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Abstract

Let f be a finite Blaschke product with f(0) = 0 which is not a rotation and let f™ be its
n-th iterate. Given a sequence {a,} of complex numbers consider F = Y a,f™. If {a,}
tends to 0 but Y |a,| = 0o, we prove that for any complex number w there exists a point &
in the unit circle such that > a, f"(€) converges and its sum is w. If Y |a,| < oo and the
convergence is slow enough in a certain precise sense, then the image of the unit circle by
F has a non empty interior. The proofs are based on inductive constructions which use the
beautiful interplay between the dynamics of f as a selfmapping of the unit circle and those
as a selfmapping of the unit disc.

1 Introduction

A lacunary power series is a power series of the form
o

(1) Fz) = ansh,
n=1

where {ay,} is a sequence of complex numbers and {k,, } is a sequence of positive integers satisfying
inf kp+1/kn > 1. The behavior of lacunary series has been extensively studied and it has been
shown that in many senses, they behave as sums of independent random variables. If the
coefficients {a,} satisfy > |an| = oo but a,, — 0 as n — oo, a theorem of Paley, proved by
Weiss in [W], says that for any w € C there exists a point £ in the unit circle 9D such that
3" an&kn converges and its sum is w. Salem and Zygmund proved that boundary values of certain
lacunary series are Peano curves ([SZ]). Their result was refined by Kahane, Weiss and Weiss
who showed that if ) |a,| < oo but the convergence is slow enough (in a certain precise sense),
then F': D — C as defined in (1)) is a Peano curve, that is, F'(0D) contains a (non-degenerate)
disc. See [KWW]. More recent related results have been proved by Baranski ([Bal), Belov ([Be]),
Murai ([Mul], [Mu2], [Mu3]) and Younsi ([Y]).

Let f be a finite Blaschke product with f(0) = 0 which is not a rotation and let f™ denote
its n-th iterate. The main purpose of this paper is to present analogous results for series of the
form

(2) F(z) =) anf"(2).
n=1

It is worth mentioning that several recent results show that linear combinations of iterates, as
defined in (2), behave as lacunary series. See [NS] and [N]. Our first result is a version of Paley’s
Theorem in this context.
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Theorem 1.1. Let f be a finite Blaschke product with f(0) = 0 which is not a rotation. Let
{an} be a sequence of complex numbers tending to 0 such that >’ |a,| = co. Then for any w € C

there exists £ € OD such that Y a, f" (&) converges and Zanf"(g) =w.

n=1

Let m denote Lebesgue measure on the unit circle normalized so that m(9D) = 1. It has
been proved in [N] that if 3 |a,|? < oo, then the series converges at almost every point of
the unit circle. Conversely, if 3 |a,|?> = oo, then the series diverges at almost every point of
the unit circle. Hence if the coefficients {a,} tend to 0 but > |a,|?> = 0o, Theorem [1.1| provides
a set £ C 0D with m(E) = 0 such that for any w € C there exists £ € E such that > a, f"(§)
converges and its sum is w. Our next result says that under appropriate conditions on the
coefficients {ay}, series of the form lead to Peano curves.

Theorem 1.2. Let f be a finite Blaschke product with f(0) = 0 which is not a rotation. Let
{an} be a sequence of complex numbers with 3 |a,| < co. Assume

. |an|
3 lim =0.
®) n—oo 3 |a]
k>n

o

Then F = Zanf": 0D — C is a Peano curve, that is, F(OD) contains a (non-degenerate)
n=1

disc.

The proofs of these results are based on delicate inductive constructions which use some
techniques due to Weiss ([W]) but we also need several new ideas which arise from the beautiful
interplay between dynamical properties of a Blaschke product as a selfmapping of 0D and those
as a selfmapping of the unit disc D. It is worth mentioning that no lacunarity assumption is
needed in our results. The following more technical result plays a central role in our arguments.

Theorem 1.3. Let f be a finite Blaschke product with f(0) = 0 which is not a rotation. Then
there exist constants e = e(f) > 0 and 0 < ¢ = ¢(f) < 1 such that the following statement holds.
Let M < N be positive integers, let z € D with |fM(2)] < e and let {a, : M < n < N} be a
collection of complexr numbers. Then there exists a point & € OD with |€ — z| < ¢ (1 — |z|) such
that

N N
(4) Re (Z anf"(§)> >c > an.
n=M

n=M

The paper is organized as follows. Several auxiliary results are collected in Section [2| These
are used in Section [3] where we present the proofs of our main results. Finally, in Section [4] we
prove a version of the classical Abel’s Theorem in our context, sketch a proof of a generalization
of Theorem and conclude mentioning several open problems.

2 Auxiliary results

Let g be an analytic mapping from D into itself with g(0) = 0 which is not a rotation. The
classical Denjoy-Wolff Theorem says that the iterates g™ converge uniformly to 0 on compacts
of D. Actually Pommerenke proved the following exponential decay: there exist constants
0 < a=a(f) <1 such that [¢"(z)| < a™(1 — |z|)~! for any z € D. See [P].

A finite Blaschke product f is a finite product of automorphisms of D, that is,

N
Z— 2p
= , 2€C,
/) nl;Ill—an ‘



where z1,...,2z, € D are the zeros of f. Observe that

, N
(5) & =Y Pens), com,
n=1

where P(z,&) = (1 — |2|?)|¢ — z|~? is the Poisson kernel at the point z. Hence
FENF) =@ 0<6<2m,

where
6 N ‘
:/ > Pz, ) dt
0 n=1

Note that 9 is a real analytic branch of the argument of f(e)f(1) which is increasing and
satisfies

(6) F(e9)f(e¥) = exp ( / ZP (zn, € dt) 0<p<0O<2m.

Let f be a finite Blaschke product with f(0) = 0 which is not a rotation. Note that gives
that min{|f"(£)| : £ € OD} > 1 and the mapping f: dD — ID is expanding in the sense that
m(f(I)) > m(I) for any arc I C 9D with m(I) < 1. Our first auxiliary result points in this
direction.

Lemma 2.1. Let f be a finite Blaschke product with f(0) = 0 which is not a rotation. Consider
K = K(f) = min{|f'(§)] : £ € 9D} > 1. Let N be a positive integer and let I C D be an arc
such that m(fN(I)) =8 < 1. Then

(7) [£7(€) = M€ < 2moK ™Y
for any &,& € I and any integer 0 < k < N.

Proof. Since there exists an increasing continuous branch of Arg(f") and m(f™(I)) < 1, the
mapping fV: I — fN(I) is one to one. Then for any integer 0 < k < N we have

o N/ m = N—k\// rk k\/ m
5—/I!(f Yld /Iw YURIICRY
> KV [\ = Km0,
I

We deduce that m(f*(I)) < 6K*N. Since f*(I) C D is an arc, the estimate (7)) follows. [

For future reference we now state two easy consequences of Lemma

Corollary 2.2. Let f be a finite Blaschke product with f(0) = 0 which is not a rotation. Then
there exists a constant ¢ = c(f) > 0 such that if I C 0D is an arc, M < N are positive integers
with m(fN(I)) =6 <1 and {a, : M < n < N} is a collection of complex numbers, then

> an(f1(€) = 1"

1/2
<C(5<Z ’an|2> ’ 675/6-['
n=M

Proof. Consider K = min{|f’(£)| : £ € 9D}. Since f(0) =0 and f is not a rotation, identity
gives K > 1. Lemma [2.1] and Cauchy-Schwarz inequality give

N 1/2
%Ianllf"(ﬁ) N < T 1/2 (Z Ian\2> :

Taking ¢ = 2m(K? — 1)_1/2, the proof is completed. O

N




Corollary 2.3. Let f be a finite Blaschke product with f(0) = 0 which is not a rotation. Fix
0 <6 < 1. Let {an} be a sequence of complex numbers tending to 0. For N = 1,2,..., let
Iy C 0D be an arc such that m(f~ (In)) = 6. Then

max {

Proof. Consider K = min{|f’(¢)| : £ € OD}. As before, identity (7)) gives K > 1. Let L = L(N)
be a positive integer to be fixed later satisfying 1 < L < N. Since m(f"(Iy)) = J, Lemma
gives

N
;an(f”(g) - f”(é'))‘ ES IN} 0

N L N
D lanllf™(€) = f1(€)] < 2nbsup lag| Y K" N 4 2x5sup lan| Y K"V
1 n el n>L n=L-+1
KL—N+1 K
< 2md sup |ay| ———— + 2w sup |ap| ——
< 2mosupfan| =g sup Jan| 7
which tends to 0 as N tends to oo, if L is chosen such that both L and N — L tend to co as N
tends to oo. O

Given a point z € D\{0}, let I(z) denote the arc of the unit circle centered at z/|z| with
m(I(z)) = 1 —|z|. Conversely given an arc I C 9D let z(I) be the point in D satisfying
I(z(I)) = I. Let p(z,w) denote the pseudohyperbolic distance between z,w € D given by

|2 — wl
p(z,w) =

1 —wz|
Lemma 2.4. (a) For any 0 < v < 1, there exists § = §(y) > 0 such that if f is a finite
Blaschke product and z € D satisfies |f(z)] < v, then m(f(1(z))) > 9.

(b) Let f be a finite Blaschke product with f(0) = 0 which is not a rotation. Then, given
0 <0 <1, there exists 0 < v =~(0, f) < 1 such that if N is a positive integer, I C 0D is
an arc with m(fN(I)) = 4§, then |fN(2(I))] < 7.

Remark 2.5. It is worth mentioning that the converse of the estimate in (a) does not hold,
that is, |f(z)| could be arbitrarily close to 1 and m(f(I(z))) > 1/2. For instance, if f(z) =
(z—r)"/(1 —rz)", where 0 < r < 1 and n > 2, we have |f(s)| = |(s —r)/(1 — rs)|", which
could be arbitrarily close to 1 if p(s,r) is sufficiently close to 1, while f(I(s)) = ID if s < r.
Part (b) says that the converse of the estimate (a) holds uniformly for iterates of a finite Blaschke
product f, if the constant ~v is allowed to depend on f.

Proof. (a) Let {z,} be the zeros of f. We can assume that the mapping f: I(z) — f(I(z)) is
one to one since otherwise using () we would deduce that f(I(z)) = OD. We can also assume
inf{p(z, z,) : n > 1} > 1/2. The identity (5] gives

m(f(1(2))) = /, X P gy dmie)

Note that there exists a universal constant ¢; > 0 such that [£ — z,| < ¢1]|1—2,Z| for any £ € 1(z)
and any n. We deduce

—|zn 2
®) m(fIE) > 2 Y |1'<1 ~ Jel).

1—2,2|?



Since inf{p(z, z,) : n > 1} > 1/2, the elementary estimate —logz < co(1 — 22), 1/2 <z < 1,
provides a universal constant c3 > 0 such that

— |z )1 = |2
(9) Z (1 | n| )(1 | |) 203log|f(z)\71.

1 — 2,z]?

n

This finishes the proof of (a). We now prove (b). We first show that there exists a constant ¢4 =
c4(f,d) > 1 such that

(10) (N @ e (PN, &€ €I, N>1

Using that [logx —logy| < |z — y| for any x,y > 1, we obtain

o LY O] ISR o LR
o8 Feni] = 2 1og If’(f’“(é*))\‘
N-1 N-1
<SP = FUHENI S es D 1FHE) — £4(E)]
k=1 k=1

where c5 = max{|f”(£)| : £ € OD}. Since m(fN(I)) =6 < 1, Lemmagives the estimate ((L0]).
Let £(I) be the center of I. Applying , for any measurable subset J C I, we have

m(J) m(J)

m(fM () = /J (Y1 dm 2 I ED)m(T) 2 e m(FUD) T = ea*6 T

We deduce that there exists a constant cg = cg(d, f) > 0 such that
1 / N N 2

11 = (= dm > cg.

(1) o ) (D)

Since there exists a universal constant ¢; > 0 such that P(2(I),¢) > cym(I)~! for any & € I, we
obtain

TnZ(lI) /I ‘fN — fN(Z(I))\Qdm < C7_1 /aD ‘fN(§> _ fN(Z(I))PP(Z(I),f) dm(f)
= (1= N (=(D))P).
Using we deduce 1 — |f¥ (2(I)[2 > ceer and the proof is completed. .

Next auxiliary result will be used in Section 4 and it is not needed in the proofs of our main
results.

Lemma 2.6. Let f be a finite Blaschke product with f(0) = 0 which is not a rotation. Fix
0 <3< (10max{|f'(&)| : € € OD})~L. Then there exits a constant C = C(J, f) > 0 such that

the following statement holds. Given z € D let N(z) be the smallest positive integer such that
m(fNG)(1(2))) > 6. Then

N(z)
(12) Y IfE© - rfl<e, cellz).
k=1

Proof. Let Ki = max{|f'(£)| : £ € OD}. Note that N(z) — oo as |z| — 1 and m(fN®)(I(z))) <
§K. Part (b) of Lemma [2.4| gives a constant 0 < v = (8, f) < 1 such that |fN)(z)| < ~. Note
that fV (2) can not have zeros at pseudohyperbolic distance less than 1/2 of z, because in this



case m(fN*)(I(z))) would be large. Then, estimates and (9) in the proof of part (a) of
Lemma give that 6K > m(fN®)(1(2))) > ¢ 2eslog | V) (2)]~1. Hence
(13) el < | PNE ()] < .

Pommerenke estimates of the Denjoy—Wolff Theorem (Lemma 2 of [P]) provide constants C(y) >
0 and 0 < a = a(f) < 1 such that

(14) [f"(2)] < C(ma" NP, 0= N(2).

Let K = min{|f’(£)| : £ € OD}. Since f(0) = 0 and f is not a rotation, identity (9] gives K > 1.
Lemma [2.1] gives

1FE€) — fR(E)) < 2ms K KMNB) D g e e I(2), 0<k < N(2).

Hence | f*(&) — f*(2)| < |£*(&) — f*(2)| + 20 K1 K*NG) for any €,€ € I(z) and 0 < k < N(2).
Integrating over ¢ € I(z) and using that there exists a constant ¢4 > 0 such that P(z,§) >
ca/(1—|z|),€& € I(2), we deduce

R = Rl < (1—12) ! /I . 5 = R (2) dm() + 2n6 Ky KFNG)

1/2
<q! ( /8 I = PP dm(&’)) + 216K KF NG
= (L= [P+ 2m6 K KRN e 1(2), 0 <k < N(2).

Using Lemma 2.1(a) of [N] and one finds constants ¢5 = ¢5(d) > 0and 0 < b= b(f) < 1 such
that 1 — [f¥(2)]? < esbV)=* if 0 < k < N(z). Hence there exists a constant C' = C(4, f) > 0
such that

N(z)
(15) SO - el <e, ez
k=1

Next auxiliary result is Lemma 3.3 of [N].

Lemma 2.7. Let f be an inner function with f(0) = 0 which is not a rotation. Then there
exist two constants 0 < € = &(f) <1 and 0 < ¢ = ¢(f) < 1 such that the following statement
holds. Let M < N be positive integers, z € D satisfying |f*(2)| < ¢ and {a, : M <n < N} a
collection of complex numbers. Then there exists a set E = E(z,{an}) C 0D with E C ¢ 11(z)

such that
N N 1/2
Re(Z anfn(€)> ZC(Z ’an’2> , (EE.

Our last auxiliary result is elementary and it is stated for future reference.

Lemma 2.8. Let {b,} be a sequence of positive numbers with Y b, < co. Consider S, = > by.

k>n
Assume )
lim — = 0.
n—oo n
Fix K > 1. Then N
b Kn—N
lim Zen=10e =0
N—o0 SN



Proof. Fix € > 0 such that K(1+¢)~! > 1. By assumption there exists ng = ng(¢) > 0 such
that S, > (1+¢)71S,_1 for any n > ng. Hence S,, > (1 +¢)" "0 S, . n > ng. We deduce that

(16) lim K"S, = oc.

n—oo

Since b, < &S, for n > ng and S,, < (1 + )N ""Sy for ng <n < N, we have

N N K n—N
Z b KN < eSy Z <1+€> .

n=ng n=ng

Now the identity finishes the proof. O

3 Proofs of the main results

This section is devoted to the proofs of Theorems [[.2] and [I.3] It is worth mentioning that
under additional assumptions on the function f, one can give a short proof of Theorem
Actually, let f be a finite Blaschke product and assume that there exists a constant ¢ > 0 such
that

(17) F(I) = 06D

for any arc I C 0D with m(I) > 1/2 — e. For instance, according to @, any function f of the
form f(z) = 2%g(z), where g is a non-constant Blaschke product, satisfies (17). Let {a,} be a
sequence of complex numbers. For any n such that a, # 0, consider the closed arc I,, centered
at ap/|an| with m(I,) = 1/2 —e. Note that there exists a constant ¢ = ¢(¢) > 0 such that

(18) Re <Z an&n) > CZ |an|a

for any choice of points &, € I,,, n > 1. Take J; = I;. We now construct inductively a sequence of
nested closed arcs J, such that f*~1(J,) = I,,n > 1. Since f(I;) = 9D, there exists an arc Jo C
I with f(Jo) = I. Assume Jo,...,J,_ 1 have been constructed satisfying f*2(J,_1) = I,_1.
Then gives " YJ,—1) = f(In—1) = 9D and we can find an arc J,, C J,_1 such that
f"1(J,) = I,. This finishes the construction of the nested sequence of arcs {J,,}. Pick & € oD
such that f(£) € () Jn. Since f™(§) € I, for any n > 1, estimate gives

n

Re (Z anf"(£)> > CZ |an|.

This finishes the proof of Theorem under the additional assumption . However there
are finite Blaschke products f which do not satisfy and the proof of Theorem requires
different ideas.

Proof of Theorem[I.3. The proof of Theorem [I.3]is organized in three steps.

1. Splitting. We use an idea of M. Weiss ([W]). Let 7" < T be two (large) positive integers to be
fixed later such that T/T” is also an integer. Since one can obviously add terms with vanishing
coeflicients to the left-hand side term of , one can assume that N — M + 1 is a multiple of 7.

N
Split the sum F = ) a, f" into blocks of length 7', that is, F' = ) G}, where
M

k>0
T-1
M+ET
Gk: ZCLM+I<;T+nf + +n7 k:071727"'
n=0



Next split Gog, k > 1, into successive blocks of length T” and pick the subblock such that the
sum of the modulus of the coefficients is the least, that is, pick S; a subset of T’ consecutive
integers in [M + 2kT, M + (2k +1)T) of the form {M +2kT + jT",... ., M +2kT + (j+ 1)T" — 1}

such that
Z ‘an’ S Z |CL(|,

neSy leS

for any other subset S of 7" consecutive integers in [M + 2kT, M + (2k +1)T) of the same form.
Since the number of disjoint subblocks of this type is T/T" we deduce

T T-1
(19) D lanl < = lasrsorrinl, k21
neSy n=0

The corresponding block
Se=Y anf", k=1
nESy

will be called a short block. The long blocks are defined as the blocks between two consecutive
short blocks as well as the first and last block. More concretely if Sy = {n € Z : Ny < n <
Miy 1}, k> 1, then

N1 Ny
Li= ) anf", Li= ) anf", k>1,
n=M n=Mj,
and
Myy1—1
Sk= Y anf", k=1
n=Ng+1

Write My = M and Ly = {n € Z : My < n < N}, k > 1. Note that for any k& > 1, the set Sk
has 7" indexes while the number of indices in £}, is between T and 37T. Note also that gives

(20) 5% ol (1- ) Z aa.

k nely

2. The inductive construction. Let 0 < ¢ = ¢(f) < 1 and 0 < ¢ = ¢(f) < 1 be the constants
appearing in Lemma We will show that there exist constants co = c¢o(f) > 0 and 0 < v =
7(f) < 1 and a sequence of nested closed arcs I, C ¢~ 'I(z), such that

(21) |ka(Z(Ik))| <7

k
(22) ReZL _TUQZZML £ €I

j=lneLl;

We argue by induction. Since |fM(2)| < &, Lemma [2.7| provides a point & € ¢~1I(z) with

1/2
(23) Re L (&) > (ZyanP) :

Note that |V (2)| < |fM(2)| < e. By part (a) of Lemma there exists a constant g = dp(g) >
0 such that m(f™ (1(2))) > &. Fix 0 < §; < dg/2 and pick an arc I; with & € I} C ¢71(2)
with m(fN1 (1)) = 61. If 1 > 0 is chosen sufficiently small, Corollary and give

1/2
C
Re L (¢ > 5 (Z Ian\2> , fel.

8



Since £1 has at most 37T indexes, Cauchy—Schwarz’s inequality gives

1/2

S Jaal < BT Y Jaul?

neLly neLly

and holds for k& = 1 if we pick 0 < ¢o < ¢/2v/3. Since m(fN'(I1)) = 41, part (b) of Lemma
provides a constant v = (41, f) < 1 such that the estimate holds for k = 1. Assume now
that the arcs I, C I_1 C --- C I; have been constructed so that and hold. Next we
will construct I4;. Fix a constant 0 < ¢; = ¢1(c¢) < 1 such that there exists a point z; € D
with p(z}, 2(I))) < ¢ with ¢71I(2}) C Ij. Since |fNr(2(Iy))| < 7, Schwarz’s Lemma gives a
constant 0 < v; =1 (7, c1) < 1 with [V (z)| < v1. Recall that My = Ny +7". Since f* — 0
uniformly on compacts of D, we can choose a positive integer 77 = T"(f) sufficiently large but

independent of k, so that
()] < e

Apply Lemma to find a point & € ¢ 11(2}) C I such that
1/2

(24) Re(Lpt (&) Ze | Y lanf

nEﬁk_H

Note that since f(0) = 0, Schwarz’s lemma gives |fV*+1(27)| < |fMr+1(27)| < e. By part (a)
of Lemma , there exists a constant &y = do(¢) > 0 such that m(fN+1(I(z}))) > do. Fix
0 < &1 < dp/2 and pick an arc Iyyq with & € Ixy1 C Iy such that m(fNV+1(Ipyq)) = 61, If
61 > 0 is chosen sufficiently small, Corollary and estimate give

1/2

Re(Lit(€) 25 [ D laaf| o €€ lum.

n€£k+1

Since L1 has at most 37 indexes, Cauchy—Schwarz’s inequality gives

1/2
Yoo lal BN anf?
n€Ly 1 n€Ly41
and we deduce ]
c
Re Li+1(§) > 5 73 Z |anl, & € Iptr.
2 (3T)Y/
n€£k+1
If we pick 0 < ¢y < ¢/2/3, the inductive assumption gives
k+1 o kL
0
Re)  L;(€) > WZ > lanl, €€ Ik
7j=1 7j=1 ’neﬁj

which is for the index k+1. Since m(fNk+1(Ix11)) = 61, the estimate for the index k+1,
follows from part (b) of Lemmal2.4] This finishes the proof of the existence of the nested sequence

of arcs Iy, satisfying and .
3. The final argument. Pick € € [ Ix. The estimate gives
k

k k-1 k k-1
Re [ S Li©)+D 80 | 2 75 >0 Y laul =D D laul, k> 1.
1 j=1

j= Jj=1neL; j=1neS;

9



Since ZfLM an f™ is a sum of long and short blocks, the estimates and give

N " 7 N o N
Re > anf"(€)] = P <1 - T> > an| - = > an.
n=M n=M

n=M

Choosing T such that T"/T/? < ¢y/4, we deduce

N c N
n=M

n=M
This finishes the proof. O
The proof of Theorem uses the following easy consequence of Theorem

Corollary 3.1. Let f be a finite Blaschke product with f(0) = 0 which is not a rotation. Then
there exists a constant 0 < n =n(f) < 1 such that the following statement holds. Let M < N be
positive integers, let z € D with |fM(2)| < n, let {a, : M < n < N} be a collection of complex
numbers and let w € C with

N

(25) > lan| < nluwl.

n=M

Then there exists a point & € n~1(z) such that

N N
0= anf @ <ful =1 3 fanl
n=M n=M

Proof. We can assume w = 1. Let 0 < e = ¢(f) < 1 and 0 < ¢ = ¢(f) < 1 be the constants
appearing in Theorem Pick 0 < 7 < min{e,c}. Applying Theorem one finds a point
¢ € c71I(2) such that

N N
(26) Re (Z anf”(§)> >c > an.
n=M

n=M

N
Write A= ) |ap|. Since A <17 < 1, we have
n=M

2
<(1—cA)P? 4+ A% —(cA)?=1—-A(2c— A).

N

1- Z anfn(g)

n=M

See Figure 1. Using the elementary estimate 1 —ax < 1 —x/2, 0 < & < 1, we deduce that
N
1= Y anf™(€)|<1-A(c—A/2) <1-nAif 0 <n<2c/3.
n=M
Figure 1: > a, f™(§) lies in the shadowed region. O

We are now ready to prove Theorem We will again combine some ideas of Weiss ([W])
with the interplay between dynamical properties of f as a selfmapping of D with those as a
selfmapping of 0D.

Proof of Theorem[I.1. Fix w € C. We first divide the sum > a, f™ into blocks

Pi=> anf", Pf= anf"

neP; nE’P;

10
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o

b
s
— ¢

where Py ={n € Z: M; <n < N;}, My =1land P; ={n €Z:N; <n< M}, j>1
This splitting is similar to the decomposition used in the proof of Theorem but this time the
number of indices in P; may grow as j — oo while, as before, the number of indices in P7 is a
large number independent of j to be chosen later. In other words, the blocks will be chosen in
such a way that M; 1 — N; =T = T(f) is large but independent of j, while N; — M; may tend
to infinity as j — oco. Write

k k—1 N
Fk:ZPj—i—ZP;: anf™.
j=1 j=1 n=1

The blocks P; and PJ* will be constructed inductively, as will a sequence of positive numbers
tending to 0, and a nested sequence of closed arcs I, C 9D in such a way that there exists a
constant 0 < v = v(f) < 1 such that if dy, = min{|Fy(§) — w| : £ € I} }, the following estimates
hold

(27) diy1 < ydi + Ok,

(28) > Jan] 0
nEP:UPk+1

(29) m(fNe(Iy)) = 1/2.

Once this inductive construction is done, the result follows easily. Actually pick £ € () I;.

J
Note that gives di, — 0 as k — oo. Then, identity and Corollarygive that Fy(§) — w
as k — oo. Applying we deduce that > a, f"(§) converges and its sum is w.

We now explain the construction of thg blocks P;, PJ’-" and the arcs I;. For k£ = 1 one can
pick any partial sum P; and any arc I; C 9D with m(f™ (7)) = 1/2. Assume by induction that
the blocks P, P, ..., Py,_1,P;_|, P, and the arcs I, C Ij_; C --- C I; have been chosen. We
will now define P}, P,y; and the arc I;1 C I} and show that the estimates , and
hold. Let n» = n(f) > 0 be the constant appearing in Corollary Fix a constant 0 <
c1 = c1(n) < 1 such that there exists z; € D with p(z},2(I)) < c¢1 such that n™'I(z}) C Ij.
Observe that and part (b) of Lemma provide a constant 0 < 9 = vo(f) < 1 such that
| fN%(2(It))| < v0. By Schwarz’s Lemma, there exists a constant 0 < 1 = v1(7Y0,71) < 1 such that
| fNe(25)] < 1. Since f™ — 0 uniformly on compacts of D, if the number of indices T' = T'(f)
of P} is chosen sufficiently large (but independent of k), we deduce |fMr+1(z5)| < 5, where
M1 = N +T. This defines P;. This choice of Mj; allows to apply Corollary to the
point z; and any partial sum starting at the index Mj;. To define the next block P, we
distinguish two cases.

(I) Assume max laj| < ndy/4. In this case, let Ni4q be the minimal integer bigger than M4
J>Ni

11



such that
N1

Z lan| > ndy /2.

n=Mj1

This defines the block Py1. Since |ay, | < ndy/4, the minimality of Ny gives

Nk11

(30) Bnde/4> D lan| > ndi/2.

n=Mp41

Let & € Iy such that |w — Fy(&)| = di. Apply Corollary to the point z; € D, the
value w — Fj (&) and the block Py to obtain a point {441 € n7'1(2}) C Ij such that

w = Fi(&k) = Per1(Srp)| <di—n Y aal

nG'Pk_H

2
Sdk<1—172>.

2
(w = Fi(§k+1) = Proa1(Ers1)| < di (1 — 772> + oy,

where o = max{|Fy (&) — Fr(&)] : £,& € It}. We deduce

Hence

2
(31) o= Rl <d (15 ) +act 3 lonl

neP;
Since f is expanding and Nii1 > Nj, the identity gives m(fNe+1(1)) > 1/2. Let Ipiq
be an arc with &1 € Ixyy C I and m(fV+1(I141)) = 1/2. We now check , and
([29). Note that holds by construction. Define d; = oy, + ZneP;; lan|. The estimate (31))

gives dpy1 < dip(1 — n?/2) + 01, which is with v = 1 — n?/2. Corollary gives that ay
tends to zero and since P} contains a fix number of indices, it follows that J; tends to zero.
Finally note that and the fact that dj tends to 0 as k tends to infinity, give .

(IT) Assume max laj| > ndi/4. In this case, we choose Py having a single term, that is,
3=Np,

Niy1 = Myyq. Let & € I such that |w — Fi(&x)| = dk. As in case (I), let Ixy1 be an arc
with & € Iy 1 C I and m(fN%+1(I41)) = 1/2. Hence follows by construction. Since in
this case P U P41 has T'+ 1 elements, follows from the assumption that {ay} tends to 0.
Define 041 = (417*1 + T+ 1) max;>n, |a;j|. Note that §;, tends to 0 as k tends to infinity. Then

dig1 < | Frg1 (&) — w| < |Fi(&) — w| + [ Poga (§)| + | By (&)

<d T+1 | < Opaq.
<dp+(T+ )jﬂzlﬁﬁyaﬂ_ k+1

This gives . O

The proof of Theorem has some similarities with the proof of Theorem but requires
some new ideas.

Proof of Theorem[1.3. Let n = n(f) > 0 be the constant appearing in Corollary Fix any
Ny

&1 € OD. Let Np be a positive integer to be fixed later and consider Ly = > a,f". We will
n=1

show that for any w € C satisfying

o0

(32) w— L)l <55 > laul,

n=N1+1

12



o0
there exists £ € 0D such that ) a,f™({) converges and its sum is w.
n=1

Take M; = 1. We first explain the choice of the positive integer Ni. Let 0 < v1 = y1(n) < 1
be a number to be fixed later. Since f™ tends to 0 uniformly on compacts of D, there exists an
integer T'= T'(n) > 0 such that

(33) frEl<n i o <.

Also note that the assumption gives

J+T

J—ro0 Zn:j—l-T |an|

Hence there exists an integer N; > 0 such that

+T 772 0o
(34) Z |an| < 100 Z lan|, j =N

n=j n=j+T
and

n?
(35) ‘aj‘ﬁgoogakv Jj = Ni.
J

Fix any & € 0D and let I; be an arc containing & such that m(fN (1)) = 1/2. Fix w € C
satisfying . Note that

dy == inf{lw —L1(§)]|: £ € 1} < % Z |an|.
n=N1+1

By induction we will construct a sequence of nested arcs I, C 0D and positive integers
My < Ni with My = 1 and Ny < Mgy1, k > 1, such that the partial sums Fy; = Ly, F, =

k k—1
ZL]- + ZS]-, k > 1, where
j=1 j=1

Nj M]'+1—1
Lj = Z anfnv S] = Z a’nfna j Z 1’
7’L=Mj ?’L:N]+1
satisfy
(36) m(fY (1) =1/2, k=1,
(37) dy, ::inf{‘w—Fk(f)’:fefk}Sﬂ) Z lan|, k>1,
n=Ni+1

Note that this would end the proof. Since m(f"*(I;)) = 1/2, Corollary [2.3| gives
(38) max{|F(§) — Fu(¢)] : £,§" € Iy} — 0.
k—o00
Pick £ € () Ix. Note that gives that dj tends to zero. Then gives that Fy(§) converges
k

to w. Since ) |a,| < oo, this would finish the proof.

n
The construction of the blocks L;, S; and the arcs I; is done by induction and has some
similarities to the construction used in the proof of Theorem Again the number of terms of

13



each S; will be a large number independent of j, actually M; 1 — N; = T for any j, while the
number of terms of the blocks L; may be arbitrarily large, that is, N; — M; may tend to oo as
j — oo. However the proof is more involved and several technical adjustments are needed. We
have already constructed Fy = L; and the arc I; satisfying and for £ = 1. Assume,
by induction, that the blocks Lq,..., Ly, S1,...,Sk_1 and the arcs I, C I_1 C --- C I; have
been constructed verifying the induction assumptions. We will complete the inductive step
constructing the blocks Sk, Li11 and the arc Ipq.

Fix a constant 0 < ¢; = c¢i1(n) < 1 such that there exists z;; € D with p(2;,2(Ix)) <
such that n~'I(z}) C Iy. Observe that and part (b) of Lemma provide a constant
0 < v = 10(f) < 1 such that |fV¥(2(I;))| < 70. By Schwarz’s Lemma there exists a constant
0 < v = v1(y0,m) < 1 such that [fVe(2;)| < 7. Since Mj1 = Ny + T, estimate gives
| fMi+1(25)] < ;. This defines Sy and allows to apply Corollary to any partial sum starting
at the index Mj.1. The construction of the block Lyiq and the arc I,q requires to consider
two cases:

(I) Assume
o0
100d
(39) > anl < k.

Since Myy1 = N + T, estimate gives

o)

9dy,
D = .

n=Mj 1
Let Ng41 be the smallest positive integer bigger than My, such that

Nit1

> o= %1

n=Mjy41
This defines the block Ly41. Note that

Ngy1

di1
Z |an| < 9 + |aNk+1|'

n=Mp1

By estimate ,

2
n
|CLNk+1‘ < % Z |an’
7L>Nk+1
Hence estimate gives
Nk

5din din

(40) & 2 > anl = -
n=Mp41

Let & € Iy such that d, = |w— Fx(&k)|. Apply Corollaryto the point 2, the value w— F, (&)
and the block Ly1, to find ;11 € 77*11'(2;:) C I such that

Ng11

|w — Fr (&) — Ly 1(Epg1)| < di — 1 Z |an].

n=Mpy41

14



Hence

Nk My y1-1
(41) w— Fr(&k) = Sk(&ri1) = Ly (Ge) < de—n D anl+ > laal:
n:Mk+1 n:Nk—i—l

Since m(fV (1)) = 1/2 and f is expanding, one can find an arc I, with &1 € Ixyq C Iy
and m(fNe+1(I}41)) = 1/2. We complete the inductive step showing

o0

U
< .
(42) dips1 < 75 > Jan

n=Ngi1+1

Let K = min{|f/(§)| : £ € OD}. Since f(0) = 0 and f is not a rotation, we have K > 1. Note
that by Lemma [2.1| we have

Ny,
Fu() — Fe(Ge)] < 73 fan| K7,
n=1
Hence gives
Ny My4q1—1 N,
dept <dp—n Y anl+ Y anl 7Y Jag| K"V
n=Mj1 n=N;+1 n=1

Applying the inductive assumption, the estimate would follow from

1 0o N1 Mp41—1 Ny, 77 00
n—N;|
10 Z lan| —n Z |an| + Z ]an|+7r2|an|K g STO Z |an .
’I’L:Nk-‘rl n:Mk+1 ’I’L:Nk-‘rl n=1 n:Nk+1+1

Hence, we need to check

—oy Ng11 " My1-1 N,
(43) Aﬁ'ZI%HO+E)§:MWMXWwWMSO

n:Mk+1 TL:Nk-i-l n=1

Now, says that the first sum is comparable to di. By Lemma and the assumption ,
last sum of can be absorved by the fist one. On the other hand My; = Ny + T and hence
by , the second sum of is also absorved by the first one. We see that holds and
the inductive step is completed in this case.

(IT) Assume

o0

100d),
(44) > anl > .
n=Nk+1 77

Let & € Ij such that dy = |w — Fj(&)| and pick Nii1 = Mp4q, that is, in this case Lgyq
has a single term. Since m(fV*(I;)) = 1/2 and f is expanding, one can take an arc I, with
& € Iyp1 C I, and m(fN%+1(I41)) = 1/2. Note that

Myy1—1
i1 < di + Z ‘an’ + |a’Nk+1|‘
n=Nk+1
Applying we deduce
oo Mi 1
k—&—l_ﬁ Z | n|+ Z |an|



and to complete the inductive step, it is sufficient to check

0o Mi 1 )

T Y al+ Y lal<gE Y al

'I’L:Nk+1 n:Nk+1 n:Nk+1+1

The choice M1 — N =T + 1 and estimate finish the proof. ]

4 Concluding remarks

Given ¢ e D and M > 1, let I'(§, M) ={z € D: |z — & < M(1 —|z|)} be the Stolz angle with
vertex at £ and aperture depending on M. A function F': D — C has a non tangential limit at
the point £ € 9D, which will be denoted by lim..¢ F(z), if for any M > 1 the limit

A

lim F(z)
zel'(§,M),z—¢

exists and is finite.
In the statements of Theorems and one can replace the sum > a, f"(§) by the non-
n

tangential limit
li "(2).

This follows from our next result which can be understood as a version of the classical Abel’s
Theorem in our context.

Theorem 4.1. Let f be a finite Blaschke product with f(0) = 0 which is not a rotation. Let
{an} be a sequence of complex numbers and let & € OD such that Y, an f™(§) converges. Then
the non-tangential limit
oo
iy S )
4 n=1

o0
exists and it is equal to Y, an, f"(£).

n=1

Proof. Let K; = max{|f'(¢)| : & € dD} and pick M > K;. Fix 0 < § < (10K;)~!. For
z € T(€, M) let N(z) be the smallest positive integer such that m(fVN*)(I(z))) > 6. Apply
Lemma [2.6| to obtain a constant C' = C(d, f) > 0 such that

N(z)
(45) DI - rfl<c, ¢ellz),
k=1

Note that N(z) — oo as |z| — 1 and m(fN®)(I(2))) < 6K;. Part (b) of Lemma gives a
constant 0 < v = ~(d, f) < 1 such that |fN*)(2)| < 4. Pommerenke estimates of the Denjoy—
Wolff Theorem (Lemma 2 of [P]) provide constants C; = C1(y) > 0 and 0 < a = a(f) < 1 such
that

(46) )] < Ca" N, 0> N(2).

We are now ready to prove the result. Fix ¢ > 0. We want to show that there exists
Ny = Ny(e) > 0 such that for any z € I'(§, M) sufficiently close to &, we have

[e.o]

(47) D an(f"(z) - fM(€)| <&, N =N

n=N
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Summing by parts

i e ) ) Ne)
3 i) f(é))—n:%:HSn(é)(fn(E) fn1(§)>+sN<a><fN(§) 1),
where -
Su(€) = arfr(©).
k=n

Next, we will show that there exists a constant Co = Ca(d, f) > 0 such that

RO O
2| @)~ )

Note that estimate gives a constant C3 = C3(6, f) > 0 such that,

o0

(48) < (.

SS[2) ] N iy e - oot +
n=1 fn(é) fnil(g) a n=1

Adding and substracting f™(¢) f*~1(¢) and applying estimate , we obtain . By assump-
tion, we can choose Ny such that |S,(§)] < ¢ if n > Np. This gives and finishes the
proof. O

Another turn of the screw of the methods in the proof of Theorem leads to our next
result which is formally, a generalization of Theorem An analogous result in the context of
lacunary series can be found in [KWW]. Given a sequence of complex numbers {b,,} let {>_ b, }
denote the set of accumulation points of its partial sums, that is,

e {Zbk ; mzn}.
n=1 \k

=1

Note that if {b,} tends to 0, then {>  b,} is a closed connected set of the extended complex
plane.

Theorem 4.2. Let f be a finite Blaschke product with f(0) = 0 which is not a rotation. Let
{an} be a sequence of complex numbers tending to 0 such that )" |ay| = co. Then, for any closed
connected set K of the extended complex plane, there exists a point £ € 0D such that

K= {Z anf"(§)}.

Proof of Theorem[/.3. Since the proof only requires an iteration of the ideas of the proof of
Theorem [1.1) we will only sketch it. Given the set K, let us consider a sequence {w,} of
complex numbers with |wy,+1 — w,| — 0 as n — oo, such that

K = ﬁl{wm :m >n}.

We use the notation Sy(§) = 27]:[:1 an f"(€). Using the methods in the proof of Theorem
one can construct a closed arc I; C D and an integer Ny so that for any £ € I, the partial sum
Sn, (€) is close to wy and Sy, (€) is not far from the segment [0, w;] for any 0 < m < Nj. Once
one has constructed this arc, using again the same argument, one constructs a closed subarc
I, C I and an integer Na > Nj such that for any & € I, the partial sum Sy, (§) is close to ws
and Sp,(§) is not far from the segment [wy, ws] for any N1 < m < Nj. Iterating this process and
taking £ € () I; one obtains the desired result. O
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Theorem has the corresponding counterpart in the context of radial behaviour of the
function Z an f". Given an analytic function g : D — C, the radial cluster set Cl.(g,&) of the
function g at the point £ € dD is defined to be

Cle(g,8) = [ {g(s€) = s >r}.

r<l

We will need the following easy consequence of Lemma [2.6

Lemma 4.3. Let f be a finite Blaschke product with f(0) = 0 which is not a rotation. Fix
0 <6 < (10max{|f'(¢)| : € € OD})~L. Then there exits a constant C = C (6, f) > 0 such that
the following statements hold.

(a) Given z € D let N(z) be the smallest positive integer such that m(fN®)(I1(z))) > 6. Then

N(z)

D anf"(2) = Y anf™(€)| < Csuplan|, €€ I(2).
n=1 n

n=1

(b) Fiz ¢ € OD. Given a positive integer N, consider ry = sup{0 <r <1 : m(fN(I(rf))) >
0}. Then

N 00
D anf ) =D anf (rné)| < Csup fay.
n=1 n=1 n

Proof. Apply Lemma to obtain a constant C' = C(4, f) > 0 such that
N(z)

2 lanllf™(€) = f1 () < Csuplanl, €€ 1(2).

n=1

The exponential decay given by Pommerenke’s result, provides a constant C; = C1(0) > 0
such that

oo

> M)l <

n=N(z)
This finishes the proof of (a). Part (b) follows similarly. O

Let {a,} be a sequence of complex numbers tending to 0 and F' = ) a, f™. Note that in the
previous Lemma we have that N(z) — oo as |z| = 1 and ry — 1 as N — oo. We deduce that
ClL-(F,&) = {D>_anf"(§)} for any & € OD. Hence next result follows from Theorem

Theorem 4.4. Let f and {a,} be as in Theorem and let F' be the analytic function defined
oo

by F(z) = Zanf"(z), z € D. Then, for any closed connected set K of the extended complex
n=1

plane there exists a point & € 0D such that Cl,.(F,§) = K.

We finally mention some related open problems we have not explored.

1. Let the function f and the coefficients {a,} be as in the statement of Theorem|[1.1] Fix w €
C. It is natural to study the size of the set E(w) of points { € 9D such that > a, f"(£) = w.
Note that if we assume Y |a,|? = oo, then Y a, f" is a function in the Bloch space that
has radial limit at almost no point of the unit circle (see [N]). In this situation Rohde
proved that the set

{g € oD : }iﬂz—:lanf"(rg) = w}

has Hausdorff dimension 1. See |[Ro]. It is also natural to ask for the size of the set of
points £ € 0D where the conclusion of Theorem [4.2] holds.
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2. Let F(z) = 3 a,z" be a lacunary power series with radius of convergence equals to 1,
such that > |a,| = co. Murai proved that for any w € C there are infinitely many z € D
such that F(z) = w ([Mu3]). It is natural to seek for analogus results in our context. More
concretely, let f and {a,} be as in the statement of Theorem Is it true that for any
w € C there exists z € D such that Y a, f"(z) = w?

3. The High Indices Theorem of Hardy and Littlewood provides a converse of Abel’s Theorem
in the setting of lacunary series. See [K]. Hence it is natural to ask for the converse of

Theorem [4.1]
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