration have zeros in
these neighborhoods, but not on the explicit form of these products).

Case (i)-c. Recall that A3 is the set of o; € A; such that b ; has one zero in ljj. If aj € Ays,
the zero set of b ; in U; must be A§-2). Recall from (4.6) that

| Bo,j ()| < Ch(ey)"?

and B ; has no zeros in U ;. Hence by (4.4) and (4.5), we deduce that

By (o) ’ By j(a;) 1 ,

= ’ < Ck(ay)?eo@) < Ch(a;)*%.
I b)) T bay = CF) < Ohly)
ap€Aiz F k#j k

ap€Ars

Thus, replacing By by By/ ] bW’) we can assume that By has no zeros in U; and we can
ap€Aiz Y
argue as in the previous case.

Case (ii). For a;; € Ay and ¢ = 1, 2 the function b; ; has at most one zero in U;. If it has one
zero, this must actually be )\y). In this case, from (4.4) and (4.6),

bi j () :‘ Bi;(a;)
b)\;i)(Oéj) Bz(])(aj)

Hence, replacing b; ; by b; ; /b, we can assume that b; ; has no zeros in U; and satisfies the

4.11) < C’k(aj>1/2€Ho(aj) < Ck(ozj)o'49,

above estimate (4.11). Observe from this estimate that the initial zero-set £ ; cannot be reduced
to the sole point A§-i). We will henceforth assume that E; ; does not contain any point in Uj. In
order to apply Lemma 4.2 write E; ; = {ax(i,7) : k = 1,..., N}, where the points a(i, j) are
taken so that the corresponding distances my, = my(i,5) = p(ax(i, ), ;) satisfy m; < my <
-+« < my. In particular a (7, j) is the closest point of E; ; to «;, and it is outside Uj, that is,



FINITELY GENERATED IDEALS IN THE NEVANLINNA CLASS 25

play(i,7), ;) > k(a;)Y/1°. According to (4.11), and setting = C'k(a;)**, we have

Hmk bij(ag)] < Ch(ay)™* = 7.
Moreover

H |b”(04])| 0.39 1/2
W J K )Y <
M Cl1 Z ,]) ) — Ck(Oé]) =7 )

when k(«;) is sufﬁciently small (which we can assume). We are thus in the conditions of
Lemma 4.2, which allows to split the product b; ; into two sub-products, denoted by 0; ;, b}

i,5°
each of which is controlled by n*/* = CV/*k(«;)?4%/4. More concretely
bij = b;;b;7, jeN,i1=1,2,
and

(4.12) 07,5 (a5)] < 075 ()] < Cak(ay)™
(if the first inequality does not hold interchange the roles of 0} ; and b;). Let

B_Hb”, B = wa,

where the product is taken over the 1nd1ces j such that o; € Ay. For j € Nand i = 1,2 we have

(4.13) |B; ()] + | B ()] < 2C1k(a)™ 1.
Moreover, taking into account (4.4), there exists Hy € Har, (D) such that
(4.14) B} ()] < ™| B ()] -

Split A, into two sequences As = Ay U Ags, where
Agr = {ay  [B ()| < IB3™(a)l}, Az = {ay 1 |B5"(ay)] < [By ()} -

For i = 1,2 we will construct Hy; € Har (D) such that k() > e H2:(%) for any a; € Ay,
This will give (4.3) also in this case and finish the proof. Let us explain how to construct Ho;.
The same argument applies to Hyy. For o € Ay pick o € D with p(a}, o) = |Bi*(ay)|/4.
Observe that (4.14) yields

B ()] |Bi" ()| Holo
(4.15) oy SIBieg) s < IBi(ag)] < e 4p(af, ay)
| B5" ()] |B(oy)] = 7
Since |Bi*(a;)| < [B3*(a;)| and p(aj, o) = |Bi*(a;)|/4, Schwarz’ Lemma (see Lemma

2.1(a)) gives |B3*(aj)| > [B3*(ay)|/2 and |By*(aj)| < 3|Bi*(a;)|/2. Hence, using again
Lemma 2.1(a) and (4.14),

| Bi(aj)l | Bi* (o)

Br(a)] = < |Bi(a )Im < 3|B ()| < 3(|Bi ()] +1B7(a]) = Bi(ay)])

. ' . |Bi"(a)]
< 3(1Bi(e))] + 20(05, 05)[) = 3(1 B () + )
(4.16) < e | B ()| = 4C’geH°(°‘j)p(oz;, a;) ,
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where Cy > 0 is an absolute constant. From (4.15) and (4.16) we get
Bi(ef)  Bi(ay) < [Bi(a5)] | |Bi(ay)]
B3*(e5)  By*(ay) |~ [Bsr(af)l B (o)l
Hence the sequence defined by w(a;) = Bi(;)/B5* () and w(aj) = Bi(«j)/Bs*(aj) is in

the trace space defined on the sequence {a;, a}}a,ca,,, and according to Lemma 4.5 we find
h € N such that

< 4(Cy + 1)) plas, ay)

" Bl(Oﬁ>
h(Oéj) = Woj;) , Q; € Ay .

Setting b the Blaschke product with zeros «; € Az and b* the Blaschke product with zeros a7,
we thus get g € N such that

4.17) By = By*h + bb'g.

Since I(By, By) = J(By, Bs), Lemma 4.3 yields I(By, B3*) = J(By, B3*). Now (4.17) gives

also I(By, By*) = 1(bb*g, B*) and J(By, B*) = J(bb*g, By*). Hence, I(bb*g, By*) = J(bb*g, BS*),
and again by Lemma 4.3, I(bb*, B5*) = J(bb*, B5*) (observe that bb*g and B3* — which is a

subproduct of B, — have no common zeros, since by (4.17) those common zeros would be in
common with B;, which we excluded).

Now notice that bb* has two zeros in D(ay, |B;*(aj)|/2). Also, from (4.12) we can deduce
that D(ay;, | B3*(a})|/2) C D(oy, Cik(a;)%"). Hence we are in the same situation as we were
discussing for Ay, now applied to (B3*, bb*), and therefore there exists Hy; € Har, (D) such that

@.18) B3 ()] + (1= o) |1(B5") ()| + |(86") ()] | = ™) € Ay |

Now, by (4.12), | B3*(a;)| < 2C1k(a;)*1?2°. Also B;* has no zeros in U;, and so Lemma 4.4(b)
gives that

(U=l DICB ) )] < i g B3 ()| 5 Ko™, €
Moreover, since (bb*)'(a;) = 0'(a;)b*(r;) and (1 — |oy|) |6 ()| < 2, we get
(1 = [ I(00") ()| < 2p(ey, @) < | By (ay)|/2
and, again by (4.12), this expression is controlled by Ck(c;)*'#2°. As a result, there exists an

absolute constant C5 > 0 such that the left hand side of (4.18) is upper bounded by C3k ()%,
and we deduce that

as desired. |

Finally let us show that when m > 3, condition (d) does not imply the equivalent conditions
(a), (b) or (c) in Theorem 1.1. The example is analogous to the one given in the context of H*
in [11]. Let By, By be Nevanlinna interpolating Blaschke products with zero sets A; and A,. We
first claim that

(4.19) I(B}, B3, B\By) = J(B}, B, B1By) .
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To prove this we can assume that By and B, have no common zeros. Let f € J(B?, B3, B; By).
Then there exists H € Har, (D) such that

(4.20) [f()] < e (Bi(2)P + [ Ba(2)* + | Bu(2) Bo(2)]), 2 € D.

Then | f(A)] < e#N|B(\)]? for A € A, so that there exists g; € N with g;(\) = f(\)/B2(\),
A € A,. This implies that there is go € N such that f = ¢, B? + Byg,. Observe that for
every A € A; we have |g2(\)[/|B2(\)| = [ f(N)]/|B2()\)|? which by (4.20) is bounded by eIV,
Hence there exists g3 € N with g3(A) = ¢g2(N\)/Ba2(A), A € Ay. Hence, there exists g4, € N
with g5 = Bags + Bigs. Finally, f = Bigi + B3gs + Bi1Bygs and f € I(B}, B3, B1By).
Hence (4.19) holds. However, if the sequences A; and A, are too close, then using condition
(c) of Theorem 1.1 it can be seen that the ideal I(B?, B, By B,) cannot contain a Nevanlinna
interpolating Blaschke product.

5. TWO OPEN PROBLEMS

5.1. The stable rank of the Nevanlinna class. The first open problem we discuss concerns
the stable rank of the Nevanlinna algebra. Recall that an m-tuple (a, ..., a,,) of elements of a
commutative unital algebra A is called unimodular if the ideal it generates is the whole algebra,
that is, there exists an m-tuple (by,...,b,) in A™ such that Y ", a;b; = 1. The m-tuple
(ai,...,an,) is called reducible if there exists an (m — 1)-tuple (zy,...,Z,_1) in A™~ ! such
that (a1 + z1am, ..., am_1 + Tm_1a,,) is unimodular (so, the ideal generated by (ay,...,a;)
contains a specific (m — 1)-tuple that already generates A). The stable rank of the algebra is the
least m for which every unimodular m + 1-tuple is reducible.

It is known that the stable rank of the disk algebra and of H*° is equal to one (see [3] or [14]
for the disk algebra and [26] for H°°). The stable rank for the Nevanlinna class is unknown, but
the following result shows that it is at least two.

Proposition 5.1. The stable rank of the Nevanlinna class is at least 2.

It is worth mentioning that any triple (f1, f2, f3) € N? such that for some i the zeros of f;
form a Nevanlinna interpolating sequence, can be reduced. The argument uses Theorem 1.2, but
it is lenghty and we do not include the details here.

Open problem: Is the stable rank of N equal to 2?

Proof of Proposition 5.1. Suppose to the contrary that the stable rank of /V is one and let us reach
a contradiction. For any unimodular pair of Blaschke products, there will then exist ®; € N such
that B; + ® B is invertible in NV, i.e.

5.1 B+ ® By = ¢/ )

where Re(f) = H, — H_, for some H,, H, € Har (D). We will show that this is not possible
in general. To this end, let A; = {\,}, := {1 — 27"}, and B, the associated Blaschke product.
The sequence A is H>°-interpolating. Take now {1, },, C (0, 1) with p(\,,, i) small enough so
that

(5.2) | B ()| = {

I
e -l if n even

e Tl if n odd.
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Set Ay = {1, }n and By its Blaschke product.

We shall see first that (B;, By) is unimodular, i.e, that there exists H € Har, (D) such that
|B1| + |Bs| > e . Fix ad > 0 such that the regions Q,, = D(\,,d) U D(u,,d) are mutually
disjoint. Since A; and A, are H*-interpolating sequences, there exists 77 > 0 such that

|Bi(2)] >n, z€ D\ U, 0y, i=1,2.

Thus we only need to care about the estimate on D(\, d), for A € A; UA,. So suppose A = \,, or
A = [y, Since | By /by, | and | By /b, | are bounded below on D(\, §) (by Carleson’s condition),
we only need to take care of |by,(z)| + |b,,(2)|. By (5.2)

2
P(Ans fin) = [bx, (pn)| = € =Pl
By the triangular inequality |p(\,, 2) — p(z, pn)| < p(An, in) , thus either p(\,, z) or p(fin, 2)
2
are greater than (1/2)e” =*=1. Take now c (independent of ) such that for z € D(\,J),

(1/2)e Thal > ¢ T |

With this
|Bi(2)| +|Ba(2)| 2 e TF1, z€ D(A,0) .
Since | ‘2
1+z2 1—|z
Ho(z) = Re(1 — Z) = 1= 2F € Har, (D)

and )

H = — D(\ 6

0<Z> 1—’Z|7 S (7)

this finally implies that ( By, By) is unimodular.
Let us now show that the pair (B, Bz) cannot be reduced. Equation (5.1) on p,, yields

log |Bi(pn)| = Hy(ptn) — H-(pin) = Plv](pn) , n €N,

where v is a finite measure on D such that Re(f) = P[v|. Then, since {u,}, tends radially
towards 1,

Tim (1~ | P) P[] () = w({1})

But from (5.2) we see that {(1 — |u,|?) log | By ()|} has no limit, so we have reached a con-
tradiction. |

5.2. The f? problem. In the late seventies T. Wolff presented a problem on ideals of H°,
known now as the f? problem, which was finally solved by S. Treil in [27]. We now discuss an

analogous problem in the Nevanlinna class. Let fi, ..., f,, be functions in the Nevanlinna class,
and let f € N be such that there exists H € Har (D) with
(5.3) [f < DA+ 1 fal2)]), 2 €D,

for some p > 1. Does it follow that f € I(f1,..., fa)?

As in the H* case, when p > 2, the 0 estimates by T. Wolff show that the answer is affirmative.
When p < 2 the answer is in general negative, as the following example shows. Let N be an
integer such that N +1 > 2Np, f = BN BY, fi = BNt  and f, = B **. Then (5.3) holds but
f ¢ I(f1, f2) if (B1, By) is not unimodular in N.
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Open problem: What happens in the case p = 2?
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