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Abstract. The aim of this paper is to compute the homotopy fixed points of the
homotopy action described by unstable Adams operations on the classifying spaces
of unitary groups. The same technique can be applied to compute homotopy fixed
points of the action of certain automorphisms on p-compact groups called general-
ized Grassmannians. We use the description of Quillen Grassmannians to describe
the set of homotopy representations of elementary abelian p-groups into them.

Mathematics Subject Classification (2000): 55R35, 55R40, 20D20

1 Introduction

The concept of a p-compact group was introduced by Dwyer and Wilkerson [13] in
1994. These objects are the homotopy generalization of the notion of a Lie group.
A p-compact group is a triple (X,BX, e) where BX is a p-complete pointed con-
nected space, X is a space such that H ∗(X;Fp) is finite, and e : �BX → X is a
homotopy equivalence.

The first examples of p-compact groups are the p-completions (in the sense of
Bousfield-Kan [6]) of compact connected Lie groups and their classifying spaces.
The basic Leitmotiv in their study is the interpretation of properties of compact Lie
groups in purely homotopical terms ([12]) and their generalization to p-compact
groups. For example, they admit a maximal torus and a Weyl group which is a finite
p-adic pseudoreflection group.

One of the motivations for this work is the attempt of describing a p-compact
group analogue to the following statement for Lie groups, which can be found as an
exercise in [4, Exercise §5.4]. Let G be an almost simple compact Lie group with
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an action of an automorphism� andH the subgroup of elements ofG fixed by�.
Denote by H0 the component of H containing the unit. Under certain restrictions
on � (� preserves an ’épinglage’, see [4, Exercise §5.4]), the following hold:

1. If G is of type A2l for l ≥ 1 and � of order 2, then H0 is of type Bl .
2. If G is of type A2l−1 for l ≥ 2 and � of order 2, then H0 is of type Cl .
3. If G is of type Dl for l ≥ 4 and � of order 2, then H0 is of type Bl−1.

Roughly speaking, this statement tells us about what type of classical compact
Lie group you obtain when you consider the fixed points of a certain action on a
classical compact Lie group.

The idea of looking at homotopy fixed points of the action of Adams operations
on unitary groups goes back to Quillen [23] in his work on the K-theory of fields
of finite characteristic. He analyzes the homotopy fixed points of BU by the action
of stable Adams operations, and he shows that this homotopy fixed points have
the same integral homology as the classifying space of the infinite general linear
groups for certain finite fields. Using these techniques, some p-compact groups in
the family of generalized Grassmannians were first described in this article [23] as
the p-completion of classifying spaces of general linear groups over certain fields.

The generalized Grassmannians form a family of p-compact groups denoted by
(X(q, r, n), BX(q, r, n), e), where r|q|p − 1, whose Weyl groups are the p-adic
reflection groupsG(q, r, n) in the family 2a of the Clark-Ewing list [8]. In particu-
lar, some classical compact Lie groups (SO(n) and Sp(n)) give rise to generalized
Grassmannians when completed at p. A systematic description of the whole family
has been given recently by Notbohm [20].

Given a p-compact group X, a self map ψξ : BX→ BX is called an unstable
Adams operation of degree ξ ∈ Ẑp if ψξ extends (up to homotopy) the selfmap of
the classifying space of the maximal torus induced by ρ : (Ẑp)n→ (Ẑp)

n where ρ
is the homomorphism given by multiplication by ξ . WhenX is a generalized Grass-
mannian, the existence of unstable Adams operations is proved in [20, Sec. 7]. In
particular, if ξ ∈ (Ẑp)∗ is a primitive qth root of unity, there is an action of Z/qZ

on BX up to homotopy. When X is a generalized Grassmannian, the existence of
unstable Adams operations is proved in [20, Sec. 7].

The main results of this paper are the following ones. From now on, p is an odd
prime, q|p − 1, r|q, and q > 2.

Theorem 1.1. If Z/qZ ∼= 〈ψ〉 acts on BU(n)p̂ via unstable Adams operations of
order q, then

(BU(n)p̂)
hZ/qZ � BX(q, 1, [ n

q
])

where [m] denotes the greatest integer not greater than m.

Theorem 1.2. If Z/qZ ∼= 〈φ〉 acts on BX(q, r, n + 1) via an automorphism φ

which lifts to the maximal torus as idn×ψξ where ξ is a primitive qth root of unity,
then

BX(q, r, n+ 1)hZ/qZ � BX(q, 1, n).
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Recall that a space X is of finite Ẑp-type if it is p-complete and the homotopy
groups π∗(X) are of finite type over Ẑp.

Corollary 1.3. If Z is a space of finite Ẑp-type,

[Z,BU(n)p̂]Z/qZ = [Z,BX(q, 1, [ n
q

])],

[Z,BX(q, r, n+ 1)]Z/qZ = [Z,BX(q, 1, n)],

where the action of Z/qZ on BU(n)p̂ and BX(q, r, n+ 1) is defined in Theorems
1.1 and 1.2.

Corollary 1.4. There exists a mod p homotopy decomposition of H -spaces:

U(n)p̂ � X(q, 1, [ n
q

])× U(n)p̂/X(q, q, [ n
q

]),

X(q, r, n+ 1) � X(q, 1, n)× (S2rn−1)p̂.

The next corollary deals with the infinite unitary classifying space BUp̂. In [7]
there is a description of monomorphisms between generalized Grassmannians of
typeBX(q, 1, n)→ BX(q, 1, n+1)which allow to define a direct system and the
corresponding homotopy colimit BX(q). The above results related to homotopy
fixed points can be proved forBX(q) so that we recover Quillen’s splitting ofBUp̂.

Corollary 1.5. Let q|p − 1, there is a weak homotopy equivalence

	 : BX(q)→ (BUp̂)
hZ/qZ.

Finally, the description of Quillen Grassmannians in Theorem 1.1 allows us to
describe the set of homotopy representations of elementary abelian p-groups into
X(q, 1, n).

In Section 2 we include some preliminaries on the main properties and construc-
tion of generalized Grassmannians for completeness. Section 3 contains a discus-
sion of the method used to prove the main theorems. The proof of the main theorems
(Theorems 1.1 and 1.2) are given in Section 4. Section 5 is devoted to the action
of stable Adams operations (Corollary 1.5). Section 6 contains an analysis of the
representations of elementary abelian p-groups into generalized Grassmannians.

2 The family of generalized Grassmannians

This section is devoted to the description of a family of p-compact groups, namely
the generalized Grassmannians. The following definitions are due to Dwyer and
Wilkerson [13].

A morphism f : X → Y between p-compact groups is a pointed map Bf :
BX→ BY . We say that f is a monomorphism if the homotopy fiber ofBf (usually
denoted by Y/f (X) or simply by Y/X) is Fp-finite.

A p-compact torus is a triple of the form (T p̂, BT p̂, e) where T is a torus, that
is, BT p̂ � K(Ẑp, 2)n. Dwyer and Wilkerson ([13]) proved that every p-compact
group has a maximal torus i : T → X in the sense that the induced homomorphism
T → �Map(BT ,BX)Bi is an equivalence to the identity component.
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They define the Weyl space of a p-compact group. We can assume that the
inclusion of the maximal torus Bi : BT → BX is a fibration. The Weyl space WX

is the space of selfmaps f ofBT such thatBi ◦f = Bi. It is a topological monoid.
The Weyl groupWX is the group of components of the Weyl space,WX = π0(WX).
In the case X is connected, this group WX can be easily described as the set of all
homotopy classes of selfmaps ω : BT → BT such that Bi ◦ ω � Bi. Dwyer
and Wilkerson [13] proved that WX is a finite group and that the action of WX

on H 2(BT ; Ẑp) ⊗ Q induces a faithful representation of WX in GLn(Qp̂) as a
pseudoreflection group.

The classification of p-compact groups [2] for odd primes states that p-com-
pact groups are in bijective correspondence with finite pseudoreflection groups
over Ẑp. These groups have been classified by Notbohm [21] (using [11], and the
corresponding classifications of [8] over Qp̂, and [24] over C).

We briefly describe the groupsG(q, r, n). For any q > 1 such that q|p− 1, let
µq ⊂ C

∗ be the group of qth roots of unity. For any r|q|p − 1, define

A(q, r, n) = {(z1, . . . , zn) ∈ µnq |z1 · · · zn ∈ µq/r}.

The finite group G(q, r, n) is a split extension of �n by A(q, r, n)

G(q, r, n) ∼= A(q, r, n)��n

with�n acting onA(q, r, n) by permuting the factors. The groupG(q, r, n) can be
identified with a subgroup of GLn(Ẑp) when we fix an isomorphism µq ∼= Z/q.
GL(n, R) for any commutative group of qth roots of unity. The diagonal matrices
and matrices.

Generalized Grassmannians are p-compact groups (X,BX, e) whose Weyl
groups are the ones of type G(q, r, n) in the family 2a ([8]). Quillen Grassman-
nians are those with Weyl group G(q, 1, n) and they were first described in [23].
For each q and n Quillen describes a field k such that H ∗(BGLqn(k);Fp) ∼=
Fp[x1, . . . , xn]G(q,1,n). The p-completion of these spaces are p-compact groups
with Weyl group G(q, 1, n).

G(2, 2, n),G(2, 1, n),G(3, 3, 2),G(4, 4, 2) andG(6, 6, 2) are the Weyl groups
of the Lie groups SO(2n), SO(2n+ 1), SU(3), Sp(2) andG2. Observe that these
Weyl groups are conjugate to subgroups ofGLn(Z). In fact, they are the only ones
in this family that are realizable over Q2̂.

It is worth pointing out that G(1, 1, n) = �n but these groups of permutations
are not irreducible acting on (Ẑp)n in the natural way by permutations of the ele-
ments of a basis. However this is the Weyl group ofU(n). The groups in the families
1, 2b and 3 are also uniquely realizable as Weyl groups of p-compact groups.

We shall sketch the construction of generalized Grassmannians BX(q, r, n) by
Notbohm [20] which covers the realization of all groups in family 2a. Let G be a
finite group and let H be a family of subgroups ofG closed under conjugation. The
orbit category OH(G) associated to H is the category whose objects are the orbits
G/H for each H ∈ H and whose morphisms are the G-maps between the orbits,
HomG(G/H,G/K).
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We consider the family H of subgroups H ≤ G(q, r, n) conjugate to some
subgroup �(�) := �n1 × · · · × �ns ≤ �n ≤ G(q, r, n) for � = (n1, . . . , ns)

where n1 + · · · + ns = n and ni = pji for some ji ∈ N ∪ {0}.
There is a functor F : OH(G(q, r, n))→ hoTop to the homotopy category of

spaces defined by

F(G(q, r, n)/�(�)) = BU(�) := BU(n1)× · · · × BU(ns).
The functor F is defined on morphisms by using unstable Adams operations and
permutation of factors.

This functor lifts to the category of topological spaces Top in a way that the
following holds.

Theorem 2.1. [20] Fix any odd prime p, any r|q|(p − 1), and any n > 1. Let
G = G(q, r, n) and OH(G(q, r, n)) as above. Then there exists a functor

 : OH(G(q, r, n)) −→ Top

such that:

1. For any partition � = (n1, . . . , ns) of n into a powers of p,

(G/�(�)) � BU(�)p̂.
2. The composite H ∗(−;Zp̂) ◦ is isomorphic to the fixed point functor

G(q, r, n)/H � Zp̂[x1, . . . , xn]H .

3. If we set BX(q, r, n) := (hocolimOH(G(q,r,n)) )p̂ then

H ∗(BX(q, r, n);Fp) ∼= Fp[x1, . . . , xn]G(q,r,n).

Moreover, Notbohm [20] describes the set [BX(q, r, n), BX(q, r, n)] of homoto-
py classes of self maps of generalized Grassmannians. In particular he proves the
existence of certain maps described in the following proposition.

Proposition 2.2. [20]

1. For each a ∈ A(q, 1, n)/A(q, r, n) with representative (a1, . . . , an), there
exists a map

ϕa : BX(q, r, n)→ BX(q, r, n)

such that ϕ|BT n � ψa1 × · · · × ψan , where ψai are the corresponding Adams
operations associated to ai ∈ µq .

2. For each a ∈ (Ẑp)∗ there exists an unstable Adams operations

ψa : BX(q, r, n)→ BX(q, r, n).

In [7], the author analyzes the existence of several morphisms between gener-
alized Grassmannians which will be used in this paper.
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Theorem 2.3. [7] For r|q|p − 1, q > 2

1. There exists a monomorphism of p-compact groups

c : X(q, r, n)→ U(nq)p̂

such that ψa ◦ Bc � Bc where a ∈ µq .
2. There exists a monomorphism of p-compact groups �,

� : X(q, 1, n)→ X(q, r, n+ 1)

such that ϕa ◦ B� � B� for any a ∈ µr .
The homotopy type of the corresponding centralizers ([13]) described in the

next proposition will be used in the proof of Theorems 1.1 and 1.2.

Proposition 2.4.

Map(BX(q, r, n), BU(nq)p̂)Bc � ∗
Map(BX(q, 1, n), BX(q, q, n+ 1))B� � (BS1)p̂

Proof. The decomposition ofBX(q, r, n) as a homotopy colimit induces a descrip-
tion of the mapping space Map(BX(q, r, n), BU(nq)p̂)Bc as a homotopy inverse
limit,

holim
OH(G(q,r,n))

Map((�(�)), BU(nq)p̂)Bc

where(�(�)) � BU(�)p̂. The Bousfield-Kan spectral sequence [6] converging
to the homotopy groups of a homotopy inverse limit has E2-term

lim←− i
OH(G(q,r,n))

πj (Map((�(�)), BU(nq)p̂)Bc).

These higher limits are zero ([7, Proof of Theorem E]). Therefore the spectral
sequence collapses and

π∗(Map(BX(q, r, n), BU(nq)p̂)Bc) = 0.

In the case of Map(BX(q, 1, n), BX(q, q, n+ 1))B� ,

Map(BX(q, 1, n), BX(q,q, n+ 1))B�
� holim

OH(G(q,1,n))
Map((�(�)), BX(q, q, n+ 1))Bc

The E2-term of the corresponding spectral sequence is

lim←− i
OH(G(q,1,n))

πj (Map((�(�)), BX(q, q, n+ 1))B�).

These higher limits are computed in [7, Proof of Theorem B]. It turns out that all
vanish except for

lim←− 0
OH(G(q,1,n))

π2(Map(F (�(�)), BX(q, q, n+ 1))B�) = π2((BS
1)p̂) = Ẑp.

Therefore

Map(BX(q, 1, n), BX(q, q, n+ 1))B� � K(Ẑp, 2) � (BS1)p̂.

��
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3 Loop spaces and non-modular homotopy fixed points

Let X be a connected p-compact group with a G-action up to homotopy G →
[BX,BX] where G is a finite group of order prime to p. The obstruction theory
developed by Cooke [9] implies that we can always replace this homotopy action
by a topological action and assume that BX is a G-space. Moreover, this lift to a
topological action is unique in the sense that two lifts are homotopy equivalent by a
G-equivariant map. This obstruction theory is a special case of the obstruction the-
ory developed by Dwyer and Kan in [10] for a diagram indexed by the one-object
category in which G is the group of morphisms.

Assume that we have a good candidate Y for XhG, i.e. a connected p-compact
group Y with a G-equivariant map j into X(G acting trivially on Y )

BY
Bj→ BX.

The technique described in this section gives us conditions which assure thatBY �
BXhG and is based on the analysis of the homotopy fiber of Bj .

If F is the homotopy fibre of Bj then all the maps in the fibration F → BY
Bj→

BX areG-equivariant. Thus, it induces a fibration when taking the homotopy fixed
points:

FhG→ BYhG
BjhG−→ BXhG.

The Bousfield-Kan spectral sequence for the homotopy groups ofBYhG degen-
erates to π∗(BXhG) ∼= π∗(BX)G. This is a consequence of |G| being prime to p
andπ1(BX) being pro-p-groups (see [26]). In particular,BXhG is connected. Since
|G| is prime to p and acts trivially on Y it follows that

BYhG � Map(BG,BY) � BY.

The aim is to describe conditions which assure the contractibility of FhG. If
FhG � ∗ then BY and BXhG are homotopy equivalent.

In order to analyze the contractibility of FhG, we will proceed by studying its
free loop space. Notice that since a space Z is a retract of its free loop space�(Z),
the contractibility of �(Z) implies the contractibility of Z.

Lemma 3.1. Let F be a G-space and Lg(F ) defined by the following homotopy
pullback diagram

Lg(F ) � F

F
� (1, g)� F × F.

�

�

(1)

If g ∈ Z(G) then Lg(F )hG � �(FhG).
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Proof. If g ∈ Z(G) the maps in the pullback diagram (1) areG-equivariant. Since
taking homotopy fixed points is a homotopy inverse limit, it commutes with ho-
motopy pullbacks [6, Example XI.4.3] and it induces another pullback diagram,

(Lg(F ))
hG � FhG

FhG
�

(1, g)hG� (F × F)hG.

�hG

�

Notice that (F × F)hG � FhG × FhG. In fact, using the definition FhG =
MapG(EG,F), one can see that

MapG(EG,F × F) � MapG(EG,F)×MapG(EG,F)

withG acting diagonally onF×F . Moreover, the induced map�hG is the diagonal
map on the homotopy fixed points:

�hG = � : FhG→ FhG × FhG.
We claim that

(1, g)hG � � : FhG→ FhG × FhG.
The map (1, g)hG is defined using composition

(1, g)hG : MapG(EG,F)→ MapG(EG,F)×MapG(EG,F)

by (1, g)hG(f ) = (f, g · f ) = (f, f ◦ g) where g : EG → EG is the left
multiplication by g ∈ G and f is a G-equivariant map from EG to F .

If g ∈ Z(G) then the maps g, id : EG → EG are G-equivariant, hence are
G-homotopic by the universal property of EG ([15, Proposition 6.14]). It follows
that g ◦ f �G f and therefore (1, g)hG � �.

The proof finishes by remarking that

�(X) � holim(X
�→ X ×X �← X).

��
Remark 3.2. ([25]) Notice that Lg(F ) can be described by MapZ/nZ(S

1, F )where

n is the order of g and Z/nZ acts on S1 via e
2πi
n (compare the diagonal map�with

evaluation map at the boundary ev(0) × ev(1) : map(I, F )→ I × I ). For every
g ∈ G we obtain space Lg(F ).

For a general groupG not necessarily finite, if g is not of finite order, then one
can easily check that Lg(F ) � FhZ.

IfR is a unital and augmented algebra over a field k, we denote byµ : R⊗R→
R, η : k → R y ε : R → k the morphisms corresponding to the multiplication,
unit and augmentation respectively.
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Proposition 3.3. Let F be a p-complete G-space such that |G| is prime to p.
Assume that R := H ∗(F ;Fp) satisfies the following conditions:

1. There exists an algebra isomorphism κ : R⊗R→ R⊗R such that ε⊗id = µκ .
2. There exists g ∈ Z(G) such that µ(id⊗g∗)κ(id⊗η) : R → R is an isomor-

phism.

Then FhG � ∗.

Proof. According to Lemma 3.1 it suffices to show that Lg(F ) � ∗. The Eilen-
berg-Moore spectral sequence associated to the pullback diagram (1) has E2-term

E2 ∼= TorR⊗R(R,R)

and it converges to H ∗(Lg(F )).
The assumptions on R imply that κ(id⊗η) induces an isomorphism

([5, Corollary 6.5 ])

TorR⊗R(R,R) ∼= TorR(Fp, R)

where R is an R-module via µ(id⊗g∗)κ(id⊗η).
Since µ(id⊗g∗)κ(id⊗η) is an isomorphism, R is a free R-module and

TorR(Fp, R) = 0. Therefore Lg(F ) � ∗. ��

Remark 3.4. IfR ∼= �(a1, . . . , as)⊗Fp[b1, . . . , br ]/(b
p1
1 , . . . b

pr
r )where deg(ai)

is odd,deg(bi) is even andpi are powers ofp, the algebra isomorphismκ : R⊗R→
R ⊗ R given by

κ(ai ⊗ 1) = ai ⊗ 1− 1⊗ ai
κ(1⊗ ai) = 1⊗ ai
κ(bi ⊗ 1) = bi ⊗ 1− 1⊗ bi
κ(1⊗ bi) = 1⊗ bi

satisfies conditions in Proposition 3.3 1. Moreover µ(id⊗g∗)κ(id⊗η) = id−g∗.
These cases are considered in [5, Proof of Proposition 6.2].

Proposition 3.5. Let X be a p-complete G-space where |G| is prime to p. Let Y
be a p-complete space and let f : Y → X such that for every g ∈ G, g ◦ f � f .
Assume that π∗(Map(Y,X)f ) are pro-p-groups. If the homotopy fiber of f satisfies
the conditions in Proposition 3.3, then YhG � X.

Proof. The mapf : Y → X is equivariant up to homotopy (G acting trivially onY ).
That means that there is an induced action ofG on the corresponding component of
the mapping space Map(Y,X)f . The homotopy fixed point space (Map(Y,X)f )hG

is non-empty because π∗(Map(Y,X)f ) are pro-p-groups and (|G|, p) = 1. This
fact follows from [26] since

π0((Map(Y,X)f )
hG) = π0((Map(Y,X)f ))

G = ∗.
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There exists a map f ′ ∈ Map(X, Y )hG = Map(X, Y hG). The composite ev◦f ′
is homotopic to f by construction where ev : XhG → X is the evaluation map
which is equivariant. Moreover, ev ◦ f ′ is equivariant since ev is equivariant.

We can assume that f is equivariant. Applying homotopy fixed points to the
fibration sequence F → X → Y , we conclude that f hG : X → YhG is an
equivalence if FhG � ∗. Proposition 3.3 implies the result. ��

4 Non-modular homotopy fixed points on generalized Grassmannians

This section contains a proof of the main theorems, Theorem 1.1 and 1.2.
Let G be a compact Lie group. A p-toral subgroup P ⊂ G is called p-stub-

born if N(P )/P is finite and contains no nontrivial normal p-subgroups. Rp(G)

denotes the category whose objects are orbits G/P for each p-stubborn P ⊂ G

and Mor(G/P,G/P ′) is the set of allG-maps between the orbits. The main result
concerning this category is that the following map

hocolim
P∈Rp(G)

EG/P → BG

is an Fp-homology equivalence ([16]) where EG/P � BP .

Lemma 4.1.

Map(BU(n), BU(n+m))i �p Map(BU(n), BU(n)× BU(m))i1
where i is the standard inclusion and i1 is the inclusion in the first factor.

Proof. Using the modp decomposition of unitary groups viap-stubborn subgroups
[16] we obtain a decomposition of the mapping space as a homotopy inverse limit,

Map(BU(n), BU(n+m))[i] �p holim
Rp(U(n))

Map(EU(n)/P,BU(n+m)p̂)i

where [i] is the set of components of maps such that its restriction to every P ∈
Rp(U(n)) is homotopy equivalent to i(P ) : BP → BU(n). By the Dwyer-Zab-
rodsky Theorem for p-compact toral groups ([22]),

Map(EU(n)/P,BU(n+m)p̂)i � BCU(n+m)(i(P ))p̂.

Let ξ be a primitive pth root of unity. Notice that 〈ξ Idn〉 ⊂ Z(U(n)) ⊂ P for
every p-stubborn P < U(n). We have the inclusion

CU(n+m)(i(P )) ≤ CU(n+m)(i(ξ Idn)) = CU(n+m)(ξ Idn⊕Idm) = U(n)× U(m).

The last equality follows from the Schur lemma. Therefore,

CU(n+m)(i(P )) = CU(n)×U(m)(i(P )).



Quillen Grassmannians as non-modular homotopy fixed points 487

We may now consider the inclusion map U(n) × U(k) → U(n + k) which
induces a commutative map between diagrams

{Map(EU(n)/P,BU(n)× BU(k))Bi}Rp(U(n))

→ {Map(EU(n)/P,BU(n+ k))Bi}Rp(U(n)),

where the spaces are mod p homotopy equivalent.

Map(BP,B(U(n)× U(k)))Bi � BCU(n)×U(k)(i(P ))
� BCU(n+k)(i(P ))
� Map(BP,BU(n+ k))Bi .

This map between diagrams induces a homotopy equivalence between the corre-
sponding homotopy inverse limits up to p-completion:

Map(BU(n), BU(n+ k))Bi � Map(BU(n), BU(n)× BU(k))B(id)×c.
��

Corollary 4.2.

Map(BU(n)× BU(m), BU(n+m))⊕ �p BZ(U(n))× BZ(U(m)).
From now on we fix G := Z/qZ for simplicity.

Proposition 4.3. If s < q then

(BU(qn+ s)p̂)hG � (BU(qn)p̂)hG.
Proof. Consider the inclusion map Bi : BU(qn)p̂ → BU(qn+ s)p̂. Notice that it
is G-equivariant up to homotopy with respect to the action of the unstable Adams
operations G = 〈ψ〉 on both spaces. In order to rigidify this homotopy action, we
will deal with the Whitney sum map

BU(qn)p̂ × BU(s)p̂ ⊕→ BU(qn+ s)p̂
which is alsoG-equivariant up to homotopy withG acting diagonally onBU(qn)p̂×
BU(s)p̂. It suffices to show that the Whitney sum map lifts to aG-equivariant map
because its restriction to BU(qn)p̂ will gives us the desired G-equivariant map.

We can describe the above situation in terms of functors from a finite cate-
gory I. Let I be an index category with two objects {0, 1} and morphisms groups
MorI(0, 1) = G, EndI(0) = G and EndI(1) = G where the composition law is
given by right and left multiplication in G. Let F1 : I → HoTop be the functor
defined by F1(0) = BU(qn)p̂ × BU(s)p̂, F1(1) = BU(qn + s)p̂, F1(j) = ⊕.
It is a well-defined functor to the homotopy category of spaces. This I-diagram is
centric:

BZ(U(qn)× U(s)) � Map(BU(qn)× BU(s), BU(nq + s))⊕
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by Corollary 4.2. Then the obstructions to lifting F1 to the topological category of
spaces lie in

lim←− i+2
I
πi(BZ(−))

for i ≥ 1 ([27]). Since |G| is prime to p, the long exact sequence of higher limits
over categories with two objects [19, Example 13.7.4] shows the vanishing of these
higher limits hence there exists a lifting to the topological category. Two such lifts
are unique up to a natural transformation since the obstructions for the uniqueness
also vanish. We can assume that ψ ◦ ⊕ = ⊕ ◦ ψ .

We may now consider the fibration

FG→ (BU(qn)p̂)
hG→ (BU(qn+ s)p̂)hG

where F is the homotopy fibre of Bi. We will show that FhZ/qZ � ∗ by checking
conditions in Proposition 3.3.

The Eilenberg-Moore spectral sequence is a spectral sequence of commuta-
tive algebras {Er, dr} converging to H ∗(F ; k) where F is the fiber with E2 =
TorH ∗(BU(nq+s);Fp)(H ∗(BU(nq);Fp),Fp).

The use of this spectral sequence for computing the cohomology of homoge-
neous spaces has been discussed in [3]. It converges at theE2-page and theE2-term
can be computed using the description in [3, Lemma 4.11]. Roughly speaking, it is
an exterior algebra on the desuspension of the kernel of Bi∗ tensor the cokernel of
Bi∗,

H ∗(F ) ∼= �(e1, . . . , es)

where deg(ei) = 2(n + i) − 1. Moreover, the naturality of the Eilenberg-Moore
spectral sequence shows that the induced map in cohomology id−ψ2n−1 =
(1 − ξn)· : H 2n−1(F ) → H 2n−1(F ) is an isomorphism, where ξ is a qth root
of unity modulo p. ��
Corollary 4.4. If n < q and Z/qZ = 〈ψ〉 is generated by an unstable Adams
operation of order q|p − 1 then

(BU(n)p̂)
hZ/qZ � ∗.

Proof of Theorem 1.1. The complexification map c ([7], Theorem 2.3)

Bc : BX(q, 1, n)→ BU(qn)p̂

is a G-equivariant map up to homotopy, where G acts trivially on BX(q, q, n).
By Proposition 2.4, the mapping space

Map(BX(q, 1, n), BU(nq)p̂)Bc � ∗
is p-complete hence c can be lifted to a map which isG-equivariant on the nose in
a unique way (up to G-equivariant homotopy). The homotopy fiber of Bc satisfies
conditions in Proposition 3.3 ([7, Proof of Theorem E]). Note that id−ψ2m−1 =
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(1 − ξm)· is an isomorphism by the naturality of the Eilenberg-Moore spectral
sequence. Therefore Bc induces a homotopy equivalence

BX(q, 1, n) � (BU(nq)p̂)hG.

Finally

BU(nq + s)hG � BU(nq)hG � BX(q, 1, n)

where the first equivalence follows from Proposition 4.3. ��

Proof of Theorem 1.2. The monomorphism � ([7], Theorem 2.3)

B� : BX(q, 1, n)→ BX(q, q, n+ 1)p̂

is a G-equivariant map up to homotopy, where G acts trivially on BX(q, 1, n).
By Proposition 2.4, the homotopy groups π∗(Map(BX(q, 1, n), BX(q, q, n+

1))B�) are pro-p-groups. The homotopy fiber of B� satisfies conditions in Prop-
osition 3.3 (see [7, Proposition 3.1]). Note that id−ψ2m−1 = (1 − am)· is an
isomorphism by the naturality of the Eilenberg-Moore spectral sequence. There-
fore B� induces a homotopy equivalence

BX(q, 1, n) � BX(q, q, n+ 1)hG.

��

Proof of Corollary 1.3. This result is an immediate consequence of the formula
map(X, YhG) = map(X, Y )hG and the fact that π∗(XhG) = π∗(X)G when π∗(X)
is a pro-p-group andp does not divide |G| (see [26]). Notice thatBX(q, r, n+1) and
BU(n)p̂ are p-complete, nilpotent and of finite Ẑp-type. These properties assure
that the homotopy groups π1(Map(X,BU(n)p̂)f ) and π1(Map(X,BX(q, r, n +
1)p̂)f ) are pro-p-groups when X is of finite Ẑp-type (see [26, Lemma 4]). ��

Proof of Corollary 1.4. The inclusion of the homotopy fibre U(n)p̂/X(q, 1, [ n
q

])
of Bc into BX(q, 1, [ n

q
]) is homotopic to the constant map by Corollary 1.3. Then

the fibration

X(q, 1, [ n
q

])→ U(n)p̂ → U(n)p̂/X(q, 1, [ n
q

])

has a section which induces the corresponding mod p decomposition.
The same argument applies to prove that there exists a homotopy decomposition

X(q, r, n+ 1) �p X(q, 1, n)×X(q, r, n+ 1)/X(q, 1, n).

Finally, the homogeneous spaceX(q, r, n+1)/X(q,1, n) is homotopic to (S2rn−1)p̂
([7, Corollary 3.3]). ��

For classical compact Lie groups (that is, p odd and q = 2) this splitting is the
mod p homotopy decomposition given by Harris in [17].
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5 Adams maps on stable exotic Grassmannians

The monomorphisms studied in [7] between generalized Grassmannians led to the
definition of the infinite generalized Grassmannian

BX(q) := hocolim
N

BX(q, 1, n).

The complexification morphisms Bc : BX(q, 1, n) → BU(nq)p̂ induce a mor-
phism Bc : BX(q) → BUp̂ between the corresponding homotopy direct limits.
These monomorphismsBc areG-equivariant therefore this map is homotopy equi-
variant with respect to the action of the unstable Adams’ operation of order q on
BUp̂. Thus, we have a factorization

Bc : BX(q)→ (BUp̂)
hZ/qZ.

Proof of Corollary 1.5. On the one hand the homotopy groups π∗(BUp̂) are the
direct limit colim π∗(BU(n)p̂) induced by the inclusion maps between unitary
groups. On the other hand, from Corollary 1.3 we know that π∗(BX(q, 1, n)) =
π∗(BU(nq)p̂)G. Note thatMG is the inverse limit ofM over the category with one
object and G as the automorphism group. Because of the interchange property of
higher limits [18, Theorem IX.2.1], Bc induces an isomorphism in the homotopy
groups. ��
Corollary 5.1.

πi(BX(q)) =
{

Ẑp i ≡ 0 mod 2q
0 otherwise

Proof. By the formula πi(BX(q)) ∼= πi(BUp̂)
Z/qZ, the task is now to describe

the action of the Adams’ operation on π2i (BUp̂), that is on the p-adic K-theory of
the spheres. From Adams’ paper on vector fields on spheres [1], we know that this
action corresponds to multiplication by ξ i on π2i (BUp̂) where ξ is a p-adic qth
root of the unity. An easy computation finishes the proof. ��

The referee pointed out that for q = p − 1, the inclusion BX(q) → BUp̂ is
the p-completion of the map induced on zero-spaces by the spectrum inclusion of
the Adams summand l → ku , where π∗(l) = Z(p)[v1].

6 Homotopy representations of elementary abelian p-groups

This section contains a description of the homotopy representations of elementary
abelian p-groups into generalized Grassmannians.

The complex irreducible representations of BV = B(Z/pZ)n are 1-dimen-
sional and they can be described in the following way:

	a1,... ,an : (Z/pZ)n→ S1,

where 	a1,... ,an(x1, . . . , xn) = exp(2π(a1x1 + · · · + anxn)/p) for all ai with
0 ≤ ai ≤ p − 1. By the Dwyer-Zabrodsky theorem [14], there is a bijection
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[BV,BS1] ∼= IRep(V ) where IRep is the set of complex irreducible representa-
tions of V . Therefore, the unstable Adams operations of order q|p − 1 act on the
set IRep. This action can be described explicitly: if ξ is a qth root of unity, consider
0 ≤ ξ̄ ≤ p − 1 such that ξ̄ = ξ modulo p. Then

ψξ ·	a1,... ,an = 	ξ̄a1,... ,ξ̄an
.

This action extends to an action on the set Rep(V ,U(n)) by linearality.

Proposition 6.1. Let V be an elementary abelian p-group. There is a bijection

[BV,BX(q, 1, n)] ∼= Rep(V ,U(qn))ψ
ξ

,

where ψξ are unstable Adams operations of order q defined on complex represen-
tations.

Proof. By Corollary 1.3 there is a bijection

[BV,BX(q, 1, n)]→ [BV,BU(qn)]ψ
ξ

.

Then proposition follows from the Dwyer-Zabrodsky theorem [14],

[BV,BU(qn)] ∼= Rep(V ,U(qn)).

��

Remark 6.2. The action of Z/qZ on the irreducible representations of V fixes the
trivial representation and defines p−1

q
orbits, each of cardinality q. In particular,

the set

Rep(V ,X(q, 1, 1)) := [BV,BX(q, 1, 1)] ∼= [BV,BU(q)]Z/qZ

consists of the trivial representation and the orbits of the irreducible non-trivial
representations of V .

In general, we can state that any homotopy representation of V into X(q, 1, n)
splits as a direct sum of irreducible homotopy representations
IRep(V ) = [V,X(q, 1, 1)] where X(q, 1, 1) is the Sullivan sphere (S2q−1)p̂.

Let Y and X be a p-compact groups. The set of representations Rep(X, Y )
is given by [BX,BY ], homotopy classes of free maps. We say that a homotopy
representation f ∈ Rep(Y,X(q, q, n)) splits as a direct sum of homotopy repre-
sentations if f factors through a product of generalized Grassmannians. We say
that a homotopy representation is irreducible if it does not split as direct sum of
nontrivial homotopy representations.

It is known that complex representations of finite groups split as a direct sum
of irreducible representations. The following result may be proved using the above
discussion and it expresses the analogy with the situation for complex and real
representations of finite groups.
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Corollary 6.3. Let V be an elementary abelian p-groups. Any homotopy repre-
sentation f ∈ Rep(V ,X(q, 1, n)) splits as a direct sum of irreducible homotopy
representations. Moreover, the set of irreducible homotopy representations of V
into (S2q−1)p̂ is [BV,BU(q)]Z/qZ.

Acknowledgements. The author is greatly indebted to Carlos Broto for several helpful
comments concerning Section 3 and wishes to express her thanks to Jesper Møller for
pointing out the existence of the above mentioned exercise in [4] and helpful suggestions
to improve results in Section 4. We also thank the referees for their careful reading and
many suggestions.

References

1. Adams, F.: Vector fields on spheres. Ann. of Math. 75(3), 603–632 (1962)
2. Andersen, K., Grodal, J., Møller, J., Viruel, A.: The classification ofp-compact groups

for p odd. Preprint arXiv:math.AT/0302346
3. Baum, B.F.: On the cohomology of homogeneous spaces. Topology 7, 15–38 (1968)
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