FINITE PRODUCTS OF INTERPOLATING
BLASCHKE PRODUCTS

ARTUR NICOLAU

1. Introduction

Let H* be the algebra of bounded analytic functions on the unit disc D of the
complex plane. A function in H* is called inner if it has radial limits of modulus one,
almost everywhere on the unit circle. Given a sequence {z,} of points in D satisfying
the Blaschke condition Y, (1 —|z,|) < + oo and a real number y, the Blaschke product

-7, z—z,

B(z) = €z™ —
2, #0 lznl l—Z"Z

for zeD
is an inner function. Given a positive measure ¢ on the unit circle, singular to
Lebesgue measure, the singular function
1 (" e%+:z
S(o)(z)=exp| —— | ——do(0)| for:zeD
@) = exp( - [ G2 o0
is also inner. It is well known that any inner function can be factored into a Blaschke
product and a singular function.
Let / be an inner function and a€ D. It is clear that

I(z)—«a
1-al(z)

is also inner. Actually, Frostman proved that for all ae D, except possibly for a set
of logarithmic capacity zero, the function 7,(I) is a Blaschke product.

See [4, Chapter II] for the proofs of these results.

A Blaschke product B is called indestructible if 7,(B) is a Blaschke product for all
ae D, that is, if there is no exceptional set in Frostman’s Theorem. As far as I know,
the problem of characterizing the indestructible Blaschke products in terms of the
distribution of their zeros remains open. In this paper we solve a conformal invariant
version of that problem.

A positive measure g on D is a Carleson measure if there is a constant C = C(u)
such that u(Q) < CI(Q), for every sector

Q={zeD:1—|z| < h,|Argz—0| < h}, (1.1)

for ze D

(1) (2) =

where /(Q) = h.
A sequence {z,} of points in D is called an interpolating sequence if, for every
bounded sequence {w,} of complex numbers, there exists fe H* such that f{z,) = w,
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forn=1,2,.... Carleson proved that {z,} is an interpolating sequence if and only if
inf, .|z, —2,)/(1=Z,2,)| > 0and u = Y, (1—|z,/%) d, is a Carleson measure, where

d,, is the Dirac measure at z,. (See [4, Chapter VII].)

An interpolating Blaschke product is a Blaschke product whose zero set is an
interpolating sequence. It is known that a Blaschke product with zeros {z,} is a
finite product of interpolating Blaschke products if and only if the measure
u=Y (1—|z,»d, is a Carleson measure [6]. This last condition is the conformal
invariant version of the Blaschke condition; therefore the finite products of
interpolating Blaschke products can be thought of, in terms of their zeros, as
conformal invariant Blaschke products.

Our main result is a characterization of the Blaschke products B which are such
that 7,(B) is a finite product of interpolating Blaschke products for all ae€ D. Given
a sector Q and N > 0, we denote by NQ the dilatation of Q with factor N, that is, the
sector defined by the right-hand side of (1.1) with 4 replaced by Nh.

THEOREM. Let B be a finite product of interpolating Blaschke products. Let {z,} be
the sequence of zeros of B, d, the Dirac measure at z, and =Y (1—|z,|*)d,.

The following are equivalent.

(i) For all ae D, the function t(B) is a finite product of interpolating Blaschke
products.

(ii) For every M > 0, there exist positive numbers 6 = 6(M), e = (M) such that if
Q is a sector satisfying Q) < 6 and u(Q) > MI(Q), then there exists another sector Q’
with eQ = Q' <&7'Q such that

‘@_M =&
Q) QHl”"

Condition (ii) is, in some sense, opposite to Bishop’s condition characterizing the
Blaschke products in the little Bloch space B, (see [2]). Since Blaschke products in B,
are very far away from being interpolating, this should be not surprising. Actually,
in the proof of (ii) = (i), we use some of Bishop’s ideas.

We prove the Theorem in the next section. In Section 3, given a number m
satisfying 0 < m < 1, we construct an interpolating Blaschke product B = B(m) such
that 7,(B) is not a finite product of interpolating Blaschke products, for all xe D with
|| = m. So there is no analogue of Frostman’s Theorem for the class of finite
products of interpolating Blaschke products. We use this result in order to answer in
the negative a question in [10] about the Nevanlinna-Pick interpolation problem. The
last section contains some remarks.

I would like to thank Professor John Garnett for many helpful conversations.

2. Proof of the Theorem

Given a sector Q = {ze D: 1 —|z| < h,|Arg(z)—0] < h}, define z, = (1—h) €. For
zeDand 0<d <1, let

did <§}
1—wz

be the pseudohyperbolic disc of centre z and radius J. The following result follows
easily from [5, Lemmas 1 and 3].

D,(z,0) = {weD: plz,w) =
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LEMMA 1 [8). Let B be a Blaschke product with zeros {z,}. Then B is a finite
product of interpolating Blaschke products if and only if there exists a number m
satisfying 0 < m < 1 and a subsequence {c,} of {z,} such that the discs D,(c,,m) are
pairwise disjoint and

inf{|B(2)|: z¢ |J Dy(c,, m)} > 0.

Now let us go into the proof of the Theorem.
(i) = (i) Let B be a finite product of interpolating Blaschke products and assume
that (ii) fails. Then there exist M > 0, ¢; tending to zero, and sectors Q, such that

Q) > MIKQ), Q) — O,
j—

/‘(Qj) /“(Qj) g , 9 }
su —=r ce — 0. 2.1
olie gy de=g=ael @D
Consider o, = Zq, Using the inequality log x™ > 27'(1—x?) for 0 < x < 1, and the
identity
_ 2 - 2 _ 2
1|2 rv =(1 |Z|)(1_ Iwl®) for z,weD,
1—wz |1 —zwl?
one can get
ao ] (=120 =lof®)
1S - n i
lOg IB(aJ)‘ = 2 zngqj |1 _En aj|2
_ 1 #(Q,)
T X, =0 =570, >
Thus,

|B(oy)| < exp(—3M) < 1.
We claim that it is sufficient to show that for each m with 0 < m < 1, one has

sup{(1—1|z)|B'(2)}: z€ D (o, m)} — 0. 2.2)
j=

Assume that (2.2) holds. Taking a subsequence if necessary, one can assume that

lim B(a)) = aeD.

jo®

Now using (2.2), for each 0 < r < | one has

B(z)—a
S“p{‘ [—aB(2)

Applying Lemma 1, one gets that 7,(B) is not a finite product of interpolating
Blaschke products and this finishes the proof of (i) = (ii). Thus, it suffices to show
that (2.2) holds.

We shall omit the index j, writing Q = Q,, & = a;, N = [¢;"*]and [(Q) - 0, N -» o0
when j-— oo. Consider the collection {Q": k =1,..., N?} of sectors with pairwise
disjoint interiors lying inside NQ, with (Q"®) = N7'/(Q) and R = |, Q®. If (Q) is
sufficiently small, one has

czeDy(a, r)} — 0.
J—©

U(NQ\R) = 0. (2.3)
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Otherwise, there would exist z, € NQ\R, and taking
T={zeD:1-|z| < 1-|z,|,|Argz—Argz,| < 1—|z,|}

and T,, T, the disjoint sectors inside T with [(T}) = 27*/(T) for i = 1,2, it would follow
that

pT)_pT) | )+ uT) W) L [ﬂ(n)_u(m]
[Cy ) R ¢ R ¢ | VAN ¢

and this would contradict (2.1). So (2.3) holds.
Applying (2.1), one gets

#(QY) Q™)
S“"{‘ 0™~ Q™)

Fix m such that 0 < m < 1. One can check that p(D(a, m), D\NQ) — 1 as Q) - 0,
N = 0. Also

ik = 1,...,N2}—->0 as [(Q) —O. (2.4)

Q™). NUQ) o
Sup{l_lzl. ZEDH(a,m)} <m—2N (1 m) . (25)
Then (2.3) shows that
P(Dy(a, m),{z,})—1 (2.6)

as I(Q) - 0, N —» c0. Applying Lemma 1, there exists a constant C > 0 such that
inf{|B(z)|: ze D (a,m)} = C > 0. 2.7

Now, let us prove (2.2). Fixing z€ D, (a, m), one has

(I—lz) (1 =z,
; (z—-z)(1-z,2)

B(2)
B(2)

< A+3B,

(1=2DIB'(2) < (1—1zl) ‘

where

(-l —lz,[%)

2,€D\NQ (Z—“Zn)(l _z_n Z)

ao| p U=kl

z,eNQ (Z_Zn)(l _Zn Z)

Consider ||u|, = sup{u(Q) {(Q)*: Q is a sector of the form (1.1)}. Applying (2.6)
and the fact that u is a Carleson measure, one gets

ki

(1 =]z (A —|z,) < 1—|z,/
<2 y L=l -
znng 11—z, 2 h k—uéuv)( 20 anZkZlQ\sz 1—z,z?
© k+1

k=10g; (N) 2%(1 —|z)) = N(1—|zl) = N(1—m)

+ as I(Q) - 0, N — o0, because 1 —|z| =27} (1—m) Q).
On the other hand, (2.3) gives

(A —lzD (A —z,/%)

A= .
elgow @—2,)(1—Z,72)
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Take {, = zqw. Given z,€ 0¥, a computation and (2.5) show that

1 1
—z2)(1-2,2) (z={)(1-C,2)

Then, applying (2.7),

ANTHQ) 8N~
TN=z, 25 (1 ~|2l) T 1=z, 2 (1 —m)’

1 1 .
>, L ((z—z,,)(l—z—nz)'(z—ckm_;z))“"z')“ ~lel)

o " (1=1z)(d =z,
SN B s

< 16N~ (1 —m)log|B(z)|™*

< 16N (1 —m)yog(C™).

Therefore

(=121 —1z,/*
?znezom (Z-Ck)(l—c-kz)
D (1—z)) u(Q™)
v (2—0)(1-(2)

A<<16N (1 —m)log(C™H)+

= 16N"'(1—m)log(C™N)+

. 2.9)

Applying (2.1) one gets

)y __ 1)
p{HLI=HE

Then, since Q) < 27'|(,—(,_,| for k =1,...,N*, one has

v (1 =1z (u(@™) — (@)
k (Z_Ck)(l_sz)

.,N2}——+O as (Q)—0,N— 0.

I 17 () BT () | R 2} (1 =128 = Ciil
<2 Sup{—_I(Q(”) k=1,...,N ; T
<nsup{|@%%@ k= 1,‘..,N2}—>0 as I(Q)— 0, N— oo,

(2.10)
because the last sum is a Riemann sum of the Poisson kernel. Also

3 A-lDu@™) | _ ™) | K@) —I2)
v (2—C)(1—-{2) Q™) | % (Z—Clc)(l—sz)
is a Riemann sum of the integral
HQ®) (1|2 dl
Q™) Jr =001 -8) ¢
where T' = {¢eD: |{| = 1 —N"Q), { e NO}. Since
f (I-lz) <2f (l'lz')aqq——»o
{ {

= x
=1~ "wonr (2= (1—={2) ¢ Kl=1-N"W@NT lz—{°
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as Q) - 0,N - oo, and

f (—lzhdf  _
w--v-wey =01 =)
one gets

(1—z]) (@)
% (z—¢)(1-¢,2)

Now, (2.9), (2.10) and (2.11) give that 4 — 0 as /(Q) — 0, N - co. This shows that
(2.2) holds and finishes the proof that (i) = (ii). (Recently, in a private communication,
K. Oyma showed me a different proof of this implication, where he studies |B(z)| using
harmonic measure techniques.)

(i1) = (1) If (i) fails, there exists ae D with o # 0, such that 7,(B) is not a finite
product of interpolating Blaschke products. By Lemma 1, there exist a,e D with
|o,] = 1, and m, satisfying 0 < m, — 1, such that

—0 as (Q)—O0,N—> 0. (2.11)

sup {|log|B)|"* —log|a|™!|: { € Dy(at;, m)} — 0 as j— 0. 2.12)

We shall show that for each 0 < ¢ < | one has

wQy)
sup{ @3

where @, ={zeD:1—|z| < 1-|{|,|Argz—Arg{|] < 1—|{]}. Since (2.13) contradicts
(ii), this will finish the proof of the theorem.

Fix t with 0 <t < 1, {eDy(a,, 1) and Q = Q,. Take 5, with 0 <5, = 1 such that
(1=s5)(1—=m))™ - o0, and ¢, with 0 < ¢, — 0 such that ¢(1 —s,)™" — co. Consider

R=R()={zeQ:1-|zl < (1—s)(1—-ICD},
L=L()=~0-g)@n{z: 1|z = (1=s5)(1—-[{D}.

From (2.12) it follows that B has no zeros in D(a,m,). The choice of the
constants and a computation with the pseudohyperbolic distance, gives that for j

sufficiently large, Q\R < D (a;,m,). Thus

HO\R) =0, (2.14)
inf{p(z,{z,}): ze L= L({)}—1 as j—> 0. (2.15)

n —log|o™

:{eDy(a,, t)}——»O as j—— 00, (2.13)

Now using (2.15) and the facts that ¢,(1 —s,)™" — co and p is a Carleson measure, one
can see, as in (2.8), that

Inf{|Bp\x(2)|: ze L}—1 as j— o0,

where B, , is the Blaschke product with zeros {z,: z, € D\R}. Then, using (2.15) and
the fact that (1—x*"'logx™®—1 as x — 1, one gets

sup{

where P(w) = (1—(z[*)|1 —wz|™. Since L < D,(a,,m,) for j sufficiently large, (2.12)
shows that

2log|B(z)" — f P(w) du(w)

:zeL}——»O as j— o0,

sup {' 2log Ial“—f F(w) du(w)

: zeL}——»O as j— 00.
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Now, parametrizing L by z = re', where 1 —r = (1—5,)(1 —|{]), and integrating, one

gets

2|L| loglal“—f f P, (W) dOd,u(w)‘—»O as j— o0, (2.16)
RJL

where || is the Euclidian length of L. If w is a zero of B satisfying we (1 —¢;/?) Q, one

can check that
1—r2

Irew_wl2d9—>2n asr—1, (2.17)

J P e(w)df = J

L

because (2.14) and (2.15) show that the zeros of B in O are much closer to the circle
than the points of L are. Also, since u is a Carleson measure,

f f P,uo () dB ()
Ra-ghe JiL

Now, introducing (2.17) and (2.18) in (2.16), one gets

< 2mu(R\(1 - Q) — 0 as j— 00.(2.18)

12)L|logla| ™t —27(R)| — 0 as j— c0.
By (2.14), u(R) = u(Q) and |L| = (1—¢,) Q). Therefore

(%)
[0)

This proves (2.13) and finishes the proof of the theorem.

logla| ™ —7 —0 asj— 0.

3. An example
Let B be a Blaschke product. It follows from Lemma 1, that the set
{ae D: 7,(B) is not a finite product of interpolating Blaschke products}

is closed. Let us remark that the exceptional set appearing in Frostman’s Theorem is
not, in general, closed. In fact, it can even be dense on the unit disc (see [8, p. 714]).

In this section we shall show that there is no analogue of Frostman’s Theorem for
the finite products of interpolating Blaschke products.

PROPOSITION.  For each m with 0 < m < 1, there exists an interpolating Blaschke
product B =B, such that t,(B) is not a finite product of interpolating Blaschke
products, for all xe D and || = m.

For the proof of the Proposition, we need the following results. Let fe H*(D) and
¢'€ D, then the radial cluster set of fat e' is the set of complex numbers w such that
there exists r, ' with 1 > r, > 1, such that f{r, ') - w.

LEMMA 2. There exists an interpolating Blaschke product whose radial cluster set
at the point 1 contains the unit circle.

LEMMA 3. Let fe H®(D), z,€ D and t, satisfying 0 <1, <1, t, = 1 be such that
sup{||fz)| —a|: ze Dy(z;, t,)} —0 as k— 0.
Then there exist |, with 0 < I, < 1,1, — 1, such that

sup{|fz)—fz)|: z€ D (2, )} —0 as k— 0.
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Proof of Lemma 2. Let {¢'%} be a dense sequence in the unit circle. We shall
choose the zeros {z,;} of the Blaschke product by induction and we shall denote by B,,
the Blaschke product with zeros z,, ..., z,.

Choose r, and z, with 0 < r, <1 and p(z,,r,) = 27" such that

|Bl(r1)—ewl| =27

Assume that we have defined ry,...,r, with 1 —r,, <271 —r}) and z,,..., 2, with
p(z,r) =1=27for j=1,...,k, such that

|B(r) — €% < 2751,
Then, choose r,,, <1 with 1 -2, < 27%(1 —r2) such that
1= [B(re )l <2771

and z,,, with p(z,,,,7..,)) = 1 —27%7! such that

—Zp11 Tenn—Zien — & B,(ri.y) = D-k-1
'Z)H-ll l—fk+l Tes1 |Bk(rk+1)|

Now,

-7z ro,,—2 B(r..,)
IBlc+1(rk+1)_eiok+'| < l_lBk(rk+1)|+} kil il KL plOen O KHL | < Dk

Zeer 1 =21 Ten | Bie(r i)l h
Since p(z,,r,) = 1—-27"and 1—r{,, < 27%(1—r}), using the inequality

|z] — vl
1—|wllz|

|21 + |w]

for z,weD
1+|wl|z|

< plz,w) <

(see [4, p. 4]), one gets

Fen— (=271 (1—r2,)2%-*
1_ ZS _ k+1 = k1
< 1 (1—(1—2‘k-1)rk+1) (=1=27Nr,)*

(1 —=r®27% B ~ re+(1—=27F)\2
< 7-3k =271 —r) 2% < 272 ] —
<o s (- )

< 2—k+2(1 - |Zk,2).

This shows that {z,} is an interpolating sequence. Let B be the Blaschke product with
zeros {z,}. One has

'B(rk) - ew"l < |Bk(rk) “ewkl +

B(r,) \ - -
Nk 1 S 2 k+1 +
B,(r) 1=§+]

1—|z)

—4 N l
——__1
FAR S AN

< 2—k+1+2 i S 2—k+1+4 1 _|Zk+l| < 2_k+l+8'2—3k.
i 11y 1—r,

Since {¢'%} is dense in the unit circle, the radial cluster set of B at the point 1 contains
the unit circle.
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Proof of Lemma 3. Assume that the conclusion fails. Then taking a subsequence
if necessary, there exist / with 0 </<1 and points c,eD,(z,,/) such that
|fle)—Afz,)] = 6 > 0. Since

5 < 1fle) -zl < f o)l

there exist {, € D,(z,,/) and a constant ¢ = ¢(/) > 0, such that
(=1L Cl = €.
Applying Bloch’s Theorem [3, p. 295] to the function

Se) —fG)
(1=18A @)

for ze D,

one gets

Sy, 271) 2 D), (T2 27 (A= G (€ = DAL, 1447 )

and this contradicts the hypothesis of Lemma 3.
Proof of the Proposition. Let B, be an interpolating Blaschke product satisfying
the conditions of Lemma 2. Choose r, with 0 < r, <1,r, — 1, such that
{B,(r,): k=1,2,..}
is dense on the unit circle and

1_
e ot fork=1,2,.... 3.1)
1—r,

Take a, with m < a, < 1—k7?, such that {a, B,(r,): k =1,2,...} is dense in
{z:m<|z| < 1}.
We shall construct an interpolating Blaschke product B, such that B, B, is
interpolating and for all k = 1,2,..., the function
B, By(z) —a, By(r,)
1—o0, B\(r,) B, By(2)

for ze D

is not a finite product of interpolating Blaschke products. Then, the observation of
the beginning of this section will give the proof of the Proposition.
Consider Q, ={zeD: 1 —|z| < 1 —r,,|Argz| < 1—r,}, then

kO, n{zl =1} ={": —a, <0< a,,

where a, = k(1—r,). Define ¢, by 1—¢, =k*(1—r,) and s, with 0 <5, <z by
jexp (is,)— 1 = 2n(1—1,) (log o)™, and put

2% =1t exp(s,n) forn=—fa.s',...,0,...,[a.5"]
Thus,

200 — 29| = . 2n(1 =1, ) (log o, | ™)™ = £,(1—|zP]) 2n(log | ). (3.2)
If Q is a sector in the unit disc, one has

Y (I=1zP) < 2(2m)~ loga, | (Q) < 2(2m) " log m™'I(Q). (3.3)

n:zsf)eQ
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Let 7, be the Blaschke product with zeros {z*: n = —[a, s;"),...,[a, s;"]}. Let Z(B)
denote the zero set of the Blaschke product B. One can choose r, in such a way that
§(Z(1,), Z(B,) = 2.

Let a, ~ b, mean that |a, —b,| — 0, as k — oo. Using (3.2), for each M < 1, one has

sup {[log |1,(2)| ™ —log|a,|™|: z€ Dy(ry, M)}

1 1—-[z¥13) (1 —|z|? _

:2€Dy(r,, M)}

DR e
_ _ 28 —z®(1—|z -
~ sup{ | @n)ogi = £ B IIC D) togia, o : 2,0, 00) | —0
(34

as k — o0, because the last sum is a Riemann sum of the integral of the Poisson kernel
at the point z along the arc{z, ¢': —a, < 6 < a,}. Since the points {z} are symmetric
with respe:t to the real axis, one has /,(r,) > 0. So (3.4) and Lemma 3 give that

sup{|l(z)—a,|: ze D (r,, M)} —0 ask—> o0 3.5)

for each M with 0 < M < 1. Consider B, = [ ], /.. Using (3.1) and (3.3) one can easily
show that B, is an interpolating Blaschke product. Since p(Z(B,), Z(B,)) = 27, it
follows that B, B, is an interpolating Blaschke product. Also, using (3.1) and the
symmetry of {z}, one can check that

[14(r)—1 ask—> 0.
i#k

So, from (3.5) and Schwarz’s Lemma, it follows that
sup{|B,(z)—a,|: ze D (r,, M)} —0 as k— (3.6)
for each M with 0 < M < 1. Since |B,(r,)| = 1 as k— oo, another application of
Schwarz’s Lemma gives that
sup{|B,(z)—B,(r)|: zeD(r,, M)}—0 as K—— 0 3.7

foreach 0 < M < 1. Now for fixed a = a,, B,(r,), (3.6) and (3.7) imply that there exists
a subsequence {p,} of {r,} such that

B, B,(z)—a
S“p{’ 1—aB, B2)

: zeDH(p,c,M)}——>0 as k—

for each M with 0 < M < 1, and Lemma 1 shows that the function
B, B,(z)—a
1—aB, B,(z)

is not a finite product of interpolating Blaschke products. This finishes the proof of
the Proposition.

Now, we use the Proposition in order to answer in the negative a question in 10,
p. 515). First, we recall some results.

Give two sequences of points {z,}, {w,} in D, the Nevanlinna-Pick interpolation
problem consists in finding analytic functions fe H*® satisfying

I fle =sup{|fiz)l: zeD} <1 and Az,)=w,forn=1.2,....
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We shall denote it by
(%) Find feH®, |fl,. <L, fz)=w,n=1,2,....

Pick and Nevanlinna found necessary and sufficient conditions in order that the
problem (*) has a solution. Let G be the set of all solutions of the problem ().
Nevanlinna showed that if G consists of more than one element, there is a
parametrization of the form

pptq
G={feH® . f=—"—— e H™, < 1,
{f f ré+s ¢ il }
where p,q,r,s are certain analytic functions in D, depending on {z,},{w,} and

satisfying ps—qr = B, the Blaschke product with zeros {z,}.
Later, Nevanlinna showed that for each unimodular constant e', the function

I = pe’+q
re' +s
is inner. Therefore, if the problem (x) has more than one solution, then there are inner
functions solving it. See [4, pp. 6, 165] for the proofs of these results.

Recently, A. Stray [9] has proved that, in fact, for all unimodular constants e
except possibly for a set of zero logarithmic capacity, the function 7, is a Blaschke
product. Also [10, Theorem 3], if {z,} is an interpolating sequence, then there exists
a number r > 0 depending only on {z,}, such that if

inf{|| fll,:feG} <,

then the function 7, is a finite product of interpolating Blaschke products for all
unimodular constants e*.
In [10, p. 515), the question is asked if the same result is valid with some numerical

constant r independent of {z,}. We now answer this question in the negative.
For each m with 0 <m < 1, let B = B, be the interpolating Blaschke product

given by the Proposition. Let {z,} be the sequence of zeros of B. Now, choose
o = o, € D with |a| = m, and consider the following Nevanlinna—Pick problem.

(*),, Find feH®, | fll, < 1, fz,)=—a,n=1,2,....

Let G,, be the set of all solutions of (),,. It is clear that

_[ B2 e
=2 gt gl <1}

inf{]fl,,: f€G,} = m.
Now the Proposition gives that the function

Be''—q

I=————
7 1 —aBe'?

is not a finite product of interpolating Blaschke products, for all #&[0, 2x]. Since one
can choose m with 0 < m < 1 to be arbitrarily small, this shows that the constant r
cannot be chosen independently of {z_}.
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4. Remarks

Let I be an inner function. A computation shows that [ is a finite product of
interpolating Blaschke products if and only if there exists r with 0 < r < 1 such that

sup fnlog 1( re +w )
wi<1 Jo 1+ wret?
This could be understood as the conformal invariant version of Frostman’s condition
characterizing Blaschke products among inner functions (see [4, p. 56]).
Using the techniques of [1], one can show that conditions (i) or (ii) in the Theorem

are also equivalent to any of the following.
(iii) For each m with 0 < m < 1, there exists r with 0 < r < 1 such that

-1
df < + 0.

inf{J |B'(W)|2dm(w): |B(z)| < m} > 0.
Dy(z, 1)

(iv) For each m with 0 < m < 1, there exists r with 0 < r < 1 such that
inf{diameter (B(D,(z,r))): |B(z)| < m} > 0.

(v) For each m with 0 < m < 1, there exists r with 0 < r < 1 such that
. 1
mf{—zf | B(w)— B(2)|2 dm(w): |B(z)| < m} > 0.
(1 —|Z|) Dy(z,7)

H. Morse [7] constructed a destructible Blaschke product which becomes
indestructible when a single point is deleted from its zero-set. So no asymptotic
condition on the measure u can characterize indestructible Blaschke products.
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