EXTENSIONS OF p-LOCAL FINITE GROUPS
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ABSTRACT. A p-local finite group consists of a finite p-group S, together with a pair
of categories which encode “conjugacy” relations among subgroups of .S, and which
are modelled on the fusion in a Sylow p-subgroup of a finite group. It contains enough
information to define a classifying space which has many of the same properties as
p-completed classifying spaces of finite groups. In this paper, we study and classify
extensions of p-local finite groups, and also compute the fundamental group of the
classifying space of a p-local finite group.

A p-local finite group consists of a finite p-group S, together with a pair of categories
(F, L), of which F is modeled on the conjugacy (or fusion) in a Sylow subgroup of a
finite group. The category L is essentially an extension of F and contains just enough
extra information so that its p-completed nerve has many of the same properties as
p-completed classifying spaces of finite groups. We recall the precise definitions of these
objects in Section 1, and refer to [BLO2| and [5A1] for motivation for their study.

In this paper, we study extensions of saturated fusion systems and of p-local finite
groups. This is in continuation of our more general program of trying to understand to
what extent properties of finite groups can be extended to properties of p-local finite
groups, and to shed light on the question of how many (exotic) p-local finite groups
there are. While we do not get a completely general theory of extensions of one p-local
finite group by another, we do show how certain types of extensions can be described
in manner very similar to the situation for finite groups.

From the point of view of group theory, developing an extension theory for p-local
finite groups is related to the question of to what extent the extension problem for
groups is a local problem, i.e., a problem purely described in terms of a Sylow p-
subgroup and conjugacy relations inside it. In complete generality this is not the
case. For example, strongly closed subgroups of a Sylow p-subgroup S of G need not
correspond to normal subgroups of G. However, special cases where this does happen
include the case of existence of p-group quotients (the focal subgroup theorems, see
[Go, §87.3-7.4]) and central subgroups (described via the Z*-theorem of Glauberman
[G1]).

From the point of view of homotopy theory, one of the problems which comes up
when looking for a general theory of extensions of p-local finite groups is that while
an extension of groups 1 — K — I' — G — 1 always induces a (homotopy) fibration
sequence of classifying spaces, it does not in general induce a fibration sequence of
p-completed classifying spaces. Two cases where this does happen are those where
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GG is a p-group, and where the extension is central. In both of these cases, BH 2 is
the homotopy fiber of the map BT} —— BG)). Thus, also from the point of view
of homotopy theory, it is natural to study extensions of p-local finite groups with p-
group quotient, and to study central extensions of p-local finite groups. The third
case we study is that of extensions with quotient of order prime to p; and the case
of p and p’-group quotients to some extent unify to give a theory of extensions with
p-solvable quotient. Recall in this connection that by a previous result of ours [5A1,
Proposition C], solvable p-local finite groups all come from p-solvable groups. In all
three of these situations, we develop a theory of extensions which parallels the situation
for finite groups.

We now describe the contents of this paper in more detail, stating simplified versions
of our main results on extensions. Stronger and more precise versions of some of these
theorems will be stated and proven later.

In Section 3, we construct a very general theory of fusion subsystems (Proposition
3.8) and linking subsystems (Theorem 3.9) with quotient a p-group or a group of order
prime to p. As a result we get the following theorem (Corollary 3.10), which for a
p-local finite group (S,F, L), describes a correspondence between covering spaces of
the geometric realization |£| and certain p-local finite subgroups of (S, F, L).

Theorem A. Suppose that (S, F, L) is a p-local finite group. Then there is a normal
subgroup H < w1 (|L]|) which is minimal among all those whose quotient is finite and p-
solvable. Any covering space of the geometric realization |L| whose fundamental group
contains H is homotopy equivalent to |L'| for some p-local finite group (S',F',L'),
where 8" < S and F' C F.

Moreover, the p-local finite group (S, F’, L") of Theorem A can be explicitly de-
scribed in terms of £, as we will explain in Section 3.

In order to use this theorem, it is useful to have ways of finding the finite p-solvable
quotients of m(|£]). This can be done by iteration, using the next two theorems. In
them, the maximal p-group quotient of 7;(|£|), and the maximal quotient of order
prime to p, are described solely in terms of the fusion system F.

When G is an infinite group, we define OP(G) and O” (G) to be the intersection
of all normal subgroups of G of p-power index, or index prime to p, respectively.
These clearly generalize the usual definitions for finite G (but are not the only possible
generalizations).

Theorem B (Hyperfocal subgroup theorem for p-local finite groups). For a p-local
finite group (S, F, L), the natural homomorphism

§ —— m(IL))/O"(m(L]) = m(I£]y)

15 surjective, with kernel equal to

O%(95) o g talg) e S } g€ P <S, aec OP(Autg(P))).

For any saturated fusion system F over a p-group S, we let OP (F) C F be the
smallest fusion subsystem of F (in the sense of Definition 1.1) which contains all
automorphism groups O (Autz(P)) for P < S. Equivalently, O (F) is the smallest
subcategory of F with the same objects, and which contains all restrictions of all
automorphisms in F of p-power order. This subcategory is needed in the statement of
the next theorem.
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Theorem C. For a p-local finite group (S,F, L), the natural map
Outz(S) ——— m(|£])/0” (m(|£]))
18 surjective, with kernel equal to

Outl(S def (a € Outz(S) ’O[|P € Morop/(f)(P, S), some F-centric P < §).

Theorem B is proved as Theorem 2.5, and Theorem C is proved as Theorem 5.5.

In fact, we give a purely algebraic description of these subsystems of “p-power in-
dex” or of “index prime to p” (Definition 3.1), and then show in Sections 4.1 and 5.1
that they in fact all arise as finite covering spaces of |£| (see Theorems 4.4 and 5.5).
Subsystems of fusion systems of index prime to p were earlier studied by Puig [Pul],
using somewhat different arguments and terminology. He showed that there is a min-
imal such subsystem (which he calls the “adjoint” subsystem), and gave an algebraic
construction of intermediate ones. Later, independently of us, Puig [Pu3] also studied
subsystems of p-power index under the assumption that there is an associated linking
system.

In addition to the above results on subsystems, we also establish, in Sections 4.2 and
5.2, “converse” results about extensions of p-local finite groups of p-power index or of
index prime to p. These include the following theorem.

Theorem D. Let (S,F, L) be a p-local finite group. Suppose we are given a fibration
sequence |£|£ —— F —— BG, where G is a finite p-group or has order prime to p.
Then there exists a p-local finite group (', F', L") such that |L'|} ~ E7).

This is shown as Theorems 4.7 and 5.8. Moreover, when G is a p-group, we give in
Theorem 4.7 an explicit algebraic construction of the p-local finite group (S', F', L').
In the setting of saturated fusion systems, extensions by finite groups of order prime
to p were earlier constructed by Puig in [Pul, Theorem 2.17].

Finally, in Section 6, we develop the theory of central extensions of p-local finite
groups. Our main results there (Theorems 6.8 and 6.13) give a more elaborate version
of the following theorem. Here, the center of a p-local finite group (S, F, £) is defined
to be the subgroup of elements x € Z(5) such that a(x) = z for all a € Mor(F°).

Theorem E. Suppose that A is a central subgroup of a p-local finite group (S, F,L).
Then there exists a canonical quotient p-local finite group (S/A, F/A,LJA), and the
canonical projection of |L| onto |L/A| is a principal fibration with fiber BA.

Conversely, for any principal fibration £ —— |£| with fiber BA, where A is a finite

abelian p-group, there exists a p-local finite group (S .7-" E) such that \/3| E. Further-

more, this correspondence sets up a 1 — 1 correspondence between central extensions of
L by A and elements in H*(|L]; A).

One motivation for this study was the question of whether extensions of p-local finite
groups coming from finite groups can produce exotic p-local finite groups. In the case
of central extensions, we are able to show that (S,F,L) comes from a finite group
if and only if (S/A,F/A,L/A) comes from a group (Corollary 6.14). For the other
types of extensions studied in this paper, this is still an open question. We have so
far failed to produce exotic examples in this way, and yet we have also been unable to
show that exotic examples cannot occur. This question seems to be related to some
rather subtle and interesting group theoretic issues relating local to global structure;
see Corollary 4.8 for one partial result in this direction.
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This paper builds on the earlier paper [5A1] by the same authors, and many of the
results in that paper were originally motivated by this work on extensions.

The authors would like to thank the University of Aberdeen, Universitat Autonoma
de Barcelona, Université Paris 13, and Aarhus Universitet for their hospitality. In
particular, the origin of this project goes back to a three week period in the spring of
2001, when four of the authors met in Aberdeen.

1. A QUICK REVIEW OF p-LOCAL FINITE GROUPS

We first recall the definitions of a fusion system, and a saturated fusion system, in
the form given in [BLO2]. For any group G, and any pair of subgroups H, K < G, we
set

No(H,K)={r € G|xHx"' < K},
let ¢, denote conjugation by z (c.(g) = zgx™!), and set
Homg(H, K) = {¢, € Hom(H,K) |z € No(H,K)} = Ng(H,K)/Cq(H).
By analogy, we also write
Aut(H) = Homg(H, H) = {c, € Aut(H) |z € Ng(H)} = N¢(H)/Ca(H).

Definition 1.1 ([Pul] and [BLO2, Definition 1.1]). A fusion system over a finite p-
group S is a category F, where Ob(F) is the set of all subgroups of S, and which
satisfies the following two properties for all P,Q) < S':

e Homg(P, Q) C Homg(P, Q) C Inj(P,Q); and

e cach ¢ € Homg(P,Q) is the composite of an isomorphism in F followed by an
inclusion.

The following additional definitions and conditions are needed in order for these
systems to be very useful. If F is a fusion system over a finite p-subgroup S, then two
subgroups P, () < S are said to be F-conjugate if they are isomorphic as objects of the
category F.

Definition 1.2 ([Pul], see [BLO2, Def. 1.2]). Let F be a fusion system over a p-group
S.

o A subgroup P < S is fully centralized in F if |Cs(P)| > |Cs(P’')| for all P' < S
which is F-conjugate to P.

o A subgroup P < S is fully normalized in F if |[Ng(P)| > |Ng(P")| for all P < S
which is F-conjugate to P.

e F is a saturated fusion system if the following two conditions hold:

(I) For all P < S which is fully normalized in F, P is fully centralized in F and
Autg(P) € Syl,(Autz(P)).

(IT) If P < S and ¢ € Homxz(P,S) are such that ¢P is fully centralized, and if we
set

N, ={g € Ns(P) |pcyp™" € Auts(oP)},
then there is o € Homg(N,, S) such that @|p = ¢.



EXTENSIONS OF P-LOCAL FINITE GROUPS 5

If G is a finite group and S € Syl,(G), then by [BLO2, Proposition 1.3], the category
Fs(G) defined by letting Ob(Fs(G)) be the set of all subgroups of S and setting
Morz, ) (P, Q) = Homg (P, Q) is a saturated fusion system.

An alternative pair of axioms for a fusion system being saturated have been given
by Radu Stancu [St]. He showed that axioms (I) and (II) above are equivalent to the
two axioms:

(I') Inn(S) € Syl,(Autz(95)).
(II') If P < S and ¢ € Homg(P, S) are such that ¢ P is fully normalized, and if we set
N, ={g € Ns(P)|pcyp™" € Auts(pP)},
then there is ¢ € Homz(N,,, S) such that ¢|p = .

The following consequence of conditions (I) and (II) above will be needed several
times throughout the paper.

Lemma 1.3. Let F be a saturated fusion system over a p-group S. Let P, P’ < S be
a pair of F-conjugate subgroups such that P’ is fully normalized in F. Then there is a
homomorphism o € Homg(Ng(P), Ng(P')) such that a(P) = P'.

Proof. This is shown in [BLO2, Proposition A.2(b)]. O

In this paper, it will sometimes be necessary to work with fusion systems which are
not saturated. This is why we have emphasized the difference between fusion systems,
and saturated fusion systems, in the above definitions.

We next specify certain collections of subgroups relative to a given fusion system.

Definition 1.4. Let F be a fusion system over a finite p-subgroup S.

e A subgroup P < S is F-centric if Cs(P") = Z(P') for all P < S which is F-
conjugate to P.

o A subgroup P < S is F-radical if Outz(P) is p-reduced; i.e., if O,(Outz(P)) = 1.

e For any P < S which is fully centralized in F, the centralizer fusion system Cz(P)
is the fusion system over Cs(P) defined by setting

Home, (p)(Q, Q') = {alg | @ € Homz(QP,Q'P), a|p =1dp, a(Q) < Q'}.

A subgroup P < S is F-quasicentric if for all P' < S which is F-conjugate to P and
fully centralized in F, Cx(P') is the fusion system of the p-group Cs(P').

o F¢ C F? C F denote the full subcategories of F whose objects are the F-centric
subgroups, and F-quasicentric subgroups, respectively, of S.

If 7 = Fs(G) for some finite group G, then P < S is F-centric if and only if
P is p-centric in G (i.e., Z(P) € Syl (C¢(P))), and P is F-radical if and only if
Ng(P)/(P-Cg(P)) is p-reduced. Also, P is F-quasicentric if and only if C(P) contains
a normal subgroup of order prime to p and of p-power index.

In fact, when working with p-local finite groups, it suffices to have a fusion system
F¢ defined on the centric subgroups of S, and which satisfies axioms (I) and (II) above
for those centric subgroups. In other words, fusion systems defined only on the centric
subgroups are equivalent to fusion systems defined on all subgroups, as described in
the following theorem.
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Theorem 1.5. Fizx a p-group S and a fusion system F over S.

(a) Assume F is saturated. Then each morphism in F is a composite of restrictions
of morphisms between subgroups of S which are F-centric, F-radical, and fully
normalized in F. More precisely, for each P, P' < S and each ¢ € Isoz(P, P'), there
are subgroups P = Py, Py,..., P, = P', subgroups Q; > (P,_1,F;) (i =1,...,k)
which are F-centric, F-radical, and fully normalized in F, and automorphisms
;i € Autx(Q;), such that p;(Pi_1) = P; for alli and ¢ = @go---op1|p.

(b) Assume conditions (I) and (II) in Definition 1.2 are satisfied for all F-centric sub-
groups P < S. Assume also that each morphism in F is a composite of restrictions
of morphisms between F-centric subgroups of S. Then F is saturated.

Proof. Part (a) is Alperin’s fusion theorem for saturated fusion systems, in the form
shown in [BLO2, Theorem A.10]. Part (b) is a special case of [5A1, Theorem 2.2]: the
case where H is the set of all F-centric subgroups of S. U

Theorem 1.5(a) will be used repeatedly throughout this paper. The following lemma
is a first easy application of the theorem, and provides a very useful criterion for a
subgroup to be quasicentric or not.

Lemma 1.6. Let F be a saturated fusion system over a p-group S. Then the following
hold for any P < S.

(a) Assume that P < Q < P-Cs(P) and Id # « € Autz(Q) are such that o|p = Idp
and o has order prime to p. Then P is not F-quasicentric.

(b) Assume that P is fully centralized in F, and is not F-quasicentric. Then there are
P <@ < P-Cs(P) and 1d # o € Autz(Q) such that Q is F-centric, o|p = Idp,
and o has order prime to p.

Proof. (a) Fix any P’ which is F-conjugate to P and fully centralized in F. By axiom
(IT), there is ¢ € Homg#(@Q, S) such that (P) = P’; set Q' = ¢(Q). Thus goa@‘l\(;@,(p/)
is an automorphism in Cz(P’) whose order is not a power of p, so Cz(P’) is not the
fusion system of Cis(P’), and P is not F-quasicentric.

(b) Assume that P is fully centralized in F and not F-quasicentric. Then Cx(P)
strictly contains the fusion system of Cs(P) (since C'x(P’) is isomorphic as a category
to Cx(P) for all P’ which is F-conjugate to P and fully centralized in F). Since Cz(P)
is saturated by [BLO2, Proposition A.6], Theorem 1.5(a) implies there is a subgroup
@ < Cs(P) which is Cx(P)-centric and fully normalized in Cx(P), and such that
Aute, (p)(Q) 2 Autegp)(Q). Since Q is fully normalized, Autegp)(Q) is a Sylow p-
subgroup of Aute,(py(Q), and hence this last group is not a p-group. Also, by [BLO2,
Proposition 2.5(a)], PQ is F-centric since @ is Cx(P)-centric. O

Since orbit categories — both of fusion systems and of groups — will play a role in

certain proofs in the last three sections, we define them here.

Definition 1.7. (a) If F is a fusion system over a p-group S, then O°(F) (the centric
orbit category of F) is the category whose objects are the F-centric subgroups of
S, and whose morphism sets are given by

Moroe(5) (P, Q) = Reps(P, Q) & Q\ Homs(P, Q).
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Let Zg: O(F) —— Zgy-mod be the functor which sends P to Z(P) and [p] (the
class of ¢ € Homz(P,Q)) to Z(Q) e, (P).

(b) If G is a finite group and S € Syl,(G), then O§(G) (the centric orbit category of
G) is the category whose objects are the subgroups of S which are p-centric in G,
and where

MOI‘O%(G’)(Pv Q) = Q\NG’(Pv Q) = MapG(G/P7 G/Q)
Let Zg: O4(G) —— Zgy-mod be the functor which sends P to Z(P) and [g] (the
class of g € Ng(P,Q)) to conjugation by g—*.

We now turn to linking systems associated to abstract fusion systems.

Definition 1.8 ([BLO2, Def. 1.7]). Let F be a fusion system over the p-group S.
A centric linking system associated to F is a category L whose objects are the F-
centric subgroups of S, together with a functor w: L —— F¢, and “distinguished”

monomorphisms P e, Aut,(P) for each F-centric subgroup P < S, which satisfy
the following conditions.

(A) 7 is the identity on objects. For each pair of objects P,QQ € L, Z(P) acts freely
on Morz (P, Q) by composition (upon identifying Z(P) with 6p(Z(P)) < Autz(P)),
and 7 induces a bijection

Morz(P,Q)/Z(P) ———— Homg(P, Q).
(B) For each F-centric subgroup P < S and each x € P, w(0p(z)) = ¢, € Autg(P).

(C) For each f € Morz(P,Q) and each x € P, the following square commutes in L:
f

P———Q

jép(:v) PQ(WU)(%))
p—L .q
A p-local finite group is defined to be a triple (S, F, L), where S is a finite p-group,
F is a saturated fusion system over S, and L is a centric linking system associated to
F. The classifying space of the triple (S, F, L) is the p-completed nerve |L]).

For any finite group G with Sylow p-subgroup S, a category L§(G) was defined in
[BLO1], whose objects are the p-centric subgroups of G, and whose morphism sets are
defined by

Morg(a) (P, @) = Na (P, Q)/O"(Ca(P)).
Since Cg(P) = Z(P) x OP(Cg(P)) when P is p-centric in G, LE(G) is easily seen
to satisfy conditions (A), (B), and (C) above, and hence is a centric linking system
associated to Fg(G). Thus (S, Fs(G), LL(G)) is a p-local finite group, with classifying
space |LG(G)|) ~ BG)) (see [BLO1, Proposition 1.1]).

It will be of crucial importance in this paper that any centric linking system asso-
ciated to F can be extended to a quasicentric linking system; a linking system with
similar properties, whose objects are the F-quasicentric subgroups of S. We first make
more precise what this means.

Definition 1.9. Let F be any saturated fusion system over a p-group S. A quasicentric
linking system associated to F consists of a category L? whose objects are the F-
quasicentric subgroups of S, together with a functor m: LI —— F9, and distinguished



8 C. BROTO, N. CASTELLANA, J. GRODAL, R. LEVI, & B. OLIVER

monomorphisms
P-Cs(P) —2— Autgd(P),
which satisfy the following conditions.

(A), 7 is the identity on objects and surjective on morphisms. For each pair of objects
P,Q € L% such that P is fully centralized, Cs(P) acts freely on Morzq(P, Q) by
composition (upon identifying Cs(P) with dp(Cs(P)) < Autzq(P)), and 7 induces
a bijection

Mor (P, Q)/Cs(P) ———— Homy(P, Q).

(B), For each F-quasicentric subgroup P < S and each g € P, ® sends dp(g) €
Autze(P) to ¢, € Autz(P).

(C)q For each f € Morga(P,Q) and each v € P, fodp(x) = do(n(f)(z)) o f in
Morq (P, Q).

(D), For each F-quasicentric subgroup P < S, there is a morphism vp € Morzq(P, S)
such that 7(vp) = inclp € Hom(P, S), and such that for each g € P-Cs(P), 6s(g) o
Lp = Llpo 5]3(9) m MOI"Eq(P, S)

If P and P’ are F-conjugate and F-quasicentric, then for any @ < S, Morzq(P, Q) =
Morgq(P’, Q) and Homg(P,Q) = Homz(P',Q), while the centralizers Cs(P) and
Cs(P’) need not have the same order. This is why condition (A), makes sense only if
we assume that P is fully centralized; i.e., that Cs(P) is as large as possible. When
P is F-centric, then this condition is irrelevant, since every subgroup P’ which is
F-conjugate to P is fully centralized (Cg(P’) = Z(P') = Z(P)).

Note that (D), is a special case of (C), when P is F-centric; this is why the axiom
is not needed for centric linking systems. We also note the following relation between
these axioms:

Lemma 1.10. In the situation of Definition 1.9, axiom (C), implies axiom (B),.

Proof. Fix an F-quasicentric subgroup P < S, and an element g € P. We apply (C),
with f = 0p(g). For each x € P, if we set y = 7(dp(g))(x), then dp(g) o dp(z) =
dp(y) o dp(g). Since Jp is an injective homomorphism, this implies that gz = yg, and
thus that y = c,(z). So 1(dp(g)) = ¢4 O

When (S, F,L) is a p-local finite group, and L£? is a quasicentric linking system
associated to F, then we say that L9 extends L if the full subcategory of L£? with
objects the F-centric subgroups of S is isomorphic to £ via a functor which commutes
with the projection functors to F and with the distinguished monomorphisms. In
[5A1, Propositions 3.4 & 3.12], we constructed an explicit quasicentric linking system
L9 associated to F and extending £, and showed that it is unique up to an isomorphism
of categories which preserves all of these structures. So from now on, we will simply
refer to L9 as the quasicentric linking system associated to (S, F, L).

Condition (D), above helps to motivate the following definition of inclusion mor-
phisms in a quasicentric linking system.

Definition 1.11. Fiz a p-local finite group (S, F, L), with associated quasicentric link-
ing system L9.
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(a) A morphism vp € Moryq(P,S) is an inclusion morphim if it satisfies the hypotheses
of aziom (D),: if ©(tp) = incl, and if s(g) o tp = tp o 6p(g) in Morza(P,S) for
all g € P-Cs(P). If P =S, then we also require that s = Idg.

b) A compatible set of inclusions for £2 is a choice of morphisms {t%} for all pairs o
p p P p
F-quasicentric subgroups P < @, such that L% € Morq(P,Q), such that 1}t = LSOL%
for all P < Q < R, and such that v3 is an inclusion morphism for each P.

The following properties of quasicentric linking systems were also proven in [5A1].

Proposition 1.12. The following hold for any p-local finite group (S, F, L), with as-
sociated quasicentric linking system L9.

(a) The inclusion L C L7 induces a homotopy equivalence |L| ~ |L?| between geometric
realizations. More generally, for any full subcategory L' C L9 which contains as
objects all subgroups of S which are F-centric and F-radical, the inclusion L C L4
induces a homotopy equivalence |L'| ~ | LY.

(b) Let ¢ € Morge(P, R) and ¢ € Morzq(Q, R) be any pair of morphisms in L9 with
the same target group such that Im(w(v)) < Im(w(v)). Then there is a unique
morphism x € Morzq(P, Q) such that ¢ = 1o x.

Proof. The homotopy equivalences |£9] ~ |L| ~ |£’'| are shown in [5A1, Theorem 3.5].
Point (b) is shown in [5A1, Lemma 3.6]. O

Point (b) above will be frequently used throughout the paper. In particular, it makes
it possible to embed the linking system of S (or an appropriate full subcategory) in
L9 depending on the choice of an inclusion morphisms ¢p as defined above, for each
object P. Such inclusion morphisms always exist by axiom (D),. In the following
proposition, Lg(5)|ob(ce) denotes the full subcategory of Lg(S) whose objects are the
F-quasicentric subgroups of S.

In general, for a functor F': C —— C’, and objects ¢,d € Ob(C), we let F, ; denote
the map from Mor¢(c, d) to More/(F(c), F'(d)) induced by F.

Proposition 1.13. Fiz a p-local finite group (S,F,L). let L7 be its associated qua-
sicentric linking system, and let w: L9 —— F1? be the projection. Then any choice of
inclusion morphisms 1p = 13, € Morq(P,S), for all F-quasicentric subgroups P < S,
extends to a unique inclusion of categories

0: Cs(S)|Ob(gq)
such that 0ps(1) = vp for all P; and such that

(a) dpp(g) = 0p(g) for all g € P-Cs(P), and
(b) m(6po(g)) = ¢y € Hom(P, Q) for all g € Ns(P, Q).
In addition, the following hold.

Eq

(c) If we set 1% = dpg(1) for all P < Q, then {i%} is a compatible set of inclusions
for L1,

(d) For any P < @ < S, where P and Q are both F-quasicentric and P is fully
centralized in F, and any morphism ¢ € Autg.(P) which normalizes épp(Q),
there is a unique ¥ € Autzq(Q) such that ¥ o Lfi = Lg o . Furthermore, for any

9€Q, ¥3pp(g)" = dpp(m(¥)(g)).
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(e) Every morphism ¢ € Morgqe(P, Q) in L9 is a composite p = Lg, o' for a unique
morphism ¢ € Isoge(P, P'), where P' = Im(m(p)).

Proof. For each P and @, and each g € Ng(P,(Q), there is by Proposition 1.12(b) a
unique morphism dpg(g) such that

55(9) olp = LQ o 5P,Q(g)-

This defines  on morphism sets, and also allows us to define L]Q_—, = 0pg(1). Then by
the axioms in Definition 1.9, {¢t%} is a compatible set of inclusions for £7, and § is

a functor which satisfies (a), (b), and (c). Point (e) is a special case of Proposition
1.12(b) (where P’ = Im(7(yp))).

If 6po(g) = 0pg(¢') for ¢g,¢" € Ng(P,Q), then ds5(g) o tp = 65(¢’) o tp, and hence
g = ¢ by [bAl, Lemma 3.9]. Thus each dpg is injective.

It remains to prove (d). Set ¢ = (1)) € Autz(P) for short. Since 1 normalizes
dpp(Q), for all g € Q there is h € Q such that ¥dpp(g)y~ = dpp(h), and this implies
the relation ey~ = ¢, in Autz(P). Thus Q is contained in N,. So by axiom (II)
(and since P is fully centralized), ¢ extends to » € Isox(Q, Q') for some P < Q' < S.
Let ¢y € Isoqa(Q, Q') be any lifting of @ to L9,

By axiom (A), (and since v is an isomorphism), there is z € Cg(P) such that
L]Q_—,/ 0 0p(T) 0th = W o 2. By (Q),, 121\05Q(Q)1%_1 = ¢/ (Q'), and hence after restriction,
dp(x) o1 conjugates dp p(Q) to dpp(Q’). Since ¢ normalizes dp p(Q), this shows that
dp(x) conjugates dp p(Q) to dpp(Q’), and hence (since dp p is injective) that zQz ! =
@'. We thus have the following commutative diagram:

P w P 61:’ ($) P 6P (1“)71 P
9 g | 9
é o Q' g, (@) ! Cl? .

So if we set @/Z)\: do.o(x)to {Z)\O, then @//)\ € Aut,q¢(Q) and L]Q_—, RS {Z}\O L]QJ.

The uniqueness of @/Z)\ follows from [5A1, Lemma 3.9]. Finally, for any g € Q,

Vg(9)0 " = o (m(1)(g)) by (C),, and hence P65 p(g)1 " = dp p(m(1)(g)) since mor-
phisms have unique restrictions (Proposition 1.12(b) again). O

Once we have fixed a compatible set of inclusions {Lg} in a linking system £?, then
for any ¢ € Morgq(P, @), and any P’ < P and @' < @ such that 7(p)(P’) < @', there
is a unique morphism ¢ € Morzq(P’, Q') such that Lg, o = @oth,. We think of § as
the restriction of .

Note, however, that all of this depends on the choice of morphisms tp € Morzq(P, S)
which satisfy the hypotheses of axiom (D),, and that not just any lifting of the inclusion
incl € Homgz(P,S) can be chosen. To see why, assume for simplicity that P is also
fully centralized. From the axioms in Definition 1.9 and Proposition 1.12(b), we see
that if tp, > € Morzq(P, S) are two liftings of incl € Homx(P, S), then i, = tpodp(g)
for some unique g € Cg(P). But if 1p satisfies the conditions of (D),, then ¢ also
satisfies those conditions only if g € Z(Cs(P)).

One situation where the choice of inclusion morphisms is useful is when describing
the fundamental group of |£] or of its p-completion. For any group I', we let B(T")
denote the category with one object, and with morphism monoid the group I'. Recall
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that |£| ~ |£?| (Proposition 1.12(a)), so we can work with either of these categories;
we will mostly state the results for |£9]. Let the vertex S be the basepoint of |£?|. For
each morphism ¢ € Morzq (P, @), let J(¢) € m1(]£9]) denote the homotopy class of the
loop tg-p-tp~t in | L7 (where paths are composed from right to left). This defines a
functor
S LY ——— B(m (L)),

where all objects are sent to the unique object of B(m(|£?])), and where all inclusion
morphisms are sent to the identity. Let j: S —— m(]£9]) denote the composite of J
with the distinguished monomorphism dg: S —— Aut,(5).

The next proposition describes how J is universal among functors of this type, and
also includes some other technical results for later use about the structure of 7 (|£]).

Proposition 1.14. Let (S, F, L) be a p-local finite group, and let L7 be the associated
quasicentric linking system. Assume a compatible set of inclusions {LjQ_—,} has been chosen

for L9. Then the following hold.

(a) For any group I', and any functor \: L9 —— B(I') which sends inclusions to
the identity, there is a unique homomorphism A: m(|£9]) ——— T such that A\ =
B(A\)oJ.

(b) For g € P < S with P F-quasicentric, J(dp(g)) = J(6s(g)). In particular,
J(0p(g)) = 1 in m(|L]) if and only if 0p(g) is nulhomotopic as a loop based
at the vertex P of |L.

(c) If « € Morzq(P,Q), and 7n(a)(z) =y, then j(y) = J(a)j(x)J ()™t in m (| L£9]).

(d) If x and y are F-conjugate elements of S, then j(x) and j(y) are conjugate in
mi(|£7]).

Proof. Clearly, any functor A\: £ —— B(I') induces a homomorphism A = m;(|)|)
between the fundamental groups of their geometric realizations. If A sends inclusion

morphisms to the identity, then A = B(\) o J by definition of J.

The other points follow easily, using condition (C), for quasicentric linking systems.
Point (d) is shown by first reducing to a map between centric subgroups of S which
sends z to y. O

We finish this introductory section with two unrelated results which will be needed
later in the paper. The first is a standard, group theoretic lemma.

Lemma 1.15. Let Q < P be p-groups. If « is a p'-automorphism of P which acts as the
identity on Q@ and on P/Q, then o = Idp. Equivalently, the group of all automorphisms
of P which restrict to the identity on Q) and on P/Q is a p-group.

Proof. See [Go, Corollary 5.3.3]. O

The following proposition will only be used in Section 4, but we include it here
because it seems to be of wider interest. Note, for any fusion system F over S, any
subgroup P < S fully normalized in F, and any P’ which is S-conjugate to P, that P’
is also fully normalized in F since Ng(P') is S-conjugate to Ng(P).

Proposition 1.16. Let F be a saturated fusion system over a p-group S. Then for
any subgroup P < S, the set of S-conjugacy classes of subgroups F-conjugate to P and
fully normalized in F has order prime to p.
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Proof. By [BLO2, Proposition 5.5], there is an (S, .S)-biset € which, when regarded as
a set with (S x S)-action, satisfies the following three conditions.

(a) The isotropy subgroup of each point in € is of the form

P, € {(z,0(2)) |z € P}

for some P < S and some ¢ € Homg(P,S).

(b) For each P < S and each ¢ € Homz(P, S), the two structures of (S x P)-set on 2
obtained by restriction and by Id x ¢ are isomorphic.

(¢) [92[/]S] =1 (mod p).

Note that by (a), the actions of S x 1 and 1 x S on 2 are both free.

Now fix a subgroup P < 5. Set S, =1 x S for short, and let Qy C ) be the subset
such that Qy/Sy = (/52)F. In other words, g is the set of all z € Q such that
for each g € P, there is some h € S satisfying (g, h)-x = x. Since the action of S,
on 2 is free, this element h € S is uniquely determined for each x € €}y and g € P.
Let 6(z): P —— S denote the function such that for each g € P, (¢,0(x)(g9))-z =
x. The isotropy subgroup at x of the (P x S)-action is thus the subgroup Py =
{(9,0(z)(g)) | g € P}; and by (a), #(x) € Homz(P, S). This defines a map

0: Qg —— Homg(P,S).

By definition, for each ¢ € Homz(P,S), 07 () is the set of elements of  fixed by
P,. By condition (b) above, the action of P x P on € induced by the homomorphism
1 x ¢ € Hom(P x P, S x S) is isomorphic to the action defined by restriction, and thus
|0=1(¢)| = [#(incl)|. This shows that the point inverses of 6 all have the same fixed
order k.

Now let Rep,(P,S) = Homg (P, S)/Inn(S): the set of S-conjugacy classes of mor-
phisms from P to S. Let P be the set of S-conjugacy classes of subgroups F-conjugate
to P, and let Py, C P be the subset of classes of subgroups fully normalized in F. If
x € Qp and 6(z) = ¢, then for all s € S and g € P,

(1,5)-z = (g,59(9))-x = (g, ¢s 0 p(9))-(1, 8)-,
and this shows that 6((1,s)-x) = ¢s 0 6(x). Thus 0 induces a map

Im(-)

0: (Q)8:)F = /S —L2 s Rep (P, S) P,
where Repz(P,S) = Homg(P,S)/Inn(S). Furthermore, [2/Ss| = 1 (mod p) by (c),
and thus |(©/5)"| =1 (mod p).

For each P’ which is F-conjugate to P, there are |S|/|Ns(P’)| distinct subgroups in
the S-conjugacy class [P’]. Hence there are

| Autr(P)|-[S|/|Ns(F)|

elements of Homg(P, S) whose image lies in [P’]. Since each of these is the image of k
elements in €y, this shows that

07 ([P'])] = k| Autz(P)| /| Ns(P)].

Thus |Ng(P')||k-| Autz(P)| for all P' F-conjugate to P, and so 6 '([P’]) has order a
multiple of p if P’ is not fully normalized in F (if [P'] € P\Py,). Hence

07 (Pra)| = 1(2/82)"| =1 (mod p).
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So if we set m = |Ng(P')| for [P'] € Py, (i.e., the maximal value of |[Ng(P’')| for P’
F-conjugate to P), then
1071 (Pta)| = |Pral-

9

(k-l Autf(P)I)

and thus |Py,| is prime to p. O

Using a similar argument, one can also show that the set Reps(P, S) of elements of
Rep (P, S) whose image is fully centralized also has order prime to p.

2. THE FUNDAMENTAL GROUP OF |L|}

The purpose of this section is to give a simple description of the fundamental group
of |£]7, for any p-local finite group (S, F, £), purely in terms of the fusion system F.
The result is analogous to the (hyper-) focal subgroup theorem for finite groups, as we
explain below.

In Section 1, we defined a functor J: L9 —— B(m(|L£])), for any p-local finite group
(S, F, L), and a homomorphism j = J o dg from S to 7 (|£]). Let 7: S — m(|£]]) be
the composite of j with the natural homomorphism from 7 (|£]) to 71 (|£]}).

In [BLO2, Proposition 1.12], we proved that 7: S —— m;(|£[}) is a surjection. In
this section, we will show that Ker(7) is the hyperfocal subgroup of F, defined by Puig
[Pu3] (see also [Pu2]).

Definition 2.1. For any saturated fusion system F over a p-group S, the hyperfocal
subgroup of F is the normal subgroup of S defined by

O%(S) = (97 "'alg)|g€ P < S, a € OP(Autz(P))).

We will prove, for any p-local finite group (S, F, £), that 7, (|£]})) = S/O%(S). This
is motivated by Puig’s hyperfocal theorem, and we will also need that theorem in order
to prove it. Before stating Puig’s theorem, we first recall the standard focal subgroup
theorem. If G is a finite group and S € Syl (G), then this theorem says that SN[G, G]

(the focal subgroup) is the subgroup generated by all elements of the form z~!y for
x,y € S which are G-conjugate (cf. [Go, Theorem 7.3.4] or [Suz2, 5.2.8]).

The quotient group S/(S N [G,G]) is isomorphic to the p-power torsion subgroup
of G/|G,G], and can thus be identified as a quotient group of the maximal p-group
quotient G/OP(G). Since G/OP(G) is a p-group, G = S-OP(G), and hence G/OP(G) =
S/(SNOP(G)). Hence SNOP(G) < SN[G, G]. This subgroup SN OP(G) is what Puig
calls the hyperfocal subgroup, and is described by the hyperfocal subgroup theorem in
terms of S and fusion.

For S € Syl,(G) as above, let Og,(S) be the normal subgroup of S defined by
0g(8) = 0%y ) () = (g7'a(g)|g e P < S, o€ O(Auta(P)))
= (lg,2]|g € P < S, x € Ng(P) of order prime to p) .
Lemma 2.2 ([Pu2]). Fiz a prime p, a finite group G, and a Sylow subgroup S €
Syl,(G). Then Og,(S) = S NOP(G).

Proof. This is stated in [Pu2, §1.1], but the proof is only sketched there, and so we
elaborate on it here. Following standard notation, for any P < S and any A < Aut(P),
we write [P, A| = (7 a(z) |z € P, a € A). Thus O%(S) is generated by the subgroups
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[P, OP(Aut(P))] for all P < S. It is clear that OZ(S) < SN OP(G); the problem is to
prove the opposite inclusion.

Set G, = OP(G) and S, = S N G, for short. Then |G, G,| has index prime to p
in G,, so it contains S,. By the focal subgroup theorem (cf. [Go, Theorem 7.3.4]),
applied to S, € Syl,(G.), S, is generated by all elements of the form 2!y for z,y € S,
which are G,-conjugate. Combined with Alperin’s fusion theorem (in Alperin’s original
version [Al] or in the version of Theorem 1.5(a)), this implies that S, is generated by
all subgroups [P, Ng, (P)] for P < S, such that Ng, (P) € Syl (Ng,(P)). (This last
condition is equivalent to P being fully normalized in Fg,(G.).) Also, Ng,(P) is
generated by OP(Ng, (P)) and the Sylow subgroup Ng, (P), so [P, Ng,(P)] is generated
by [P,0"(Ng. (P))] < O%(S) and [P, Ns,(P)] < [S., 5.]. Thus 8. = (O4(S), [S., 5.))
Since OF(S) is normal in S (hence also normal in S,), this shows that S,/OZ(S) is
equal to its commutator subgroup, which for a p-group is possible only if S./OZ%(S) is
trivial, and hence S, = OZ%(S). O

By Proposition 1.14, the key to getting information about 7 (|£|) is to construct
functors from £ or £ to B(T"), for a group I', which send inclusions to the identity.
The next lemma is our main inductive tool for doing this. Whenever a € Morzq(P, P’)
and 8 € Morzq(Q, Q') are such that P < @Q, P’ < @', we write & = [3|p to mean that
« is the restriction of § in the sense defined in Section 1; i.e., L]Q_—,; ca= Lo L%.
Lemma 2.3. Fiz a p-local finite group (S, F,L), and let L9 be its associated quasi-
centric linking system. Assume a compatible set of inclusions {Lg} has been chosen
for L. Let Hy be a set of F-quasicentric subgroups of S which is closed under F-
conjugacy and overgroups. Let P be an F-conjugacy class of F-quasicentric subgroups
mazimal among those not in Hy, set H = Ho U P, and let LT C L™ C L7 be the full
subcategories with these objects. Assume, for some group I, that

)\02 EHO — B(F)

1 a functor which sends inclusions to the identity. Fixz some P € P which is fully
normalized in F, and fix a homomorphism Ap: Autpq.(P) —— T'. Assume that

(%) for all P = Q < Ng(P) such that Q is fully normalized in Ng(P), and for all
a € Autge(P) and B € Autze(Q) such that a = B|p, Ap(a) = Xo(3).

Then there is a unique extension of \g to a functor \: L — B(T') which sends inclu-
sions to the identity, and such that A(a)) = Ap(a) for all o € Autg(P).

Proof. The uniqueness of the extension is an immediate consequence of Theorem 1.5(a)
(Alperin’s fusion theorem).

To prove the existence of the extension A, we first show that (x) implies the following
(a prori stronger) statement:

(xx) for all @Q,Q" < S which strictly contain P, and for all § € Morgq(Q, Q') and
a € Autzq(P) such that a = (|p, Ap(a) = A\o(B).

To see this, note first that it suffices to consider the case where P is normal in () and Q'.
By assumption, 7(5)(P) = m(a)(P) = P, hence m(3)(Ng(P)) < Ng/(P), and therefore
B restricts to a morphism 3 € Morzq(Ng(P), No/(P)) by Proposition 1.12(b) (applied

with ¢ = [o L%Q(P) and ¢ = L%/QI(P)). Since Ng(P), Ng/(P) = P, by the induction

hypothesis, A\o(3) = Ao(3), so we are reduced to proving that Ap(a) = Ao(5).
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Thus 3 € Mory,,(p)(Q,Q"). We now apply Alperin’s fusion theorem (Theorem
1.5(a)) to the morphism 7(3) in the fusion system Nx(P) (which is saturated by [BLO2,
Proposition A.6]). Thus m(5) = @go- - -op1, where each ¢; € Homy, (p)(Qi—1, @;) is the
restriction to Q;—; of an automorphism @; € Auty, (p)(R;), where R; > Q;—1,Q; is an
Nx(P)-centric subgroup of Ng(P) which is fully normalized in Nx(P), and where Q) =
Qo and @' = Q. Each R; contains P, and hence is F-centric by [BLO2, Lemma 6.2].
For each @;, also regarded as an automorphism in F, we choose a lifting @ € Aut.(R;),
and let §; € Morge(Q;-1,Q;) be its restriction. By (A),, 8 = Bro---o[100dg(g) for
some g € Cg(Q), and hence

Xo(B) = Xo(Bk) - Mo(Br) - Xo(B(9)) = Mo(Be) -+~ Xo(Br) - Mo (Bs(r) (9)
= Ap(Belp) -+ Ap(Bilp) - Ap(1dp) = Ap(8]p) = Ar(a).
where the third equality follows from (). This finishes the proof of (xx).

We can now extend A to be defined on all morphisms in £" not in £*°. Fix such

a morphism ¢ € Morge(P1,Q). Set Py, = 7w(p)(P) < Q; then P, P, € P, and
Y = L]Q_—,2 o ¢ for some unique ¢’ € Isogq(P, P). By Lemma 1.3 (and then lifting
to the linking category), there are isomorphisms p; € Isogs(Ns(P;), N;), for some
N; < Ng(P) containing P, which restrict to isomorphisms ¢; € Isogq(P;, P). Set
) = pgo’or ! € Autrqe(P). We have thus decomposed ¢ as the composite o, ' othoipy,
and can now define

M) = M) = Xo(@2) " Ap()-Xo(P1)-

Now let ¢ = () "to1) o) be another such decomposition, where ¢/ is the restriction
of @ € Isora(Ng(P;), N]). We thus have a commutative diagram

Pk

p—*> p_* .p

where for each i, ; and ¢ are restrictions of isomorphisms ¢; and @} defined on Ng(F;).
To see that the two decompositions give the same value of A(y), it remains to show
that

Ap () Ao($h 0 (1) 1) = Ao(h o (22) 1) Ap(¥).
And this holds since A\o(@} o (2;)71) = Ap(©o (¢i)71) by (k).

We have now defined A on all morphisms in £*, and it sends inclusion morphisms
to the identity by construction. By construction, A sends composites to products, and
thus the proof is complete. O

Lemma 2.3 provides the induction step when proving the following proposition, which
is the main result needed to compute 7 (|L[).

Proposition 2.4. Fiz a p-local finite group (S,F,L), and let L7 be ils associated
quasicentric linking system. Assume a compatible set of inclusions {L]QJ} has been chosen
for L9. Then there is a unique functor

A L9 —— B(S/0%(S))
which sends inclusions to the identity, and such that \(ds(g)) =g for all g € S.
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Proof. The functor A\ will be constructed inductively, using Lemma 2.3. Let Hy C
Ob(L?) be a subset (possibly empty) which is closed under F-conjugacy and over-
groups. Let P be an F-conjugacy class of F-quasicentric subgroups maximal among
those not in Hy, set H = Ho U P, and let LM C L£" C L7 be the full subcategories
with these objects. Assume that

Aot L0 ——— B(S/O%(S))

has already been constructed, such that \g(ds(g)) = g for all g € S (if S € Hy), and
such that A\ sends inclusions to the identity.

Fix P € P which is fully normalized in F, and let dpp: Ng(P) —— Aute(P)
be the homomorphism of Proposition 1.13. Then Im(dpp) is a Sylow p-subgroup of
Autq(P), since Autg(P) € Syl,(Autz(P)) by axiom (I). We identify Ng(P) as a
subgroup of Autzq(P) to simplify notation. Then

Autzq(P)/OP(Autzq(P)) = Ng(P)/(Ns(P) N OP(Autzq(P))) = Ns(P)/No,

where by Lemma 2.2, Nj is the subgroup generated by all commutators [g, z| for g €
Q < Ng(P), and € Nayg,(p)(Q) of order prime to p. In this situation, conjugation
by 2 lies in Autz(Q) by Proposition 1.13(d), and thus [g, 2] = g-c.(g) ™' € O%(S). We
conclude that Ny < O%(S), and hence that the inclusion of Ng(P) into S extends to a
homomorphism

Ap: Autpe(P) ——— S/O%(S).

We claim that condition (x) in Lemma 2.3 holds for A\g and Ap. To see this, fix
P < @ < Ssuch that P < @ and @ is fully normalized in Nz(P), and fix a € Autzq(P)
and § € Autge(Q) such that @ = f|p. We must show that Ap(a) = A\g(3). Upon
replacing o by o* and 8 by 8* for some appropriate k = 1 (mod p), we can assume that
both automorphisms have order a power of p. Since @ is fully normalized, Autyyp)(Q)
is a Sylow subgroup of Auty,p)(Q). Hence (since any two Sylow p-subgroups of
a finite group G are conjugate by an element of OP(G)), there is an automorphism
¥ € OP(Auty,,p)(Q)) such that ¥37~' = dg(g) for some g € Ng(Q) N Ng(P). In
particular, Ag(7) = 1 since it is a composite of automorphisms of order prime to p. Set
v = 7|p; then v € OP(Autqe(P)) and hence Ap(y) = 1. Using axiom (C), and Lemma

1.12, we see that yay™' = dp(g); and thus (since Ap(7) =1 and \g(7) = 1) that
Ao(B) = AO((_;Q(Q)) =9= AP((_SP(Q)) = Ap(a).

Thus, by Lemma 2.3, we can extend \q to a functor defined on £. Upon continuing
this procedure, we obtain a functor A defined on all of £9. U

For any finite group G, m(BG)) = G/OP(G). (This is implicit in [BK, §VIL3], and
shown explicitly in [BLO1, Proposition A.2].) Hence our main result in this section
can be thought of as the hyperfocal theorem for p-local finite groups.

Theorem 2.5 (Hyperfocal subgroup theorem for p-local finite groups). Let (S, F, L)
be a p-local finite group. Then

m(|Lly) = §/O%(S).

More precisely, the natural map 7: S —— m1(|L]})) is surjective, and Ker(r) = O%(S).

Proof. Let A: L —— B(S/0%(S)) be the functor of Proposition 2.4, and let |A| be
the induced map between geometric realizations. Since |B(S/O%(S))] is the classifying



EXTENSIONS OF P-LOCAL FINITE GROUPS 17

space of a finite p-group and hence p-complete, |A| factors through the p-completion
|L|). Consider the following commutative diagram:

§— —m(L))

S~

(L)~

— 2=, S]O%(S) .

I/\\

Here, 7 is surjective by [BLO2, Proposition 1.12]. Also, by construction, the composite
AoT = m(|A]) o 5 is the natural projection. Thus Ker(7) < O%(S), and it remains to
show the opposite inclusion.

Fix g € P < S and o € Autz(P) such that « has order prime to p; we want to
show that g 'a(g) € Ker(7). Since Ker(7) is closed under F-conjugacy (Proposition
1.14(d)), for any ¢ € Isor(P, P'), g *a(g) is in Ker(7) if ¢(g7'a(g)) is in Ker(7). In
particular, since (g *a(g)) = ©(g) " (pap 1) (v(g)), we can assume that P is fully
centralized in F. Then, upon extending « to an automorphism of P-Cg(P), which
can be assumed also to have order prime to p (replace it by an appropriate power if
necessary), we can assume that P is F-centric. In this case, by Proposition 1.14(c),
j(g) and j(«(g)) are conjugate in 71 (|£]) by an element of order prime to p, and hence
are equal in 7 (|£[))) since this is a p-group. This shows that g~'a(g) € Ker(r), and
finishes the proof of the theorem. OJ

The following result, which will be useful in Section 5, is of a similar nature, but
much more elementary.

Proposition 2.6. Fiz a p-local finite group (S,F,L), and let L7 be its associated
quasicentric linking system. Then the induced maps

(L)) ——m(F)  and  m([LY) —— m(F)

are surjective, and their kernels are generated by elements of p-power order.

Proof. We prove this for |£7| and |F9|; a similar argument applies to |£| and |F¢|.
Recall from Section 1 that we can regard 7 (]£4]) as the group generated by the loops
J(a), for a € Mor(L?), with relations given by composition of morphisms and making
inclusion morphisms equal to 1. In a similar way, we regard m (|F9|) as being generated
by loops J () for ¢ € Mor(F?). Since every morphism o € Homz, (P, Q) has a lifting
to a morphism of £7, the map my: m (|£?) —— m(|F9]) induced by the projection
functor 7: L9 —— F? is an epimorphism.

Write JC for the normal subgroup of 7 (| £?]) generated by the loops j(g) = J(dp(g)),
for all F-quasicentric subgroups P < S and all ¢ € Cg(P). In particular, JC is
generated by elements of p-power order. Since mx(j(g)) = 1, JC' is contained in the
kernel of 74, and we have a factorization 7y : m (|£?])/JC —— m (| F9)).

Define an inverse s: (| F?|) —— m(|£%])/JC as follows. Given a morphism « €
Homgq (P, Q), choose a lifting @ in £7, and set s(a) = [J(@)]. If @, & € Homq(P, Q)
are two liftings of «, then there is an isomorphism x: P’ — P in £? where P’ is fully
centralized, and an element g € Cg(P’), such that @ = @o (x o dpr(g) o x7'). Since
xo0p(g)ox ! represents a loop that belongs to JC, [J(a)] = [J(a')]. Thus the definition
of s does not depend on the choice of @. It remains to show that s preserves the relations
among the generators. But we clearly have that s([.J(incl%)]) = [J(1%)] = 1. Also, if a
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and (3 are composable morphisms of F7, and & and 3 are liftings to £, then @o 3 is a

lifting of avo 3, and hence s(a)s(8) = [J(@)][J(B)] = [J(a o B)] = s(a - F).
This shows that my induces an isomorphim 7 (|£9])/JC = 7 (|F9|). O

3. SUBSYSTEMS WITH Pp-SOLVABLE QUOTIENT

In this section, we prove some general results about subsystems of saturated fusion
systems and p-local finite subgroups: subsystems with p-group quotient or quotient of
order prime to p. These will then be used in the next two sections to prove some more
specific theorems.

It will be convenient in this section to write “p’-group” for a finite group of order
prime to p. Recall that a p-solvable group is a group G with normal series 1 = Hj <
H, < --- < Hy = G such that each H;/H; 1 is a p-group or a p’-group. As one
consequence of the results of this section, we show that for any p-local finite group
(S, F, L), and any homomorphism 6 from 7 (|£]) to a finite p-solvable group, there is
another p-local finite group (Sy, Fo, Lo) such that |Ly| is homotopy equivalent to the
covering space of |£| with fundamental group Ker(#).

We start with some definitions. Recall that for any finite group G, O (G) and
OP(G) are the smallest normal subgroups of G of index prime to p and of p-power
index, respectively. Equivalently, O (G) is the subgroup generated by elements of p-
power order in GG, and OP(G) is the subgroup generated by elements of order prime to
pin G.

We want to identify the fusion subsystems of a given fusion system which are anal-
ogous to subgroups of G' which contain OP'(G) or O(G). This motivates the following
definitions.

Definition 3.1. Let F be a saturated fusion system over a p-group S. Let (S, F') C
(S, F) be a saturated fusion subsystem; i.e., S" < S is a subgroup, and F' C F is a
subcategory which is a saturated fusion system over S'.

(a) (S, F") is of p-power index in (S, F) if S’ > O%(S), and Autz (P) > OP(Autz(P))
for all P < S’. FEquivalently, a saturated fusion subsystem F' C F over S >
O%(S) has p-power index if it contains all F-automorphisms of order prime to p
of subgroups of S’.

(b) (S, F") is of index prime to p in (S, F) if ' = S, and Autz(P) > O (Autz(P))
for all P < S. Equivalently, a saturated fusion subsystem F' C F over S has index
prime to p if it contains all F-automorphisms of p-power order.

This terminology has been chosen for simplicity. Subsystems “of p-power index” or
“of index prime to p” are really analogous to subgroups H < GG which contain normal
subgroups of G of p-power index or index prime to p, respectively. For example, if F is
a saturated fusion system over S, and F' C F is the fusion system of S itself (i.e., the
minimal fusion system over S), then F’ is not in general a subsystem of index prime
to p under the above definition, despite the inclusion ' C F being analogous to the
inclusion of a Sylow p-subgroup in a group.

Over the next three sections, we will classify all saturated fusion subsystems of p-
power index, or of index prime to p, in a given saturated fusion system. In both
cases, there will be a minimal such subsystem, denoted OP(F) or OF (F); and the
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saturated fusion subsystems of the given type will be in bijective correspondence with
the subgroups of a given p-group or p’-group.

The following terminology will be useful for describing some of the categories we
have to work with.

Definition 3.2. Fiz a finite p-group S.

(a) A restrictive category over S is a category F such that Ob(F) is the set of subgroups
of S, such that all morphisms in F are group monomorphisms between the sub-
groups, and with the following additional property: for each P’ < P < S and Q' <
Q < S, and each ¢ € Homg(P, Q) such that p(P') < Q', ¢|pr € Homg (P, Q).

(b) A restrictive category F over S is normalized by an automorphism a € Autx(S)
if for each P,Q < S, and each ¢ € Homz(P,Q), apa™ € Homz(a(P), a(Q)).

(c) For any restrictive category F over S and any subgroup A < Aut(S), (F, A) is the
smallest restrictive category over S which contains F together with all automor-
phisms in A and their restrictions.

By definition, any restrictive category is required to contain all inclusion homomor-
phisms (restrictions of Idg). The main difference between a restrictive category over S
and a fusion system over S is that the restrictive subcategory need not contain Fg(S5).

When F is a fusion system over S, then an automorphism a € Aut(S) normalizes
F if and only if it is fusion preserving in the sense used in [BLO1]. For the purposes
of this paper, it will be convenient to use both terms, in different situations.

We next define the following subcategories of a given fusion system F.

Definition 3.3. Let F be any fusion system over a p-group S.

(a) OP(F) C F denotes the smallest restrictive subcategory of F whose morphism set
contains OP(Autz(P)) for all subgroups P < S.

(b) OY(F) C F denotes the smallest restrictive subcategory of F whose morphism set
contains O (Autz(P)) for all subgroups P < S.

By definition, for subgroups P, Q, a morphism ¢ € Homz(P, Q) lies in O (F) if and
only if it is a composite of morphisms which are restrictions of elements of OP' (Aut#(R))
for subgroups R < S. Morphisms in OP(F) are described in a similar way.

The subcategory OP(F) is not, in general, a fusion system — and this is why we
had to define restrictive categories. The subcategory O (F) is always a fusion system
(since Autg(P) < O (Autz(P)) for all P < S), but it is not, in general, saturated.
The subscripts “x” have been put in as a reminder of these facts, and as a contrast
with the notation OP(F) and O” (F) which will be used to denote certain minimal

saturated fusion systems.

We now check some of the basic properties of the subcategories OP(F) and OF (F),
stated in terms of these definitions.

Lemma 3.4. The following hold for any fusion system F over a p-group S.
(a) OP(F) and O (F) are normalized by Autx(S).
(b) If F is saturated, then F = (OP(F), Autx(S)) = (OF (F), Aut£(S)).

(c¢) If F' C F is any restrictive subcategory normalized by Autz(S) and such that
F = (F', Autz(9)), then for each P,Q < S and ¢ € Homz(P,Q), there are
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morphisms a € Autx(S), ¢ € Homz (a(P),Q), and ¢" € Homz(P,a™1Q), such
that o = @' o at|p = o .

Proof. To simplify notation in the following proofs, for & € Autz(S), we write « in
composites of morphisms between subgroups of S, rather than specifying the appro-
priate restriction each time.

(a) Set F' = OP(F) or O (F). Let o € Autx(S) and let ¢ € Homp (P, Q). We must
show that apa™ € Homz (a(P), a(Q)). By definition of F’, there are subgroups

P:P(),Pl,...,Pk:QO(P)SQ,
subgroups P4, ..., Py, and automorphisms y; € OP(Autz(P;)) (if F' = OP(F)) or

Xi € OP' (Autz(P;)) (if F' = O (F)), such that P,_1, P, < Py, xi(Pi_1) = P;, and
p =1incl o(xilp,_,) oo (xalp) o (xalp)-

Let P/ = «(P), P, = a(]_Dl-), and Y, = ay;a™! € Op(Autf(]_D;)) or Op/(Autf(]_D;)).
Then
)

_ 1@
apa™t = inely? o(xilpy_,) oo (o) o (Xl my)

is in Homg (a(P), a(Q)), as required.

(b1) Now assume that F is saturated. We show here that F = (OF (F), Autx(S));
i.e., that each ¢ € Mor(F) is a composite of morphisms in OF' (F) and in Aut(S). By
Alperin’s fusion theorem for saturated fusion systems (Theorem 1.5(a)), it suffices to
prove this when ¢ € Autz(P) for some P < S which is F-centric and fully normalized.
The result clearly holds if P = S. So we can assume that P < S, and also assume
inductively that the lemma holds for every automorphism of any subgroup P’ < S such
that |P'| > |P]|.
Consider the subgroup
K = pAutg(P)p ' = {pc,p' € Autz(P)|g € Ns(P)}.

Then K is a p-subgroup of Autz(P), and hence K < Aut ( f)(P). Since P is fully

normalized in F, Autg(P) € Syl,(Autxz(P)). Thus K and Autg(P) are both Sylow
p-subgroups of Autop/(f)(P), and there is some y € Aut (P) such that YKx! <
Autg(P). In other words,

Ny © {g € Ns(P) | (xg)e,(xp) ™" € Auts(P)} = Ns(P).

So by condition (II) in Definition 1.2, x o ¢ can be extended to a homomorphism v €
Homz(Ng(P),S). By the induction hypothesis (and since Ng(P) = P), 1, and hence
X o, are composites of morphisms in Nz(S) and in OF (F). Also, x € AUtofg’(f)(P)
by assumption, and hence ¢ is a composite of morphisms in these two subcategories.

(b2) To see that F = (O2(F),Autz(S)) when F is saturated, it again suffices to
restrict to the case where ¢ € Autz(P) for some P < S which is F-centric and
fully normalized. But in this case, Autx(P) is generated by its Sylow p-subgroup
Autg(P) < Auty,(s)(P), together with OP(Autx(P)) < Autor(z) (P).

or' (F)

(c) Since F = (F', Aut£(S)), every morphism in F is a composite of morphisms in
F' and restrictions of automorphisms in Autxz(S). Assume ¢ € Homz(P, Q) is the
composite

P=P Q2P 2@ P, Q, =Q,
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where o; € Autz(9), i (F;) = Q;, and ¢; € Homg (Q;—1, P;). Write aj; = o - - - o; for
any ¢ < j, and set & = o, 0 = o, - - - . Then

p=0Qo (Oénfl,O_lSOnOénfl,O) cee (040,0_1%040,0) = (Oén,nQOnOén,n_l) e (Oén,1<,0104n,1_1) o QY

where each an,mian[l and each ai70’1<pi+1ai70 is a morphism in F’ since F’ is normal-

ized by Autz(95). O

The following lemma will also be needed later.

Lemma 3.5. Let F be a saturated fusion system over a p-group S. Fiz a normal
subgroup So <1 .S which s strongly F-closed; i.e., no element of Sy is F-conjugate to
any element of S\.Sy. Let (Sy, Fo) be a saturated fusion subsystem of (S, F). Then for
any P < S which is F-centric and F-radical, P N Sy is Fo-centric.

Proof. Assume P < S'is F-centric and F-radical, and set Py = PN.Sy for short. Choose
a subgroup Pj < Sy which is F-conjugate to Py and fully normalized in F. In particular,
by (I), P} is fully centralized in F. By Lemma 1.3, there is ¢ € Homz(Ng(Fy), Ns(F}))
such that ¢(Py) = Bj. Set P’ = ¢(P); thus P’ is F-conjugate to P (so P’ is also
F-centric and F-radical), and B; = P’ N Sy since Sy is strongly closed. For any
Py < Sy which is Fy-conjugate to Py (hence F-conjugate to F}), there is a morphism
¢ € Homg(PY-Cs(PY), PJ-Cs(F})) such that ¢(Py) = P (by axiom (II)), and then
W(Cs, (PY)) < Csy(Py). Soif Cg,(FP)) = Z(F}), then Cg,(FPY) = Z(Py) for all P} which
is Fo-conjugate to Py, and Fy is Fy-centric.

We are thus reduced to showing that Cs, (P}) = Z(F}); and without loss of generality,
we can assume that P’ = P and Pj = F,. Since Sj is strongly closed, every a €
Autx(P) leaves Py invariant. Let Aut%(P) < Autz(P) be the subgroup of elements
which induce the identity on Py and on P/F,. This is a normal subgroup of Autz(P)
since all elements of Autz(P) leave Fy invariant, and is also a p-subgroup by Lemma
1.15. Thus Auty(P) < O,(Autz(P)), and hence Aut%(P) < Inn(P) since P is F-
radical.

We want to show that Cg,(Fy) = Z(F). Fix any = € Cg, (), and assume first
that the coset ©-Z(FPy) € Cs,(Fy)/Z(P) is fixed by the conjugation action of P. Thus
x € Sy, [z, Py) =1, and [z, P] < Z(P,), s0 ¢, € Aut%(P) < Inn(P), and zg € Cg(P) for
some g € P. Since P is F-centric, this implies that zg € P, sox € Cg,(Py)NP = Z(F).
In other words, [Cs,(Py)/Z(Py)|"’ = 1, so Cs,(Py)/Z(Py) = 1, and thus Cg,(Py) =
Z(Py). O

The motivation for the next definition comes from considering the situation which
arises when one is given a saturated fusion system F with an associated quasicentric
linking system £?, and a functor £? —— B(I") which sends inclusions to the identity (or
equivalently a homomorphism from 7 (]£9]) to I') for some group I'. Such a functor
is equivalent to a function ©: Mor(£?) —— I" which sends composites to products
and sends inclusions to the identity; and for any H < T, ©7Y(H) = Mor(L%) for
some subcategory £% C L7 with the same objects. Let F}, C F? be the image of L%

under the canonical projection; then in some sense (to be made precise later), F} is a
subsystem of F? of index [I":H].

What we now need is to make sense of such “inverse image subcategories” of the
fusion system JF, when we are not assuming that we have an associated linking system.

Let Gub(I") denote the set of nonempty subsets of I'. Given a function © as above, there
is an obvious associated function ©: Mor(F?) —— Sub(I"), which sends a morphism
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o € Mor(F9) to ©(r («)). Here, m denotes the natural projection from £? to F4.

Moreover, © also induces a homomorphism 0 = O o dg from S to I'. The maps ©
and 6 are closely related to each other, and satisfy certain properties, none of which
depend on the existence (or choice) of a quasicentric linking system associated to F.
In fact, we will see that the data encoded in such a pair of functions, if they satisfy the
appropriate conditions, suffices to describe precisely what is meant by “inverse image
subcategories” of fusion systems; and to show that under certain restrictions, these
categories are (or generate) saturated fusion subsystems.

Definition 3.6. Let F be a saturated fusion system over a p-group S, and let Fq C
F9 be any full subcategory such that Ob(Fy) is closed under F-conjugacy. A fusion
mapping triple for Fy consists of a triple (I',0,0), where T" is a group, 0: S — T is
a homomorphism, and

©: Mor(Fp) Sub(I),
1s a map which satisfies the following conditions for all subgroups P,Q, R < S which
lie in Fy:

(i) For all P -2~ Q - R in Fy, and all x € (%), O(1hp) = 7-0(¢).
ii) If P is fully centralized in F, then ©(1dp) = 0(Cs(P)).

(i
(ili) If ¢ = ¢, € Homz(P, Q), where g € Ng(P,Q), then 0(g) € ©(p).
(iv) For all ¢ € Homg(P,Q), all x € O(yp), and all g € P, z0(g)x~' = 6((g)).

For any fusion mapping triple (I',0,0) and any H < T, we let Fy, C F be the smallest
restrictive subcategory which contains all p € Mor(F9) such that ©(p) N H # 0. Let
Fr C F3y be the full subcategory whose objects are the subgroups of 0~(H).

When @ is the trivial homomorphism (which is always the case when I is a p’-group),
then a fusion mapping triple (I',0,0) on a subcategory Fy C F9 is equivalent to a
functor from Fy to B(T'); i.e., ©(p) contains just one element for all ¢ € Mor(Fy). By
(i), it suffices to show this for identity morphisms; and by (ii), |©(Idp)| = 1 if P is fully
centralized. For arbitrary P, it then follows from (i), together with the assumption
(included in the definition of Gub(T")) that O(p) # 0 for all .

The following additional properties of fusion mapping triples will be needed.

Lemma 3.7. Fiz a saturated fusion system F over a p-group S, let Fy be a full
subcategory such that Ob(Fy) is closed under F-conjugacy, and let (I, ©,0) be a fusion
mapping triple for Fo. Then the following hold for all P,Q, R € Ob(Fy).
(v) ©(Idp) is a subgroup of ', and © restricts to a homomorphism
Op: Autr(P) — Nr(O(Idp))/O(1dp).
Thus Op(a) = O(«a) (as a coset of O(Idp)) for all « € Autx(P).
(vi) For all P - Q S RinFy, and all x € O(p), O(Yp) 2 O()-x, with equality
if p(P) = Q. In particular, if P < Q, then ©(¢|p) 2 O(v).
(vil) Assume S € Ob(Fy). Then for any p € Homz(P,Q), any o € Autz(5), and any
r € O(a), Olapa™) = 20(p)x~t, where apa™ € Homz(a(P), a(Q)).

Proof. (v) By (i), for any a, § € Autx(P) and any = € O(a), O(af) = z-O(3). When
applied with a = = Idp, this shows that ©(Idp) is a subgroup of I". (Note here that
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O(Idp) # 0 by definition of Gub(T").) When applied with 3 = o', this shows that
e O(at) if z € O(a). Hence O(a) = z-0(Idp) implies that O(a™!) = O(Idp)-z~*
and O(a~!) = 271.0(Idp), and thus that each O(«) is a right coset as well as a left
coset. Thus O(a) C Nr(O(Idp)) for all @ € Autz(P), and the induced map Op is
clearly a homomorphism.

(vi) By (i), ©(vp) D ©(1)-O(p) for any pair of composable morphisms ¢, ¢ in Fy. In
particular, ©(p) D O(¢)-x if © € O(p). If ¢ is an isomorphism, then 1 € O(Idp) =
z-O(p ) by (v) and (i), so z7! € O(¢~1). This gives the inclusions

O(¥) = B(Ypy™") 2 O(Yy)a™" 2 Bz,
and hence these are both equalities. The last statement is the special case where P < @)
and ¢ = incl?; 1 € O(incl?) by (iii).
(vii) For z € O(a), O(ayp) = 2:0(p) = O(apa")-z by (i) and (vi). O

We are now ready to prove the main result about fusion mapping triples.

Proposition 3.8. Let F be a saturated fusion system over a finite p-group S. Let
(T',0,0) be any fusion mapping triple on F1, where I is a p-group or a p'-group, and

0:S——T and  O: Mor(F?) —— Sub(I),
Then the following hold for any subgroup H < T, where we set Sy = 0~(H).

(a) Fy is a saturated fusion system over Sy.

(b) If T is a p-group, then a subgroup P < Sy is Fy-quasicentric if and only if it is
F-quasicentric. Also, Fy 2 OP(F).

(¢) If T is a p'-group, then Sy = S. A subgroup P < S is Fy-centric (fully centralized
in Fg, fully normalized in Fy) if and only if it is F-centric (fully centralized in
F, fully normalized in F). Also, Fp D OF (F).

Proof. Throughout the proof, (i)—(vii) refer to the conditions in Definition 3.6 and
Lemma 3.7. If X is any set of morphisms of F, then we let ©(X) be the union of the
sets O(a) for a € X. Condition (v) implies that for any P < S and any subgroup
A < Autg(P), ©(A) is a subgroup of I'.

We first prove the following two additional properties of these subcategories:

(1) For each pair of subgroups P, @ < S, and each ¢ € Homz(P, @), there are ' < S,
¢' € Homze (P, Q’), and a € Autz(S) such that a(Q') = Q and ¢ = (a|g) o ¢'.

(2) For all P < S there exists P’ < S which is fully normalized in F, and ¢ €
Homgs (Ns(P), Ns(P')) such that o(P) = P'.

By (vii), for any a € Aut#(S), any € O(«), and any ¢ € Homz(P, Q), O(apa™) =
20(p)z~t. In particular, O(apa™t) = 1 if and only if ©(p) = 1, and thus F} is
normalized by Autz(95).

Let O (F)¢ C OY (F) and OP(F)¢ C OP(F) be the full subcategories whose objects
are the F-centric subgroups of S. By (v), for each F-quasicentric subgroup P < S,
Autzs (P) = Ker(©p) where ©p is a homomorphism to a subquotient of I'. Hence
Auts (P) contains OF (Autz(P)) if I is a p’-group or OP(Autz(P)) if T' is a p-group.
This shows that F? contains either OF (F)¢ (if T is a p/-group) or OP(F)¢ (if I' is a p-
group). Thus F¢ C (Fy, Autx(S)) by Lemma 3.4(b), and so F = (F}, Aut£(S)) since
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F is the smallest restrictive category over S which contains F¢ by Theorem 1.5(a)
(Alperin’s fusion theorem). Point (1) now follows from Lemma 3.4(c).

To see (2), recall that by Lemma 1.3, if P” is any subgroup F-conjugate to P
and fully normalized in F, then there is a morphism ¢’ € Homg(Ng(P), Ng(P"))
such that ¢'(P) = P"”. By (1), ¢’ = a o for some o« € Autg(S) and some ¢ €
Homys (Ng(P), Ng(a™'(P"))). Also, the subgroup P’ = o' (P") is fully normalized in
F since P” is.

(b) Assume I' is a p-group, and fix H < I'. Consider the following set of subgroups
of SHZ

Qu = {P < Sy |V P' Fy-conjugate to P, VP < Q < P'-Cg, (P,
Va € Autg, (Q) such that a|p = Id, | is a power of p}.

This set clearly contains all Fy-centric subgroups of Sy. By Lemma 1.6, if Fp is
saturated, then Qp is precisely the set of Fy-quasicentric subgroups. We prove (b)
here with “Fpy-quasicentric” replaced by “element of Qp”. This is all that will be
needed for the proof that Fp is saturated; and once that is shown then (b) (in its
original form) will follow.

Assume P < Sy and P ¢ Qp. Fix P’ which is Fy-conjugate to P, Q < P'-Cg, (P’)
which contains P, and Idg # a € Autg, (Q) of order prime to p, such that o|pr = Idp..
Then P’, and hence P, is not F-quasicentric by Lemma 1.6(a).

We have shown that if P is F-quasicentric, then P € Qp, and it remains to check the
converse. Assume P is not F-quasicentric: fix P/ < @Q < P'-Cg(P’) and a € Autz(Q)
as in Lemma 1.6(b). In particular, @) is F-centric, and hence F-quasicentric. Set
Q1 = QNS (where S; = 671(1)). Since 1 € ©(a) by (v) (and since |a| is prime to
p), 0(g) = 0(a(g)) for all ¢ € Q by (iv), and thus a(Q;) = Q; and (since g 'a(g) €
Ker(0) = S; for g € Q) « induces the identity on /Q;. Since || is not a power of p,
it cannot be the identity on both @y and /@ (Lemma 1.15), and hence «a|g, # Idg,.
Thus P' < P'Qy < P'-Cs,, (P'), a|p, is a nontrivial automorphism of P'Q); of order
prime to p whose restriction to P’ is the identity.

Finally, by (1), P is Fy-conjugate to a subgroup P” for which there is some ¢ €
Isoz(P’, P") which is the restriction of some ¢ € Autz(S). Since P < Sy and is Fy-
conjugate to P”, P" < Sy by (iv) (applied with « € Isog, (P, P") and x € ©(a) N H).
Set Q" = p(P'Q1) = P"p(Q1) < Sy and o = pap™ € Autg(Q"). Since T is
a p-group and || is prime to p, (v) implies that ©(a”) = ©(Idg), and hence that
1 € O(a”) and hence " € Autg, (Q"). But then P” ¢ Qp, and hence P ¢ Qp.

It remains to show that F; D OP(F); i.e., to show that
Autrs (P) > O"(Autg(P)) (3)

for each P < S. If P < S is F-quasicentric, then (3) holds by (v): Autgs(P) is the
kernel of a homomorphism from Autg(P) to a p-group. If P is not F-quasicentric
but is fully centralized in F, then every automorphism a € Autz(P) of order prime
to p extends to an automorphism a € Autz(P-Cg(P)), which (after replacing it by
an appropriate power) can also be assumed to have order prime to p, and hence in
OP(Autz(P-Cg(P))). Thus (3) holds for P, since it holds for the F-centric subgroup
P-Cg(P). Finally, by (1), every subgroup of S is Ff-conjugate to a subgroup which is
fully centralized in F, and thus (3) holds for all P < S.
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(c) This point holds, in fact, without assuming that the fusion system F be saturated.
Assume T is a p’-group; then 6 is the trivial homomorphism, and so Sy = 07}(H) = S
for all H. Fix H < T, and let P be any subgroup of S. Since each Fpy-conjugacy
class is contained in some F-conjugacy class, any subgroup which is fully centralized
(fully normalized) in F is also fully centralized (fully normalized) in Fp. By the same
reasoning, any JF-centric subgroup P < S is also Fp-centric.

Conversely, assume P is not fully centralized in F, and let P’ be a subgroup in the F-
conjugacy class of P such that |Cg(P’)| > |Cg(P)|. Fix some ¢ € Isox(P, P'). By (1),
there are a subgroup P” < S and isomorphisms a € Autx(S) and ¢' € Isog (P, P"),
such that a=}(P") = P’ and ¢ = (a|pr) o ¢’. Thus P" is Fg-conjugate to P, and is
F-conjugate to P’ via a restriction of an F-automorphism of S. Hence |Cs(P")| =
|Cs(P")| > |Cs(P)|, and this shows that P is not fully centralized in Fpy. A similar
argument shows that if P is not fully normalized in F (or not F-centric), then it is not
fully normalized in Fp (or not Fpy-centric).

The proof that F® D OF'(F) is identical to the proof of the corresponding result in
(b).

(a) Fix H <T. Clearly, Fy is a fusion system over Sp; we must prove it is saturated.
By (b) or (c), each Fpy-centric subgroup of Sy is F-quasicentric. Hence by Theorem
1.5(b), it suffices to prove conditions (I) and (II) in Definition 1.2 for F-quasicentric
subgroups P < Sp. Thus we will be working only with subgroups P < Sy for which
© is defined on Homg(P, S).

Proof of (I): Assume I' is a p/-group; thus Sy = S. If P is fully normalized in Fp,
then by (c), P is fully normalized in F, hence it is fully centralized in F and in Fj.
Also, Autg(P) € Syl (Autz(P)), and hence Autg(P) is also a Sylow p-subgroup of
Autz, (P). This proves (I) in this case.

Now assume I' is a p-group. Fix P < Sy which is F-quasicentric and fully normalized
in Fp, and let a € Homgzs (Ng(P), Ns(F')) be as in (2). In particular, 1 € ©(a) by
definition of F7; so by (iv), #(a(Ng, (P))) = 6(Ns,(P)) < H. Hence a(Ng,(P)) <
Sg N Ng(P') = Ng,, (P'), and this is an equality since P is fully normalized in Fp. In
particular, this shows that P’ < Sy. The conclusion of (I) holds for P (i.e., P is fully
centralized in Fp and Autg, (P) € Syl,(Autz, (P))) if the conclusion of (I) holds for
P’. So we can assume that P = P’ is fully normalized in F and in Fp.

Fix @ < Sy which is Fpy-conjugate to P and fully centralized in Fp, and choose
an isomorphism ¢ € Isox, (P, Q). After applying (2) again, we can assume that @ is
also fully normalized in F, and hence also fully centralized. Hence 1 extends to some
1 € Homg(P-Cs(P), Q-Cs(Q)), which is an isomorphism since P and () are both fully
centralized in F. Fix h € O(¢ )N H and g € O(¢1). Then gh € O(Idg) = 6(Cs(Q))
by (i) and (ii). Let a € Cs(Q) be such that #(a) = gh, and set

Py = ¢, othy € Isox(P-Cs(P),Q-Cs(Q)).

Thus s|p = ¥1|p = ¢ since a € Cs(Q), and h=! = 0(a)~tg € O(z)y) by (iii) and (i).
By (iv), for all g € P-Cs(P), 0(12(g)) = h=0(g)h, and hence 1)5(g) € H if and only if
g € H. Thus 1 sends Cg,, (P) onto Cs, (Q). Since @ is fully centralized in Fy, so is
P.

It remains to show that Autg, (P) € Syl (Autz, (P)). Set Po = O(Idp) = 6(Cs(P))
for short (see (ii)). By (v), © restricts to a homomorphism

@PI Alltj:(P) _— NF(P@)/P@
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Set
H ={hPs|h € HNNp(Po)} < Nr(Pe)/Po;

then Autz, (P) = ©p~(H) by definition of F. For any ¢ = ¢, € Autg(P)NAutz, (P)
(where a € Ng(P)), O(¢) = 0(a)-0(Cs(P)) by (ii) and (iii); and thus ©(p) contains
some h € H where h = 6(b) for some b € a-Cg(P). Hence b € Sy, and ¢ = ¢, €
Autg,, (P). This shows that

Autg,, (P) = Autg(P) N Autr, (P) = Autg(P) N O3 (H).
Also, ©p(Auts(P)) = ©p(Autz(P)), since Autg(P) € Syl (Autz(P)) and T is a p-

group, and hence
[Auts(P) : Auts,, (P)] = [Im(©p) : H] = [Aut#(P) : Autr, (P)].

Since Autg(P) € Syl,(Autz(P)) (i.e., [Autz(P) : Autg(P)] is prime to p), this implies
that Autg, (P) € Syl,(Autz, (P)).

Proof of (II): Fix a morphism ¢ € Isoz, (P, Q), for some F-quasicentric P,Q < Sy
such that @ = ¢(P) is fully centralized in Fpy, and set N, = {g € Ng,(P)|pcsp! €
Autg, (Q)}. By (2), there is a subgroup @' fully normalized in F, and a morphism
¥ € Homgs (Ns(Q), Ns(Q')), such that (Q) = Q'. By condition (II) for the saturated
fusion system F, there is o1 € Homz(N,, Ng(Q')) such that @1|p = 10 . Fix some

z € O(p1) € O(Yp) = O(p)
(where the last equality holds since 1 € ©(¢)). Since ¢ € Mor(Fy), there is h € H
such that h € ©(yp), and thus

ha~' € O(Idg) = 0(Cs(Q")).
Fix a € Cs(Q') such that hz™' = 0(a), and set
()_02 = Cq 0 ()_01 € Hom;(Nw, Ns(Q/))

Then by (i), h € O(p2), so g2 € Homg, (N,, Ng,(Q')); and po|p = @1]p since

a € Cs(Q'). Since @ is fully centralized in Fp, ¢ sends Cg,, (Q) isomorphically onto

Cs, (Q'); and hence (by definition of N,,) @2(N,,) < Im(z). So ¢ Lyt 2 sends N,

into Ng,, (Q) and extends ¢. O

We next extend Proposition 3.8 to a result about linking systems and p-local finite
groups. The main point of the following theorem is that for any p-local finite group

(S, F, L) and any epimorphism 7 (| L) N I, where I is a finite p-group or p’-group,
there is another p-local finite group (Sy, Fu, Lg) for each subgroup H < T, such that
|L£ | is homotopy equivalent to the covering space of |£| whose fundamental group is
0-1(H).

Recall that for any p-local finite group (S, F, £) with associated quasicentric link-
ing system L9, j: S —— m(|L]) = m(|L£?]) denotes the homomorphism induced by
the distinguished monomorphism dg: S —— Autz(S), and J: L9 —— B(m(|£9]))
is the functor which sends morphisms to loops as defined in Section 1. Let 9 be a
homomorphism from 7 (|£9]) to a group I', and set

§=0ojcHom(S,I) and ©O=B(0)oJ: L1 — B(I).

Note that these depend on a choice of a compatible set of inclusions {L]QJ} for £? (since
J depends on such a choice). For any subgroup H < T, let £}, C L7 be the subcategory

with the same objects and with morphism set ©~'(H); and let L%, C Ly be the full
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subcategory obtained by restricting to subgroups of Sy & 6~'(H). Finally, let Fy be
the fusion system over Sy generated by 7(L£%) C F? and restrictions of morphisms,

and let Ly C L% be the full subcategory on those objects which are Fp-centric.

Theorem 3.9. Let (S, F, L) be a p-local finite group, let L7 be its associated quasicen-
tric linking system, and let w: LT —— F be the projection. Assume a compatible set
of inclusions {L%} has been chosen for L. Fix a finite group I' which is a p-group or
a p'-group, and a surjective homomorphism

0: m (L) —T.

Set 0 = é\ojl S —T. Fiz H<T, and set Sg = 0~*(H). Then (Sg, Fu, Ly) is also a
p-local finite group, and (via the inclusion of Ly into L) |Ly| is homotopy equivalent
to the covering space of |L9| ~ | L] with fundamental group 0—'(H).

Proof. Define ©: Mor(F?) —— Gub(T') by setting O(a) = O(7(a)), where © =
B(a) oJ as above. Then © and 6 satisfy hypotheses (i)—(iv) of Definition 3.6: points (i)
and (ii) follow from (A),, while (iii) follows from Proposition 1.13 and (iv) from (C),.
Thus (I',0,0) is a fusion mapping triple on F9, and Fy is a saturated fusion system

over Sy by Proposition 3.8.

Let OP(F) and OF' (F) be the categories of Definition 3.3, and let OF' (F)? C O (F)
and OF(F)? C OP(F) be the full subcategories whose objects are the F-quasicentric
subgroups of S. By Proposition 3.8(b,c), 7(£}) contains OF (F)? (if T is a p/-group)
or OP(F)? (if I' is a p-group). Hence in either case, by Lemma 3.4(b), all morphisms
in L9 are composites of morphisms in £} and restrictions of morphisms in Aut.(S5).
Since £2 = ©71(1), by definition, and since O(a) = O(8) whenever « is a restriction
of 3, this shows that O restricts to a surjection of Aut,(S) onto I'. In particular, this
implies that

VPeOb(L) andVgeTl, 3P <5 andaclsos(P,P) such that ©(a) = g; (1)

where in fact, o can always be chosen to be the restriction of an automorphism of S.

We start by proving that £%, is a linking system associated to Fp (for its set of
objects), and hence that £ is a centric linking system. Let P < Sy be a F-quasicentric
subgroup, and choose g € P-Cg(P). By construction, @(55(9)) =0(g), and @(LP) = 1.
In particular, the inclusion morphisms are in Lg. Also, tp o dp(g) = ds(g) o tp by
definition of an inclusion morphism (Definition 1.11). Hence é(c?;:(g)) = 0(g) in this
situation; and in particular dp(g) € Autge (P) if and only if g € Sy. Thus dp restricts
to a distinguished monomorphism P-C,, (P) — Aut,s (P) for L3 and axiom (D), is
satisfied. Moreover, if f, f* € Morzq (P, Q) are such that 7(f) = 7(f’) in Homz(P, Q),
and g € Cg(P) is the unique element such that f" = fodp(g) (using axiom (A), for
L7), then @(513(9)) =1, and hence g € Sy. This shows that axiom (A), for £, holds.
Axioms (B), and (C), for £}, also follow immediately from the same properties for £9.

We have now shown that (S, Fy, Lg) is a p-local finite group. It remains to show
that |Lg| is homotopy equivalent to a certain covering space of |£?] ~ |L£|. We show
this by first choosing certain full subcategories £* C L7 and L%, C L% such that
|L%| ~ |L£9] ~ |L] and |L£%| ~ |L}| ~ |Lu|, and then proving directly that |£}] is a
covering space of |L£¥].
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If " is a p’-group, then for any P < Sy = S, P is Fpy-centric if and only if it is
F-centric (Proposition 3.8(c)). By the above remarks, Ly is a centric linking system
associated to Fpy. Set L¥ = L and L} = Ly in this case.

If I is a p-group, then for any P < Sy, P is Fpy-quasicentric if and only if it is
F-quasicentric (Proposition 3.8(b)). So by what was just shown, £%, is a quasicentric
linking system associated to g which extends L. Let £L* C L9 be the full subcategory
whose objects are those subgroups P < S such that P N Sy is F-quasicentric. Set
S1 = Ker(f), and let F; C F be the saturated fusion system over S; defined in
Proposition 3.8. The definition of # as a restriction of © ensures that 8(g) and 6(g")
are I'-conjugate whenever g, ¢’ are F-conjugate; in particular, no element of Sy is F-
conjugate to any element of S\S;. Hence by Lemma 3.5, for each P < S which is
F-centric and F-radical, P NSy is Fi-centric, hence F-quasicentric, so P N Sy is F-
quasicentric, and thus P € Ob(L"*). So the inclusion of |£”] in |£9| is a homotopy
equivalence by Proposition 1.12.

Still assuming I is a p-group, let L7, C L be the subcategory with the same objects,
where Mor(£%,) = ©~1(H). For each P € Ob(L%) = Ob(L"), PN Sy is F-quasicentric
by assumption, hence Fp-quasicentric; and by Proposition 1.13, each ¢ € Morgs (P, Q)
restricts to a unique morphism ¢y € Morgz (PN Sy, QN Sy). These restrictions define
a deformation retraction from |£%,| to |£%], and thus the inclusion of categories induces
a homotopy equivalence |L}| ~ |L%| ~ | Lyl

Thus in both cases, we have chosen categories £}, C L* with the same objects,
where L7 is a full subcategory of £¢ and Mor(L};) = Mor(L") N (:)’I(H), and where
|£*| ~ |L| and |L%| ~ |Ly|. Let E(I'/H) be the category with object set I'/H,
and with a morphism ¢ from aH to gaH for each g € I" and aH € T'/H. Thus
AutgF(F/H)(l-H) = H, and ‘SF(F/H)‘ = EG/H ~ BH.

Let £ be the pullback category in the following square:
L—— &(T/H)

]

i T

)

Thus Ob(L) = Ob(L”) x I'/H, and Mor(L) is the set of pairs of morphisms in £* and
Er(I'/H) which get sent to the same morphism in B(I'). Then £, can be identified

with the full subcategory of £ with objects the pairs (P, 1-H) for P € Ob(£*). By (1),
each object in £ is isomorphic to an object in L%, and so | L] ~ |Z| By construction,
|£| is the covering space over |£*| with fundamental group §~*(H). Since |£] ~ |Ly]
and |£*| ~ | L], this finishes the proof of the last statement. O

The following is an immediate corollary to Theorem 3.9.

Corollary 3.10. For any p-local finite group (S,F, L), any finite p-solvable group T,
and any homomorphism

6: (L) —— T,

there is a p-local finite group (So, Fo, Lo) such that |Lo| is homotopy equivalent to the

covering space of |L| with fundamental group Ker(0). Furthermore, this can be chosen
such that Sy is a subgroup of S and Fy is a subcategory of F.
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For any p-local finite group (S, F, L), since F is a finite category, Corollary 3.10
implies that there is a unique maximal p-solvable quotient group of m(|£|), which is
finite. In contrast, if we look at arbitrary finite quotient groups of the fundamental
group, they can be arbitrarily large.

As one example, consider the case where p = 2, S € Syly(A4g) (so S = Dg), F =
Fs(Ag), and L = LE(Ag). It is not hard to show directly, using Van Kampen’s theorem,
that m (| £]) = 241524: the amalgamated free product of two copies of ¥4 intersecting

in S, where each of the two subgroups C? in Dg is normalized by one of the Y.
Thus 7 (]£]) surjects onto any finite group I' which is generated by two copies of 3,
intersecting in the same way. This is the case when I' = Ag, and also when I' = PSLs(q)
for any ¢ = +9 (mod 16). However, the kernel of any such homomorphism defined on
m1(|£]) is torsion free (and infinite), and hence cannot be the fundamental group of
the geometric realization of any centric linking system. In fact, in this case, there is
no nontrivial homomorphism from 7 (|£]) to a finite 2-solvable group.

4. FUSION SUBSYSTEMS AND EXTENSIONS OF pP-POWER INDEX

Recall that for any saturated fusion system F over a p-group S, we defined O%(5) <
S to be the subgroup generated by all elements of the form g~'a(g), for g € P < S,
and «a € Autg(P) of order prime to p. In this section, we classify all saturated fusion
subsystems of p-power index in a given saturated fusion system F over S, and show that
there is a one-to-one correspondence between such subsystems and the subgroups of .S
which contain O%(S). In particular, there is a unique minimal subsystem OP(F) of this
type, which is a fusion system over O%(S). This result has been shown independently
by Puig [Pu3], when F is assumed to have an associated linking system. We then look
at extensions, and describe the procedure for finding all larger saturated fusion systems
of which F is a fusion subsystem of p-power index.

4.1 Subsystems of p-power index In this subsection, we classify all saturated
fusion subsystems of p-power index in a given saturated fusion system JF, and show
that there is a unique minimal subsystem OP(F) of this type. We also show that there
is a bijective correspondence between subgroups 1" of the finite p-group

L,(F) € S/0%(9),

and fusion subsystems Fr of p-power index in F. We have already seen that I',(F) =
S/O%(S) is isomorphic to (] £]})) for any centric linking system £ associated to F,
and our result also shows that all (connected) covering spaces of L[] are realized as
classifying spaces of subsystems of p-power index. The index of Fr in F can then
be defined to be the index of T" in I',(F), or equivalently the covering degree of the
covering space.

The main step in doing this is to construct a fusion mapping triple (I',(F), 0, ©) for
F4, where 6 is the canonical surjection of S onto I',(F). This construction parallels
very closely the construction in Proposition 2.4 of a functor from £9 to B(I',(F)), when
L is a linking system associated to F. In fact, we could in principal state and prove
the two results simultaneously, but the extra terminology which that would require
seemed to add more complications than would be saved by combining the two.
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The following lemma provides a very general, inductive tool for constructing explicit
fusion mapping triples.

Lemma 4.1. Fiz a saturated fusion system F over a p-group S. Let Hy be a set of
F-quasicentric subgroups of S which is closed under F-conjugacy and overgroups. Let
P be an F-conjugacy class of F-quasicentric subgroups maximal among those not in

Ho, set H = Ho U P, and let Fo C F" C F9 be the full subcategories with these
objects. Fiz a group I' and a homomorphism 6: S —— T', and let

B¢: Mor(FM) ——— Sub(I")

be such that (T, 0, 0y) is a fusion mapping triple for F0. Let P € P be fully normalized
in F, and fix a homomorphism

Op: Autz(P) ——— Nr(0(Cs(P)))/0(Cs(P))
such that the following two conditions hold:

(+) 20(g)z~' = 0(alg)) for all g € P, o € Autg(P), and z € Op(«).

(x) For all P < Q < S such that P < Q and Q is fully normalized in Ng(P), and for
all « € Autz(P) and B € Autx(Q) such that o = (|p, Op(a) 2 Oy(S).

Then there is a unique extension of Oy to a fusion mapping triple (I',0,0) for F™ such
that ©(a) = Op(a) for all a € Autx(P).

Proof. Note that (+) is just point (v) of Lemma 3.7 applied to the subgroup P, while
(%) is just point (vi) applied to restrictions to P. So both of these conditions are
necessary if we want to be able to extend ©y and ©p to a fusion mapping triple for
Fn,

The uniqueness of the extension is an immediate consequence of Alperin’s fusion
theorem, in the form of Theorem 1.5(a). The proof of existence is almost identical to
the proof of Lemma 2.3, so we just sketch it here briefly.

We first show that we can replace (x) by the following (a priori stronger) statement:

(xx) for all @Q,Q" < S which strictly contain P, and for all 8 € Homz(Q, Q') and
a € Autz(P) such that a = B|p, Op(a) D Oy(5).

It suffices to show this when P is normal in () and (', since otherwise we can replace
Q and Q' by Ng(P) and Ng/(P). In this case, § € Hompy, (p)(Q,Q"), and by Theorem
1.5(a) (Alperin’s fusion theorem), it is a composite of restrictions of automorphisms of
subgroups fully normalized in Nx(P). So it suffices to prove (x*) when g is such an
automorphism, and this is what is assumed in (x).

Now fix any morphism ¢ € Homz(P;, Q) which lies in F’* but not in F7%; thus P, €
P. Set P, = p(Py) < Q, and let ¢’ € Isox(Pi, P,) be the “restriction” of ¢. By Lemma
1.3, there are isomorphisms @; € Isoza(Ng(F;), N;), for some N; < Ng(P) containing
P, which restrict to isomorphisms ¢; € Isorq(P;, P). Fix elements z; € Oy(p;). Set
Y =y0p o]t € Autze(P). Thus ¢ = p,' 010y, and we define

O(p) = O(¢') = 23" -Op(¢)-21.

This is independent of the choice of x;, since Oy(p;) C 0(Cs(P))-x; by axioms (i) and
(ii) in the definition of a fusion mapping triple. It is independent of the choice of ¢
and @9 by the same argument as was used in the proof of Lemma 2.3 (and this is where
we need point (xx)). Conditions (i)—(iv) are easily checked. For example, (iv) — the
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condition that zf(g)z~! = 6(a(g)) whenever g € P;, ¢ € Homz(P;, P,), and = € O(p)
— holds when ¢ can be extended to a larger subgroup since (I',0,0y) is already a
fusion mapping triple, holds for ¢ € Autg(P) by (+), and thus holds in the general
case since O(p) was defined via a composition of such morphisms. Thus (I",0,0) is a
fusion mapping triple on F*. O

The construction of a fusion mapping triple to I',(F) in the following lemma is a
first application of Lemma 4.1. Another application will be given in the next section.

Lemma 4.2. Let F be a saturated fusion system over a p-group S, and let
6: S ——— T, (F) = S/0%(5)
be the projection. Then there is a fusion mapping triple (I',)(F),0,0) on FI.

Proof. The function © will be constructed inductively, using Lemma 4.1. Let Hy C
Ob(F?) be a subset (possibly empty) which is closed under F-conjugacy and over-
groups. Let P be an F-conjugacy class of F-quasicentric subgroups maximal among
those not in Hy, set H = Hy U P, and let F"o C F" C F be the full subcate-
gories with these objects. Assume we have already constructed a fusion mapping triple

(Tp(F), 0, 0y) for Fho.
We recall the notation of Lemma 2.2. If GG is any finite group, and S € Syl (G), then

O%(S) o [9.2]|g € P < S, x € Ng(P) of order prime to p).

By Lemma 2.2, O%(S) = SN OP(G), and hence G/O?(G) = S/O%(S).
Fix P € P which is fully normalized in F. Let Ny be the subgroup generated by

commutators [g, ] for g € Ng(P) and © € Naug,(p)(Ns(P)) of order prime to p. Then
Autg(P) € Syl,(Autx(P)) and Auty,(P) = O} )(Auts(P)), and by Lemma 2.2,

Aut;:(P
Autz(P)/OP(Autz(P)) = Auts(P)/Auty,(P) = Ns(P)/{No, Cs(P)).
Also, Ny < O%(S), and so the inclusion of Ng(P) into S induces a homomorphism

@pi Allty:(P) —_— Aut}'(P)/Op(Aut}'<P)) —_— Npp(}-)(H(CS(P)))/H(Cs(P))
=Ng(P)/{No,Cs(P)) 2Ng(Cs(P)-S0)/(Cs(P)-So)

Here, we write Sy = O%(.S) for short; thus I',(F) = S/Sp and 0(Cs(P)) = Cs(P)-So/So.

Point (+) in Lemma 4.1 holds by the construction of ©p. So it remains only to prove
that condition (%) in Lemma 4.1 holds.

To see this, fix P < @ < S such that P < @ and @ is fully normalized in Nz(P),
and fix a € Autz(P) and § € Autz.(Q) such that o = B|p. We must show that
Op(a) D ©y(3). Upon replacing o by of and 8 by 3* for some appropriate k = 1
(mod p), we can assume that both automorphisms have order a power of p. Since @ is
fully normalized, Autyg(py(Q) is a Sylow subgroup of Auty, p)(Q); and hence there are
automorphisms 7 € Autz(Q) and v € Autz(P) of order prime to p such that v = 7|p
and 73571 = ¢,|g for some g € Ng(Q) N Ng(P). Then yay™' = ¢y|p. Also, 1 € Op(y)
and 1 € Oy(7), since both automorphisms have order prime to p. So

O0(8) = O(clq) = 9-0(Cs(Q)) € g-0(Cs(P)) = Or(cylp) = Op().

Thus, by Lemma 2.3, we can extend 6, to a fusion mapping triple on F**. Upon
continuing this procedure, we obtain a fusion mapping triple defined on all of F?. [J
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We now apply Lemma 4.2 to classify fusion subsystems of p-power index. Recall
that by definition, if F is a saturated fusion system over S and Fy C F is a fusion
subsystem over Sy < S, then F has p-power index if and only if Sy > O%(S), and
Autg (P) > OP(Autg(P)) for all P < S;.

Theorem 4.3. Fiz a saturated fusion system F over a p-group S. Then for each
subgroup T < S containing O'%(S), there is a unique saturated fusion system Fr C F
over T with p-power index. For each such T, Fr has the properties:
(a) a subgroup P < T is Fr-quasicentric if and only if it is F-quasicentric; and
(b) for each pair P,Q <T of F-quasicentric subgroups,
Homy, (P, Q) = {¢ € Homs(P,Q) | ©(p) N (T/O%(S)) £ 0}.

Here,

©: Mor(F9)
is the map of Lemma 4.2.

Sub(',(F)) = Sub(5/0%(5))

Proof. Let Fr C F be the fusion system over T' defined on F-quasicentric subgroups
by the formula in (b), and then extended to arbitrary subgroups by taking restrictions
and composites. (This is the fusion system denoted ]:T/of; (s) in Proposition 3.8, but
we simplify the notation here.) By Proposition 3.8(a,b) (applied with I' = I',(F) and
H =T/0%(S)), Fr is saturated, a subgroup P < T is Fp-quasicentric if and only if it
is F-quasicentric, and Autz,(P) > OP(Autz(P)) for all P < T.

Now let F. C F be another saturated subsystem over the same subgroup 7" which
also has p-power index. We claim that F, = Fr, and thus that Fp is the unique
subsystem with these properties. By assumption, for each P < T, Autg,.(P) and
Autg (P) both contain OP(Autz(P)), and hence each is generated by OP(Autz(P))
and any one of its Sylow p-subgroups. So if P is fully normalized in Fr and F} both,
then

Autz, (P) = (OP(Aut#(P)), Autr(P)) = Autg (P). (1)

In particular, Autz, (T) = Autg (T). Set p* = |T|, fix 0 < m < k, and assume
inductively that Homg,. (P, Q) = Homg (P, Q) for all P,QQ < T of order > p™. By
Alperin’s fusion theorem for saturated fusion systems (Theorem 1.5(a)), if |P| = p™,
Q] > p™, and P # @, then all morphisms in Homgz, (P, Q) and Homg, (P, Q) are
composites of restrictions of morphisms between subgroups of order > p™, and hence
Homg, (P, Q) = Homg (P, Q) by the induction hypothesis. In particular, two sub-
groups of order p™ are Fp-conjugate if and only if they are F/-conjugate. So for any
P < T of order p™, P is fully normalized in Fr if and only if it is fully normalized
in Fr. In either case, Autz,(P) = Auty (P): by (1) if P is fully normalized, and by
Alperin’s fusion theorem again (and the induction hypothesis) if it is not. 0

We can now define OF(F) as the minimal fusion subsystem of F of p-power index:
the unique fusion subsystem over O%(.S) of p-power index. The next theorem will show
that when F has an associated linking system £, then OP(F) has an associated linking
system OP(L), and that |OP(L)|)) is the universal cover of |L|/.

Theorem 4.4. Fizx a p-local finite group (S,F,L). Then for each subgroup T < S
containing O'4(S), there is a unique p-local finite subgroup (T, Fr, Lr) such that Fr has
p-power index in F, and such that L1 = 7~ (FL) where 7 is the usual projection of L
onto F1. Furthermore, |Lr| is homotopy equivalent, via the inclusion of |L%| ~ |Lr|
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into |L9] ~ |L|, to a covering space of |L| of degree [S : T|. Hence the classifying
space |Lr|y of (T, Fr,Lr) is homotopy equivalent to the covering space of |L]) with
fundamental group T/O%(S).

Proof. Assume a compatible set of inclusions {LjQJ} has been chosen for £9. By Proposi-
tion 2.4, there is a functor A\: L9 —— B(I',(F)) which sends inclusions to the identity,
and such that A(dg(g)) = ¢ for all ¢ € S. Hence by Theorem 3.9, (T, Fr,Lr) is a
p-local finite group, and |Lr| is a covering space of |£]. Also, if we write £; for the
linking system over O%(.S), then the fibration sequences

L] == [£] —= BL,(F)  and  |Ly] Lo B(T/0%(5))

are still fibration sequences after p-completion [BK, I1.5.2(iv)], and hence L]} is the
covering space of [£| with fundamental group 7'/O%(S). The uniqueness follows from
Theorem 4.3. U

Thus there is a bijective correspondence between fusion subsystems of (S, F), or
p-local finite subgroups of (S, F, L), of p-power index, and subgroups of S/O%(S) =
m1(|£])). The classifying spaces of the p-local finite subgroups of (S, F, L) of p-power

index are (up to homotopy) just the covering spaces of the classifying space of (S, F, L).

4.2 Extensions of p-power index We next consider the opposite problem: how
to construct extensions of p-power index of a given p-local finite group. In the course
of this construction, we will see that the linking system really is needed to construct
an extension of the fusion system. The following definition will be useful.

Definition 4.5. Fix a saturated fusion system F over a p-group S. An automorphism
a € Aut(S) is fusion preserving if it normalizes F; i.e., if it induces an automorphism
of the category F by sending P to o(P) and ¢ € Mor(F) to apa' € Mor(F). Let
Autgs (S, F) < Aut(S) denote the group of all fusion preserving automorphisms, and
set

Outgys(S, F) = Autps(S, F)/ Aut#(5).

We first describe the algebraic data needed to determine extensions of p-power index.
Fix a p-local finite group (S, F, L), let L9 be the associated quasicentric linking system,
and let {Lg} be a compatible set of inclusions. Then for any g € S, g acts on the set
Mor(L9) by composing on the left or right with d5(g) and its restrictions. Thus for any
¢ € Morzq(P, Q), we set

9% = 0q,404-1(9) o ¢ € Morza(P, gQg™")
and

$g = ¢ o 04-1pg,p(9) € Morza(9™' Py, Q).
This defines natural left and right actions of S on the set Mor(£?). The resulting
conjugation action ¢ — gpg~! extends to an action on the category, where g sends

an object P to gPg~!. The functor m: £9 —— F9 is equivariant with respect to the
conjugation action of S on £ and the action of Inn(S) < Autg,s(S, F) on F.

If (So, Fo, Lo) is contained in (S, F, L) with p-power index, and Sy < S, then the S
action on L clearly restricts to an S-action on L. The following theorem provides a
converse to this. Given a p-local finite group (Sy, Fo, Lo), an extension S of Sy, and an
S-action on £ which satisfies certain obvious compatibility conditions, this data always
determines a p-local finite group which contains (Sy, Fo, Lo) with p-power index.
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Theorem 4.6. Fixz a p-local finite group (So, Fo,Lo), and assume that a compatible
set of inclusions {L%} has been chosen for Ly. Fix a p-group S such that Sp < S and

Autg(Sy) < Autgys(So, Fo), and an action of S on Ly which:
(a) extends the conjugation action of Sy on Ly;
(b) makes the canonical monomorphism dg,: So —— Autg,(So) S-equivariant;

(c) makes the projection w: Ly —— Fo S-equivariant with respect to the Autg(Sp)-
action on Fy; and

(d) sends inclusion morphisms in Ly to inclusion morphisms.
Then there is a p-local finite group (S,F,L) such that F 2 Fy, L1 D Ly, the conju-

gation action of S on L9 restricts to the given S-action on Ly, and (So, Fo, Lo) 1S a
subgroup of p-power index in (S, F, L).

Proof. Set
Ho = Ob(Ly) = {P < Sy | P is Fy-centric} and H={P<S|PNSy€Hp}

To simplify notation, for any P < S, we write [y = PN Sy. For g € S and ¢ €
Morg, (P, Q), we write gpg~t € Morg,(gPg !, gQg™') for the given action of g on .
By (a), when g € Sy, this agrees with the morphism gpg~! already defined.

Step 1: We first define categories £1 O Ly and F; 2O Fy, where Ob(F;) = Ob(Fp)
and Ob(L;) = Hy. Set

Mor(£;) = S x5, Mor(Ly) = (S x Mor(Ly))/~,

where (gg(bgo) ~ (gaQOS@) for g € Su Jgo € 507 and pE MOI‘(,CQ). If (ZBS Morﬁo(P7 Q)u
then [g,¢] € Morg, (P, gQg™") denotes the equivalence class of the pair (g, ). Com-
position is defined by

[[gu ()0]] ° [[hvw]] = [[ghv hil(pho w]]

Note that if ¢ € Morg, (P, @), then h=tph € Mor,, (h™' Ph, h'Qh). To show that this
is well defined, we note that for all g,h € S, go,ho € Sp, and ¢, € Mor(Ly) with
appropriate domain and range,

l990, €] o [hho, ¥] = [ggohho, hg' (b~ oh)hg o ] = [gh-(h™" goh), (k™ oh) o ho]
= lgh, (b goh)-(h""@h) o hot'] = [gh, h™ " (gow)h o ho'] = g, gos] o [h, hot'] -

Here, the second to last equality follows from assumptions (b) and (d).

Let F; be the smallest fusion system over Sy which contains Fy and Autg(Sp). By
assumption, Auts(Sy) < Autps(So, Fo). Thus for each g € S, ¢, normalizes the fusion
system Fy: for each ¢ € Mor(Fy) there is ¢ € Mor(Fy) such that poc, = c40¢’. Hence
each morphism in F; has the form ¢, o ¢ for some g € S and ¢ € Aut(Fy). Define

ngiﬁléfl

by sending 7z, ([g, ¢]) = ¢4 o mo(p), where my denotes the natural projection from Ly
to Fy. This is a functor by (c).

For all P,(Q) € Hy, define
drq: Ns(P,Q) ——— Morg, (P.Q)



EXTENSIONS OF P-LOCAL FINITE GROUPS 35

by setting B\P,Q( 9) =g, L‘]’;ng ]. This extends the canonical monomorphism 0p ¢ defined
from Ng,(P,Q) to Morg, (P, Q). To simplify the notation below, we sometimes write

T =0pg(x) for x € Ng(P,Q).

Step 2: We next construct categories Lo and F5, both of which have object sets H,
and which contain £; and the restriction of F; to Hy, respectively. Afterwards, we let
F be the fusion system over S generated by F; and restrictions of morphisms.

Before doing this, we need to know that the following holds for each P, Q) € H, and
each ¢ € Morg, (P, Q):

V' € Ng(P) there is at most one y € Ng(Q) such that yo¢) =1 o, (1)

Since 1 is the composite of an isomorphism and an inclusion (and the claim clearly
holds if 4 is an isomorphism), it suffices to prove this when P < @ and 1 is the
inclusion. We will show that we must have y = x in that case. By definition,

Loz =[1,1%] 0 [2,1dp] = [z, L?;_IQQC]] and o2 = [y,

(since conjugation sends inclusions to inclusions). So if 3o Lg = Lg o T, then there exists

go € Sy such that y = zgo and (& = galLf;lQm, and thus

— x 1 x — —
5P,Q<1) = Lg =9 1bp @r — 5;c—1Qm,Q(go 1) o 5P,m—1Qm<1) = 5P,Q(Qo 1)-

Hence gy = 1 by the injectivity of dp g in Proposition 1.13; and so ¥ o Lg = Lg o Z only
ifr=ye Ns(Q)

Now let Ly be the category with Ob(Ly) = H, and where for all P,Q € H,
Morg, (P, Q) = {¢ € Morz, (Py, Qo) |Vo € P 3y € Q such that ¢ 0T =Jo v}

Let N
5P,Q: Ns(P, Q) - Morﬁz (P> Q)

CNs(Po,Qo) CMorg, (Po,Qo)

be the restriction of gpo,QO. Let F, be the category with Ob(F;) = H, and where

Morz, (P, Q) = {¢ € Hom(P, Q) ‘ 34 € Morg, (P, Q) such that ¢ oz = ;(1'\)0’(/1 Vz € P}.

Let m: L3 —— F; be the functor which sends ¢» € Morg, (P, Q) to the homomorphism
m(¢Y)(x) =y if Yo T = Yot (uniquely defined by (1)). Let F be the fusion system over
S generated by Fy and restriction of homomorphisms.

Set I' = §/Sp. Let
0: Ly — B(D)
be the functor defined by setting 5( [9.¢]) = 9So. In particular, (671(1))|x, = Lo.

Step 3: We next show that each P € H is F-conjugate to a subgroup P’ such that
Py is fully normalized in F;. Moreover, we show that P’ can be chosen so that the
following holds:

Vg € S such that gPyg " is Fy-conjugate to Py, g-So N Ng(P}) # 0. (2)

To see this, let Py, be the set of all Sp-conjugacy classes [Py] of subgroups P} < Sy
which are Fy-conjugate to Py and fully normalized in Fy. (If P is fully normalized in
Fo, then so is every subgroup in [FPf].) Let S” C S be the subset of elements g € S
such that gPyg~! is Fy-conjugate to Py. In particular, S’ > Ng(P) > P. Since each
g € S acts on Fy — two subgroups @Q, Q' < Sy are Fy-conjugate if and only if Qg™
and gQ'g~! are Fy-conjugate — S’ is a subgroup of S.
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For all g € S’ and [P}] € P, gPjg~" is Fo-conjugate to gPyg~! and hence to P,
and is fully normalized since g normalizes Sy. Thus S’/Sy acts on Py, and this set has
order prime to p by Proposition 1.16. So we can thus choose a subgroup Fj < Sy such
that [P}] € Pg, and is fixed by S’. In particular, P} is fully normalized in F,. Also, for
each g € S, some element of g-Sy normalizes P} (since [Pj] = [¢P,g™']) — and this
proves (2).

Now consider the set Repg, (Fo, So) = Homg, (Fo, Sp)/Inn(Sy). Since P < ', the
group P/Py acts on this set by conjugation (i.e., gPy € P/P, acts on [p], for ¢ €
Homg, (P, Sp), by sending it to [cepc,']). In particular, since the Sp-conjugacy class
[P}] is invariant under conjugation by P/ P, this group leaves invariant the subset X C
Rep, (P, So) of all conjugacy classes [¢] of homomorphisms such that [Im(p)] = [Fy].
Fix any ¢ € Isog, (P, Pj) (recall that subgroups in Py, are Fy-conjugate to Fp). Every
element of X has the form [ay] for some o € Autg, (F}), and [ag] = [f¢] if and only if
af™' € Autg, (P}). Thus | X| = | Autg, (P))|/| Auts, (F)|, and is prime to p since Fj is
fully normalized in Fy. We can thus choose ¢y € Homg, (P, Sp) such that ¢o(FPy) = P}
and [po] is invariant under the P/Py-action.

Fix ¢ € Isor,(Py, P}) such that w(¢) = . Since [pg] is P/Py-invariant, for each
x € P, there is some y € x-S, such that ¢, o g = g o c,. By (A), (and since ¢ is an
isomorphism), there is y’ € y-Cg, (F}) such that Y o) = 1o in £,. This element y' is
unique by (1); and upon setting ¢(z) = ¢y we get a homomorphism ¢ € Homg(P,S)
which extends ¢g. Set P’ = ¢(P); then P’ is F-conjugate to P and Pj = P’ N Sp.

Step 4: In Step 5, we will prove that F is saturated, using [5A1, Theorem 2.2].
Before that theorem can be applied, a certain technical condition must be checked.

Assume that P is F-centric, but not in H. By Step 3, P is F-conjugate to some
P’ such that Fj is fully normalized in Fy. Thus Fj is fully centralized in Fy and not
Fo-centric, which implies that Cs, (P}) & Pj. Then P’ acts on Cs, (P})- P}/ P} with fixed
subgroup QF;/ P} # 1 for some Q < Cs,(P)), and [@Q, P'] < P since P’'/F} centralizes
QP}/P}. Hence Q % Pj, and Q < Ng(P’) since [Q,P'] < P'. For any © € Q\F},
[cz] # 1 € Out(P') (Cg(P’) < P’ since P is F-centric), but ¢, induces the identity on
P} (since @ < Cg,(Py)) and on P'/P} (since x € Sy). Hence [c,;] € O,(Outz(P")) by
Lemma 1.15. This shows that

P F-centric, P ¢ H = 3 P" F-conjugate to P, Outgs(P")NO,(Outs(P")) # 1. (3)

Step 5: We next show that F is saturated, and also (since it will be needed in the
proof of (II)) that axiom (A), holds for £5. By [5A1, Theorem 2.2] (the stronger form
of Theorem 1.5(b)), it suffices to prove that the subgroups in H satisfy the axioms for
saturation. Note in particular that condition () in [5A1l, Theorem 2.2] is precisely
what is shown in (3).

Proof of (I): Fix a subgroup P € ‘H which is fully normalized in F. Let S’/S, <
S/Sp be the stabilizer of the Fy-conjugacy class of Py. By Step 3, P is F-conjugate to
a subgroup P’ such that P} is fully normalized in Fp; and such that for each g € 5,
some element of g-Sy normalizes P (see (2)). Hence there are short exact sequences

1 —— Autg, (P)) —— Autg, (P) —— 5'/So — 1
1 —— Ng,(P)) ——— Ng(Fy) ——— 5’/ Sy — 1.
We consider P’ < Ng(Fj) as subgroups of Aut., (F)) via gpo/7pé. Then
[Autz, (Fp) : Ns(Fp)] = [Autz, (Fp) : Noy(Fp)]
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is prime to p since Fy is fully normalized in Fy, and hence Ng(Fy) € Syl (Autz, (Fp)).
Fix ¢ € Autz, (P}) such that ¢! Ng(P})v contains a Sylow p-subgroup of the group
Naut, (py(P') (in particular, P" < ¢~ 'Ng(Py)v), and set P” = ¢ Py~ < Ng(Fp).
Then ¢ € Iso., (P, P”) by definition of L. In particular, P” is F-conjugate to P, and
Py = Pj. Also, Ng(F}) contains a Sylow p-subgroup of NAutﬁl(Pé)(Pl/),

Autz, (P") = Naut,, () (P")  and  Ng(P") = Ny (P"),

and it follows that Ng(P"”) € Syl,(Aut.,(P")).

Now, Aut,,(P) = Aut,,(P") since they are F-conjugate, and |Ng(P)| > |Ng(P")|
since P is fully normalized. Thus Ng(P) € Syl,(Autg,(P)), and hence Autg(P) €
Syl,(Autz(P)). Also, Ng(P) contains the kernel of the projection from Aut,(P) to
Autx(P); i.e., Cs(P) is isomorphic to this kernel. For all ) which is F-conjugate to
P, Cs(Q) is isomorphic to a subgroup of the same kernel, so |Cs(Q)| < |Cg(P)|, and
thus P is fully centralized in F.

Proof of (A), for Ly It is clear from the construction that for any P,Q € H,
Cs(P) acts freely on Morg, (P, Q) via Zs\p, p- So it remains to show that when P is fully
centralized in F, then for all ¢,¢’ € Mor,,(P, Q) such that 7(¢)) = 7w(¢)), there is
some = € Cg(P) such that ¢/ = ¢ o Z. Since every morphism in £, is the composite
of an isomorphism followed by an inclusion, it suffices to show this when ¢ and ¢’
are isomorphisms. But in this case, "'’ € Aut,,(P) lies in the kernel of the map
to Autz(P). We have just seen, in the proof of (I), that this implies there is some
x € Cg(P) such that 7 =14’ so 9’ =1 o7, and this is what we wanted to prove.

Proof of (II): Fix ¢ € Homg(P,S), where ¢(P) is fully centralized in F. Set
P’ = ¢(P). By definition of F, C F and of Ly, there is some ¢ € Iso., (P, P') C
Isoz, (Po, P}) such that 1o g = ¢(g) o ¢ for all g € P. Upon replacing ¢ by Z o ¢ for
some appropriate z € S (and replacing ¢ by ¢, o ¢ and P’ by xP’x™!), we can assume
that ¢ € Isoz, (P, ;) and ¢|p, € Homg, (Fo, So).

Consider the subgroups
N, = {x € Ng(P) | pcop™" € Autg(P')}
N' = Ngip, NNy = {z € N, N So | (oo™ ")|p, € Auts, (F))}.

We will see shortly that N' = N, N S,. By (II) applied to the saturated fusion system
Fo, there is ¢y € Homz, (N', S) which extends ¢|p,, and it lifts to ¢ € Homg, (N, S).
By (A) (applied to Ly), there is z € Z(FP,) such that ¢ = (¢|p,) o 2. Upon replacing 1)
by 10z (and @g by @g o c,), we can assume that ¢ = 1|p,.

For any © € N, N Sy, pcp™! = ¢, € Autz(P’) for some y € Ng(P'). Hence by
(A), (for L), YTy~ = yz for some unique 2z € Cs(P’). Thus yz € Autz,(P}), and by
definition of the distinguished monomorphisms for £, this is possible only if yz € Sj.
Thus @c, ! = ¢, where yz € Ng,(P’), and so z € N'. This shows that N’ = N,NSp.

Define p € Hom(N,, S) by the relation p(z) = y if ¥Z¢~' = 3. In particular, this
implies that yz—1 = o(xhx~!)~! is a morphism in Ly, and hence that yz—! € Sy. Also,
®|p = ¢ by the original assumption on . It remains to show that » € Homz(N,, S).
To do this, it suffices to show that ¥ o @ = § o1 in Morg,(N’,S) for all z, where
y = p(x). Equivalently, we must show that

_ —

Y =ya Lo (apa). (4)
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Since yx~! € Sy, both sides in (4) are in Ly, and they are equal after restriction to Py.
Hence they are equal as morphisms defined on N, NSy by [5A1, Lemma 3.9], and this
finishes the proof.

Step 6: We next check that Fy has p-power index in F. For any P < S and any
a € Autg(P) of order prime to P, « induces the identity on P/P, by construction,
and hence z7'a(z) € Sy for all & € P. This shows that Sy > O%(S) (see Definition
2.1). Also, by construction, for all P < Sy, Autg, (P) is normal of p-power index in
Autz(P), and thus contains OP(Autz(P)). This proves that the fusion subsystem Fj
has p-power index in F in the sense of Definition 3.1.

Step 7: It remains to construct a quasicentric linking system L£¢ which contains
Lo as a full subcategory, and which is associated to F. Note first that the axioms of
Definition 1.9 are all satisfied by L£y: axiom (A), holds by Step 5, while axioms (B),,
(C)g, and (D), follow directly from the construction in Steps 1 and 2.

Let LS C Ly be the full subcategory whose objects are the set H® C ‘H of subgroups
in H which are F-centric. We first construct a centric linking system £ 2O L§ associ-
ated to F. For any set I of F-centric subgroups of S, let O¢(F) be the orbit category
of F, let OX(F) C O%(F) be the full subcategory with object set K, and let Zk be
the functor P +— Z(P) on OF(F) which sends (see Definition 1.7 for more detail).
By [BLO2, Proposition 3.1], when K is closed under F-conjugacy and overgroups, the
obstruction to the existence of a linking system with object set I lies in lin?’(Z?), and
the obstruction to its uniqueness lies in @2(Z§) Furthermore, by [BLO2, Proposi-
tion 3.2], if P is an F-conjugacy class of F-centric subgroups maximal among those
not in K, and K’ = K U P, then the inclusion of functors induces an isomorphism
between the higher limits of Z% and Z¥' if certain groups A*(Outz(P); Z(P)) vanish
for P € P. By (3), O,(Outg(P)) # 1 for any Fo-centric subgroup P ¢ H¢, and hence
A*(Outz(P); Z(P)) = 0 for such P by [JMO, Proposition 6.1(ii)]. So these obstructions
all vanish, and there is a centric linking system £ D L§ associated to F.

Now let £? be the quasicentric linking system associated to (S,F,L). For each
P € H = Ob(Ly), PN Sy is Fo-centric by definition, hence is F-quasicentric by
Theorem 4.3(a), and thus P is also F-quasicentric. Also, H contains all F-centric
F-radical subgroups by (3), and H is closed under F-conjugacy and overgroups (by
definition of F and H). Hence by [5A1, Proposition 3.12], since £ is a full subcategory
of £ by construction, £, is isomorphic to a full subcategory of £? in a way which
preserves the projection functors and distinguished monomorphisms. So Ly can also
be identified with a linking subsystem of £?, and this finishes the proof. OJ

We now prove a topological version of Theorem 4.6. By Theorem 4.4, if (Sy, Fo, Lo) C
(S, F, L) is an inclusion of p-local finite groups of p-power index, where Sy < S and
I' = /S, then there is a fibration sequence | Lol L]} BI'. So it is natural
to ask whether the opposite is true: given a fibration sequence whose base is the
classifying space of a finite p-group, and whose fiber is the classifying space of a p-local
finite group, is the total space also the classifying space of a p-local finite group? The
next proposition shows that this is, in fact, the case.

Before stating the proposition, we first define some categories which will be needed in
its proof. Fix a space Y, a p-group S, and amap f: BS —— Y. For P < 5, we regard
BP as a subspace of BS; all of these subspaces contain the basepoint x € BS. We
define three categories in this situation, Fg ¢(Y), Lg(Y), and Mg ¢(Y), all of which
have as objects the subgroups of S. Of these, the first two are discrete categories, while
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M (YY) has a topology on its morphism sets. Morphisms in Fg ((Y) are defined by
setting

Morz, ,v)(P, Q) = {¢ € Hom(P, Q) ‘ flep =~ flpg o B}
we think of this as the fusion category of Y (with respect to S and f).

Next define

Mor g, (v) (P, Q) = {(¢,H) \<p € Hom(P,Q), H: BP x [0,t] — Y,
t>0, H|ppxo= f|lp, H|prxt= flpgeBp}.

Thus a morphism in Mg ((Y') has the form (¢, H) where H is a Moore homotopy in
Y. Composition is defined by

(wa K) °© (()07 H) = (Wpa (KO (BSO X Id))H)v
where if H and K are homotopies parameterized by [0,¢] and [0, s], respectively, then
(K o (By x 1d))-H is the composite homotopy parameterized by [0,t + s].

Let P(Y) be the category of Moore paths in Y, and let Res,: Mg ¢(Y) — P(Y)
be the functor which sends each object to f(x), and sends a morphism (p, H) to the
path obtained by restricting H to the basepoint x € BS. Define a map ev from |P(Y)|
to Y as follows. For any n-simplex A" in |P(Y)|, indexed by a composable sequence
of paths ¢4, ..., ¢, where ¢; is defined on the interval [0, ¢;], let ev|an be the composite

At 10 4y L 1] Y,

where A(tg,...,t,) is the affine map which sends the i-th vertex to ¢; 4+ ...+ ¢;. The
category Mg (Y') thus comes equipped with an “evaluation function”

| Resy |

eval: [Msf(Y)| —— [P(Y)| —— Y.

Now set
MOI‘ES’f(Y) (P7 Q) = T (MOIMSJ(Y) (P7 Q)) :
We think of Lg ¢(Y) as the linking category of Y. Also, for any set H of subgroups of
S, we let L ,(Y) and M¥ (V') denote the full subcategories of Lg ¢(Y") and Mg ¢(Y)

with object set H. For more about the fusion and linking categories of a space, see

[BLO2, §7].

Theorem 4.7. Fiz a p-local finite group (So, Fo,Lo), a p-group T, and a fibration
X —— BT with fiber X ~ |Lo|}. Then there is a p-local finite group (S, F, L) such
that So <1 S, Fo C F is a fusion subsystem of p-power index, S/So =T, and X ~ |L[).

Proof. Let * denote the base point of BT, and assume X, = v~ '(*). Fix a homo-

topy equivalence f: [Lo|) — Xo, regard BSy as a subspace of |Lo|, and set fy =

flBs,: BSo — X, also regarded as a map to X. Let Hy be the set of Fy-centric
subgroups of Sy.

Step 1: By [BLO2, Proposition 7.3],
fo & mefO (Xo) and E = ‘C?S’—f)ofo (Xo)

We choose the inclusions 1§ € Mor, (P, Q) (for P < @Q in Hy) to correspond to the
morphisms (incl?, [¢]) in Lsg, f,(Xo), where ¢ is the constant homotopy fo|gp. Set

fl :f507f0(X) and £1 :‘C?S’—f)(),f()(X)’
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where fj is now being regarded as a map BSy; —— X. The inclusion Xy C X makes
Fo into a subcategory of F; and L, into a subcategory of L;.

For all P < Sy which is fully centralized in Fo, Map(BP, Xo) s, sp = |Cr,(P)) by
[BLO2, Theorem 6.3], where C,,(P) is a linking system over the centralizer Cs(P).
Since P € Hy (i.e., P is Fo-centric) if and only if it is fully centralized and Cg,(P) =
Z(P), this shows that

P € Hy < Map(BP, X¢),|,» ~ BZ(P). (1)

If P and P’ are Fi-conjugate, and ¢ € Isoz, (P, P’), then the homotopy between fo|gp
and fo|gpro By as maps from BP to X induces, using the homotopy lifting property for
the fibration v, a homotopy between wo fy| gp and fo|ppro By (as maps from BP to Xj),

where w: Xo —— X, is the homotopy equivalence induced by lifting some loop in BT'.
Since w is a homotopy equivalence and By is a homeomorphism, this shows that the
mapping spaces Map(BP, Xo),|,, and Map(BF’, Xo)y,|,,, are homotopy equivalent,
and hence (by (1)) that P’ € Hy if P’ € Hy. Thus for all P, P" < S,

P Fi-conjugate to P' and P € Hy = P’ € H,. (2)

Fix S € Syl (Autz, (Sp)). We identify Sy as a subgroup of S via the distinguished
monomorphism dg, from Sy to Autg,(Sy) < Autg, (o).

Step 2: Forall P < S, and for Y = X or X, we define
Map(BP,Y)s = {f: BP — Y | f = foo By, ¢ € Hom(P,S), ¢(P) € Ho}.

Using (2), we see that the fibration sequence Xy —— X —— BI induces a fibration
sequence of mapping spaces

Map(BP, Xy)¢ — Map(BP, X )y —— Map(BP, BT').; ~ BT, (3)

where Map(BP, BT') is the space of null homotopic maps, and the last equivalence
is induced by evaluation at the basepoint. By (1), each connected component of
Map(BP, Xy)e is homotopy equivalent to BZ(P), and hence the connected compo-
nents of Map(BP, X )¢ are also aspherical.

For any morphism (¢, [H]) € Morg, (P, @), where ¢ € Homg (P, Q) and [H] is the
homotopy class of the path H in Map(BP, X)e, restricting v o H to the basepoint of
BP defines a loop in BI', and thus an element of I'. This defines a map from Mor(L;)
to I which sends composites to products, and thus a functor

0: £, —— B(I).
By construction (and the fibration sequence (3)), for any i) € Mor(L;), we have ¢ €

Mor(Ly) if and only if 5(1/}) =1.
Using the homotopy lifting property in (3), we see that 0 restricts to a surjection
of Autg,(Sp) onto I', with kernel Autg,(Sp). Since Sy € Syl,(Autg,(So)), this shows

that 6 induces an isomorphism S/Sy = I', where S is a Sylow p-subgroup of Aut., (Sp)

~ o~

which contains Sy. Hence for any ¢ € Mor(L;), there is g € S such that 6(¢) = 0(g);
and for any such g there is a unique morphism 1y € Mor(L) such that ¢ = §(g) o ¢y
where §(g) € Mor(L;) denotes the appropriate restriction of g € Autg, (Sp). In other
words,

Mor(ﬁl) =95 X So MOI(Eo). (4)

Step 3: The conjugation action of S on Mor(Ly) € Mor(L;) defines an action of S on
Lo, which satisfies the hypotheses of Theorem 4.6. (Note in particular that this action
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sends inclusions to inclusions, since they are assumed to be represented by constant
homotopies.) So we can now apply that theorem to construct a p-local finite group
(S, F, L) which contains (Sy, Fo, Ly) with p-power index. Let £? be the quasicentric
linking system associated to (S, F,L). By (4), the category £; defined here is equal
to the category L, defined in the proof of Theorem 4.6; i.e., the full subcategory of L9
with object set Hj.

Let H be the set of subgroups P < S such that PN.Sy € Hy, and let Lo C L9 be the
full subcategory with object set H. By Step 4 in the proof of Theorem 4.6, all F-centric
F-radical subgroups of S lie in H, and so |£| ~ |£9] ~ |L5] by Proposition 1.12(a).
Also, |£4] is a deformation retract of |Ls|, where the retraction is defined by sending
P € H to PNSy € Hy (and morphisms are sent to their restrictions, uniquely defined
by Proposition 1.12(b)). Thus |£| ~ |£4]. So by Theorem 4.4, we have a homotopy
fibration sequence |Lo|) — [£,|) — BI.

Step 4: It remains to construct a homotopy equivalence |L£;| 2 —— X, which extends
to a homotopy equivalence between the fibration sequences. This is where we need to
use the topological linking categories defined above. Set

Mo=MEF, (Xo) and My =M, (X)

for short, and consider the following commutative diagram:

evalg

Lol <—p?0 | Mol Xo

I

L8 2Oy 2 X

~

The vertical maps in the diagram are all inclusions. Also, X is p-complete by definition
and X by [BK, IL.5.2(iv)], so the evaluation maps defined above extend to the p-
completed nerves |M;|. The maps proj; and eval; both commute up to homotopy
with the projections to BI'. The projection maps proj, and proj, are both homotopy
equivalences: the connected components of the morphism spaces in M; are contractible
since the connected components of the fiber and total space in (3) are aspherical (see
Step 2).

We claim that evalj is homotopic to foproj, as maps to X,. By naturality, it suffices
to check this on the uncompleted nerve | Mo, and in the case where X, = [£]) and
f =1d. But in this case, the only real difference between the maps is that evaly sends
all vertices of | M| to the base point of Xy = |£|}, while proj, sends the vertex for a
subgroup P < S to the corresponding vertex in || 2. So the maps are homotopic via a
homotopy which sends vertices to the base point along the edges of |£| corresponding
to the inclusion morphisms. In particular, this shows that evaly is also a homotopy
equivalence. We thus have an equivalence between the fibration sequences

Lol L1l BT
Lol X BT

and this proves that the two sequences are equivalent. O
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Recall (Definition 4.5) that for any saturated fusion system F over a p-group S,
Autg,s(S, F) denotes the group of all fusion preserving automorphisms of S. The fol-
lowing corollary to Proposition 4.6 describes how “exotic” fusion systems could poten-
tially arise as extensions of p-power index; we still do not know whether the situation
it describes can occur.

Corollary 4.8. Fir a finite group G, with Sylow subgroup S € Syl (G). Assume
there is an automorphism a € Autgs(S, Fs(G)) of p-power order, which is not the
restriction to S of an automorphism of G, and which moreover is not the restriction of
an automorphism of G' for any finite group. G" with S € Syl,(G") and Fs(G') = Fs(G).
Then there is a saturated fusion system (S,F) 2 (S, Fs(G)), such that Fs(G) has p-

power index in .7: and such that F is not the fusion system of any finite group.

Proof. By [BLO1, Theorem E], together with [O1, Theorem A] and [O2, Theorem A],
there is a short exact sequence

0 —— lm'(Z5) ——— Outyp(LE(G)) ———— Outpus(S, Fs(G)) —— 0
05(G)

where Outg,s(S, F) = Autes(S, F)/ Autg(S), where O%(G) and Z¢ are the category
and functor of Definition 1.7(b), and where Outyy,(L5(G)) is the group of “isotypi-
cal” automorphisms of £§(G) modulo natural isomorphism (see the introduction of
[BLO1], or [BLO1, Definition 3.2], for the definition). Let [a] be the class of & in
Outyys(S, Fs(G)); then [a] lifts to an automorphism « of the linking system L(G).
Upon replacing a by some appropriate power, we can assume that it still has p-power
order. We can also assume, upon replacing a by another automorphism in the same
conjugacy class if necessary, that the a-action on Aut,(S) leaves invariant the subgroup
d5(9); i.e., that the action of o on LE(G) restricts to an action on S.

Set § = Sx(z), where |z| = |a| and = acts on S via a. Then S has an action on
L%(G) induced by the actions of S and of «, and this action satisfies conditions (a)—(d)
in Theorem 4.6. Let F D F, 5(G) be the saturated fusion system over S constructed by
the theorem.

We claim that F is not the fusion system of any finite group. Assume otherwise:
assume F is the fusion system of a group G. Since F has p-power index in F , S >
Opf_(:g\), and so S > SN OP(G) by the hyperfocal subgroup theorem (Lemma 2.2). Set
G' = SOP(@). Then G <1 G since S <1 S: (A}’/G' = §/S’, and thus G’ <1 G has p-power
index and S € Syl,(G’). By Theorem 4.3, there is a unique saturated fusion subsystem
over S of p-power index in }A", and thus F = Fg(G’). Also, x € S < G acts on G via an

automorphism whose restriction to S is «, and this contradicts the original assumption
about a. O

5. FUSION SUBSYSTEMS AND EXTENSIONS OF INDEX PRIME TO p.

In this section, we classify all saturated fusion subsystems of index prime to p in a
given saturated fusion system F, and show that there is a unique minimal subsystem
OF'(F) of this type. More precisely, we show that there is a certain finite group of order
prime to p associated to F, denoted below I',,(F), and a one-to-one correspondence
between subgroups 7' < I',(F) and fusion subsystems Fr of index prime to p in F.
The index of Fr in F can then be defined to be the index of 7" in I'y (F).
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Conversely, we also describe extensions of saturated fusion systems of index prime
to p. Once more the terminology requires motivation. Roughly speaking, an extension
of index prime to p of a given saturated fusion system JF is a saturated fusion system
F' over the same p-group S, but where the morphism set has been “extended” by an
action of a group of automorphisms whose order is prime to p. Here again, a one-to-one
correspondence statement is obtained, thus providing a full classification.

As noted in the introduction, Puig [Pul] had earlier showed how to construct the
minimal fusion subsystem of index prime to p (which he called the adjoint subsystem),
and also showed how to construct extensions of fusion systems of index prime to p.
What is new here is that we obtain a more explicit classification on the level of fusion
systems; and also show how such subsystems and extensions behave on the level of
linking systems, in the sense that the geometric realization of the inclusion of linking
systems is homotopy equivalent to a covering space projection.

5.1 Subsystems of index prime to p We first classify all saturated fusion sub-
systems of index prime to p in a given saturated fusion system JF. The fusion sub-
systems and associated linking systems will be constructed using Proposition 3.8 and
Theorem 3.9, respectively. More precisely, Theorem 3.9 has already told us that for
any p-local finite group (S,F, L), any surjection 6 of 7 (|£]) onto a finite p’-group T,
and any subgroup H < T, there is a p-local finite subgroup (S’, F', £') such that |L’|
is homotopy equivalent to the covering space of |£| with fundamental group 6~1(H).
What is new in this section is first, that we describe the “universal” p’-group quotient
of m(|£|) as a certain quotient group of Outx(5); and second, we show that all fusion
subsystems of index prime to p in F (in the sense of Definition 3.1) are obtained in
this way.

When applying Proposition 3.8 to this situation, we need to consider fusion mapping
triples (I',0,©) on F9, where I is finite of order prime to p. Since § € Hom(S,T"), it
must then be the trivial homomorphism. In this case, conditions (i)—(iii) in Definition
3.6 are equivalent to requiring that there is some functor 0: F1— B(T') such that
O(p) = {O(p)} for each ¢ € Mor(F4) (and condition (iv) is redundant). So instead
of explicitly constructing fusion mapping triples, we instead construct functors of this
form.

We start with some definitions. For a finite group G, one defines O (G) to be
the smallest normal subgroup of G of index prime to p, or equivalently the subgroup
generated by elements of p-power order in G. These two definitions are not, in general,
equivalent in the case of an infinite group, (the case G = Z being an obvious example).
We do, however, need to deal with such subgroups here. The following definition is
most suitable for our purposes, and it is a generalization of the finite case.

Definition 5.1. For any group G (possibly infinite), let OP (G) be the intersection of
all normal subgroups in G' of finite index prime to p.

In particular, under this definition, an epimorphism a: G — H with Ker(«a) <
O (@) induces an isomorphism G/O¥ (G) = H/O" (H). Thus by Proposition 2.6, for
any p-local finite group (S,F, L), the projections of |£| ~ [£?| onto |F*| and |FY|
induce isomorphisms

mi(1£]) /07 (mi(1£])) = m(|F<]) /O (m (1) = mi(|F4)) /O (m (1))
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Fix a saturated fusion system F over a p-group S, and define
Ly (F) = m(|F))/ 0" (w1 (|1 F))-
We will show that the natural functor
ege: F¢ ——— B(I'y(F))

induces a bijective correspondence between subgroups of I, (F) and fusion subsystems
of F of index prime to p.

Recall (Definition 3.3) that for any saturated fusion system F over a p-group S,
OP (F) C F is the smallest fusion subsystem which contains the groups O (Autz(P))
for all P < .5; i.e., the smallest fusion subsystem which contains all automorphisms in
F of p-power order. Define

Outof(S) = <a € Outg(S) ‘a\p € Morogf(f)(P, S), some F-centric P < S>.
Then Out%(S) < Outx(S), since O (F) is normalized by Autz(S) (Lemma 3.4(a)).
Proposition 5.2. There is a unique functor

f: ¢ —— B(Out£(S)/ Outy(S))
with the following properties:
(a) (9\(04) = a (modulo Outy(S)) for all a € Autg(S).
(b) 8(¢) =1 if ¢ € Mor(OP (F)°). In particular, § sends inclusion morphisms to the
identity.
Furthermore, there is an isomorphism
0: Ty (F) = m(|F)) /0" (m(|F°]) ——— Outx(S)/ Outy(S)
such, that 0 = B0 o £5.

Proof. By Lemma 3.4(c), each morphism in F°¢ factors as the composite of the restric-
tion of a morphism in Autx(S) followed by a morphism in OF (F)¢. If
¢ =1oai|lp = p20ap,
where ¢ € Homg(P,Q), a; € Autz(S), and ¢; € Homop/(f)c(ozi(P),Q), then we can
assume (after factoring out inclusions) that all of these are isomorphisms, and hence
(oo t)|p =@yt opr € Is0007  ye (@1 (P), aa(P)).
Thus ay o a; b € Out%(S); and so we can define
0(¢) = [a1] = [aa] € Out#(S)/ Outd(S).

This shows that 6 is well defined on morphisms (and sends each object in F°¢ to the

unique object of B(Outx(S)/ Outy(S))). By Lemma 3.4(c) again, 6 preserves compo-
sitions, and hence is a well defined functor. It satisfies conditions (a) and (b) above by

construction. The uniqueness of 0 is clear.
It remains to prove the last statement. Since Outz(S)/ Outly(S) is finite of order
prime to p, m1(]|0]) factors through a homomorphism

0: mi(|F)) /O (m(|F°])) —— Outz(S)/ Outi(S).
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The inclusion of B Autxz(S) into |F¢| (as the subcomplex with one vertex S) induces
a homomorphism

71 Outr(S) ———— m(|F) /O (w1 (| F))).

Furthermore, 7 is surjective since F = (O¥ (F), Aut#(S)) (Lemma 3.4(b)), and since
any automorphism in O (F) is a composite of restrictions of automorphisms of p-power
order. By (a), and since 6 restricted to Autz(S) is the projection onto Outg(S), the
composite Aot is the projection of Outz(.S) onto the quotient group Outz(.5)/ Outl(S).
Finally, Out}-(S) < Ker(r) by definition of Out}(S), and this shows that 6 is an
isomorphism. H|

The following lemma shows that any fusion mapping triple on F¢ can be extended
uniquely to F?. This will allow us later to apply Proposition 3.8 in order to produce
saturated fusion subsystems of index prime to p.

Lemma 5.3. Let F be a saturated fusion system over a p-group S, and let (I',0,0)
be a fusion mapping triple on F¢. Then there is a unique extension

©: Mor(F?) — Sub(I")
of ©g, such that (I',0,0) is a fusion mapping triple on F1.

Proof. We construct the extension © one F-conjugacy class at a time. Thus, assume
© has been defined on a set H, of F-quasicentric subgroups of S which is a union of
F-conjugacy classes, contains all F-centric subgroups, and is closed under overgroups.
Let P be maximal among F-conjugacy classes of F-quasicentric subgroups not in Hy;
we show that © can be extended to H = Hy U P.

Fix P € P which is fully normalized in F. For each a € Autz(P), there is an
extension a € Autxz(P-Cg(P)) (axiom (II)), and we define a map

Op: Autg(P) — Gub(Nr(6(Cs(P))))

by Op(a) = O(a)-0(Cs(P)). By Definition 3.6 ((i) and (ii)) O(a) is a left coset of
0(Cs(P-Cs(P))), and by (iv), it is also a right coset (where the right coset representa-
tive can be taken to be the same as the one representing the left coset); hence ©p(«)
is a left and a right coset of 6(Cs(P)) (again with the same coset representative on
both sides). If @’ € Autz(P-Cg(P)) is any other extension of «, then by [5A1l, Lemma
3.8], there is some g € Cg(P) such that @’ = ¢, o a. Thus, by Definition 3.6 again,
O(a') = B(cyoa) =0(g)O(a), and

0(a) - 6(Cs(P)) = 0(9)0(a) - 6(Cs(P)) = O(a)d(alg)) - 8(Cs(P)) = O(a) - 6(Cs(P)),
and so the definition of Op(«a) is independent of the choice of the extension a. This
shows that ©p is well defined.

Notice also that ©p clearly respects compositions, and since Op(a) = z-0(Cs(P)) =
0(Cs(P)) - x, for some x € T', we conclude that x € Np(0(Cs(P))). Thus ©p induces
a homomorphism

Op: Auty(P) — Nr(0(Cs(P)))/0(Cs(P)).

We now make use of Lemma 4.1, which gives sufficient conditions to the existence of
an extension of a fusion mapping triple.

If « € Autg(P), and x € ©p(«), then z = y-0(h) for some h € Cs(P) and y € O(@),
where a is an extension of o to P - Cs(P). Hence for any g € P,

20(g)z™" =y -0(hgh ")y~ =yb(9)y" = 0(alg)) = O(a(g)).
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This shows that point (+) of Lemma 4.1 holds, and so it remains to check (x).

Assume P S Q < S, P <@, and let a € Autz(P) and § € Autz(Q) be such that
a = f|p. Then Q-Cs(P) < N, in the terminology of axiom (II), so a extends to another
automorphism v € Autz(Q-Cs(P)), and Op(a) = O(7)-0(Cs(P)) by definition of Op.
By [5A1, Lemma 3.8] again, v|g = ¢4 o 8 for some g € Cg(P). Hence, by Definition
3.6, O(7) = O(cy0 8) =6(g) - ©(F), and so

Op(a) = 0(g) - O(B) - 0(Cs(P)) = ©(8)0(5(g)) - 0(Cs(P)) = O(B) - (Cs(P)).

In particular, ©p(a) 2 O(F). This shows that point (%) of Lemma 4.1 is satisfied as
well, and thus, by the lemma, © can be extended to a fusion mapping triple on F*. [

Recall that a fusion subsystem of index prime to p in a saturated fusion system F
over S is a saturated subsystem F, C F over the same p-group S, such that Autg (P) >
OP (Autz(P)) for all P < S. Equivalently, 7y C F has index prime to p if and only
if it is saturated and contains the subcategory O (F) of Definition 3.3. We are now
ready to prove our main result about these subsystems.

Theorem 5.4. For any saturated fusion system F over a p-group S, there is a bijective
correspondence between subgroups

H < Ty (F) = Outz(S)/ Out(9),

and saturated fusion subsystems Fpy of F over S of index prime to p in F. The
correspondence is given by associating to H the fusion system generated by 6~ *(B(H)),
where 0 s the functor of Proposition 5.2.

Proof. Let Fy C F be any saturated fusion subsystem over S which contains OF (F).
Then Out%(S) <1 Out,(S), and one can set H = Outz,(S)/ Out%(S). We first show

-~

that a morphism ¢ of F¢ is in Fy if and only if () € H. Clearly it suffices to prove
this for isomorphisms in F°.

Let P,QQ < S be F-centric, F-conjugate subgroups, and fix an isomorphism ¢ €
[sor(P,Q). By Lemma 3.4, we can write ¢ = 9 o (a|p), where a € Autx(S) and
(NS Isoop/(F)(a(P), Q). Then ¢ is in Fy if and only if | p is in Fy. Also, by definition

of @ (and of H), () € H if and only if a € Autz, (S). So it remains to prove that
alp € Mor(Fy) if and only if a € Autg, (5).

If a € Autg (S), then alp is also in Fy by definition of a fusion system. So it
remains to prove the converse. Assume «|p is in Fy. The same argument as that used
to prove Proposition 3.8(c) shows that a(P) is Fy-centric, and hence fully centralized
in Fy. Since a|p extends to an (abstract) automorphism of S, axiom (II) implies that
it extends to some a; € Homg, (Ng(P),S). Since P is F-centric, [BLO2, Proposition
A 8] applies to show that oy = (| ng(p))ocy for some g € Z(P), and thus that o|yyp) €
Homg, (Ng(P),S). Also, Ng(P) = P whenever P < S, and so we can continue this
process to show that o € Autg (S). This finishes the proof that Fy = é\*l(H).

Now fix a subgroup H < Outz(S)/Out%(S), and let Fy be the smallest fusion

system over S which contains 671 (B(H)). We must show that Fp is a saturated fusion
subsystem of index prime to p in F. For F-centric subgroups P,Q < S, Homg, (P, Q)

is the set of all morphisms ¢ in Homg(P, Q) such that 6(¢) € H. In particular,
Fu D OF(F), since morphisms in OF (F) are sent by 6 to the identity element.
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Define ©: Mor(F¢) —— Sub([',,(F)) by setting O(¢) = {5@)}, i.e., the image
consists of subsets with one element. Let § € Hom(S,I',/(F)) be the trivial (and
unique) homomorphism. Then (I, (F),6,0) is a fusion mapping triple on F°¢. By
Lemma 5.3, this can be extended to a fusion mapping triple on F9; and hence Fpy is
saturated by Proposition 3.8.

By Theorem 1.5(a) (Alperin’s fusion theorem), Fp is the unique saturated fusion
subsystem of F with the property that a morphism ¢ € Homz(P, ) between F-centric

~

subgroups of S lies in Fy if and only if 8(p) € H. This shows that the correspondence
is indeed bijective. O

The next theorem describes the relationship between subgroups of index prime to p
in a p-local finite group (S, F, L) and certain covering spaces of |L|.

Theorem 5.5. Fizx a p-local finite group (S,F,L). Then for each subgroup H <
Out#(S) containing Out%(S), there is a unique p-local finite subgroup (S, Fu, L),
such that Fy has index prime to p in F, Outg, (S) = H, and Lg = 7 (Fy) (where
7 is the usual functor from L to F). Furthermore, |Lyg| is homotopy equivalent, via
its inclusion into |L|, to the covering space of |L| with fundamental group H: where
H < m(|L]) is the subgroup such that O(H /O (my(|L]))) corresponds to H/ Out%(S)
under the isomorphism

m(IL])/07 (m(|£])) = m (|F) /0¥ (m(|F7]) ——2— Outiz(S)/ Outiy(S)

of Proposition 5.2.

Proof. By Theorem 3.9, applied to the composite functor

0

L™ e B(Out£(S)/ Outy(S)),

(S, Fu, Lyg) is a p-local finite group, and |Ly| is homotopy equivalent to the covering

space of |£| with fundamental group H defined above. The uniqueness follows from
Theorem 5.4. U

Theorem 5.4 shows, in particular, that any saturated fusion system F over S contains
a unique minimal saturated subsystem O (F) of index prime to p: the subsystem
Fo C F with Outg,(S) = Out%(S). Furthermore, if F has an associated centric linking
system £, then Theorem 5.5 shows that OF'(F) has an associated linking system O (L),
whose geometric realization |O? (£)| is homotopy equivalent to the covering space of
|£| with fundamental group O (m1(|£])).

5.2 Extensions of index prime to p It remains to consider the opposite prob-
lem: describing the extensions of a given saturated fusion system of index prime to p.
As before, for a saturated fusion system F over a p-group S, Autgs(S, F) denotes the
group of fusion preserving automorphisms of S (Definition 4.5). Theorem 5.7 below
states that each subgroup of Outgys(S, F) = Autss(S, F)/ Autz(S) of order prime to p
gives rise to an extension of F.

The following lemma will be needed to compare the obstructions to the existence and
uniqueness of linking systems, in a fusion system and in a fusion subsystem of index
prime to p. Recall the definition of the orbit category of a fusion system in Definition
1.7.
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Lemma 5.6. Fir a saturated fusion system F over a p-group S, and let F' C F be
a saturated subsystem of index prime to p. Assume Outz(S) < Outg(S), and set
7w = Outz(S)/Outz(S). Then for any F : OY(F) —— Z)-mod, there is a natural
action of ™ on the higher limits of F

lim*(F) = | lin" (Flowe)]

O°(F) O°(F)

oc(F7), and

Proof. Let O°(F)-mod denote the category of functors O¢(F)°® —— Ab. For any
Fin O°(F)-mod, Outz(S) acts on [[pcopoer) F(P) by letting a € Outz(S) send

F(a(P)) to F(P) via the induced map a*. This restricts to an action of 7 on A(F) o

lim (F|oe(z)); and by definition of inverse limits,
0°(F)

™

lim (F) = [ lim (Flowen)| = MF)]™

(%) 0(F)

Since F' is a subsystem of index prime to p, Outz(S) is a subgroup of Out%(9).
Hence, by a slight abuse of notation, one has a functor 0: F —— B(m) given as the
composite of the functor 0 of Proposition 5.2 with projection to m. For any Z[r|-
module M, regarded as a functor on B(r), we let 3(M) denote the composite functor
M 6. Then Z[r]-mod 7z, O°(F)-mod is an exact functor, and a left adjoint to

O¢(F)-mod A Z|m]-mod. In particular, the existence of a left adjoint shows that A
sends injective objects in O°(F)-mod to injective Z[r|-modules.

Thus, if 0 - F' — Iy — I; — - -+ is an injective resolution of F' in O¢(F)-mod, and
F' takes values in Z)-modules, then

ol%lf:<F) = H (0 = MIo)f) — MD)G) — )

™

= [H*(0 — Alo)gy — M)y — )] " = [O%:(F\Oc(p))] . O

We are now ready to examine extensions of index prime to p.

Theorem 5.7. Fizx a saturated fusion system F over a p-group S. Let

def

T < Outpys (S, F) = Autpus(S, F)/ Autz(S)

be any subgroup of order prime to p, and let T denote the inverse image of m in

Autfus(S, f)

(a) Let F.m be the fusion system over S generated (as a category) by F together with
restrictions of automorphisms in w. Then F.7 is a saturated fusion system, which
contains F as a fusion subsystem of index prime to p.

(b) If F has an associated centric linking system, then so does F ..

(c) Let L be a centric linking system associated to F. Assume that for each o € m, the
action of a on F lifts to an action on L. Then there is a unique centric linking
system L.m associated to F.m whose restriction to F is L.

Proof. (a) By definition, every morphism in F.7 is the composite of morphisms in F
and restrictions of automorphisms of S which normalize F. If ¢ € Homz(P, Q) and



EXTENSIONS OF P-LOCAL FINITE GROUPS 49
¢ € Autgs(S, F), then one has

Ploo =¢lgot o upovlp =1 o plp, (1)

where ¢ € Homz(p(P), p(Q)) (since ¢ is fusion preserving). Hence each morphism in
F.m is the composite of the restriction of a morphism in 7 followed by a morphism in

F.

We next claim F is a fusion subsystem of F.7 of index prime to p. More precisely,
we will show, for all P < S| that Autz(P) < Autz.(P) with index prime to p. To see
this, let m; C 7 be the set of automorphisms ¢ in T < Autg,s(S, F) such that ¢(P) is
F-conjugate to P, and let my C m; be the set of classes ¢ such that ¢|p € Homg(P, S).
If (P) and 9(P) are both F-conjugate to P, then 1(¢(P)) is F-conjugate to ¢ (P)
since v is fusion preserving, and thus is F-conjugate to P. This shows that 7 is
a subgroup of 7, and an argument using (1) shows that m is also a subgroup. By
definition, my > Autx(5), so m /m has order prime to p since 7 does. Using (1), define

epl Aut]:_ﬂ(P) E— 7T1/7T0

by setting Op(a) = [¢] if @ = | g(pyo/3 for some € Homz(P, S) and some ¢- Autx(S) €
7. By definition of g, this is well defined, and Ker(6p) = Autz(P). Since 7 /7y has
order prime to p, this shows that Autz(P) < Autz,(P) with index prime to p.

We next claim that F and F.7 have the same fully centralized, fully normalized and
centric subgroups (compare with the proof of Proposition 3.8(c)). By definition, F
and F.7 are fusion systems over the same p-group S. Since each F-conjugacy class is
contained in some F.m-conjugacy class, any subgroup P < S which is fully centralized
(fully normalized) in F.7 is fully centralized (fully normalized) in F. By the same
argument, any J.mw-centric subgroup is also F-centric.

Conversely, assume that P is not fully centralized in F.m, and let P* < S be a
subgroup F.w-conjugate to P such that |Cs(P’)| > |Cs(P)|. Let ¢»: P/ —— P be an
F .m-isomorphism between them. Then, by the argument above ¥ = 1)’ o ¢, where 1’ is
a morphism in F and ¢ € 7 is the restriction to P’ of an automorphism of S. Hence
|ICs(p(P)| = |Cs(P")] > |Cs(P)|, and since ¢(P’) is F-conjugate to P, this shows
that P is not fully centralized in F. A similar argument shows that if P is not fully
normalized (or not centric) in F.m, then it is not fully normalized (or not centric) in

F.

We prove that F.m is saturated using Theorem 1.5(b). Thus, we must show that
conditions (I) and (II) of Definition 1.2 are satisfied for all F.m-centric subgroups, and
that F.7 is generated by restrictions of morphisms between its centric subgroups. Let
P < S be a subgroup which is fully normalized in F.7w. Then it is fully normalized in F,
and since F is saturated, it is fully centralized there and Autg(P) € Syl,(Autz(P)) =
Syl,(Autz ). Hence, condition (I) holds for any P in (F.m)°.

Let ¢p: P —— () be a morphism in F.7, and write ¢ = 1’ o o, as before. Set

Ny ={g € Ns(P)|¢ocgot™ € Auts(v(P))};

then p(Ny) = Ny since @cg o' = gy for all g € S. Since condition (II) holds for
F, the morphism ¢’ can be extended to Ny . Hence ¢ = ¢’ o ¢ can be extended to
Ny = ¢(Ny ), and so condition (II) holds for F.r.

That all morphisms in F.7 are composites of restrictions of F.7w-morphisms between
F.m-centric subgroups holds by construction. Thus Theorem 1.5(b)applies, and F.7 is
saturated.
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(b) Let Zx: O°(F) —— Ab be the functor Z£(P) = Z(P), and similarly for Zz .
(see Definition 1.7). By Lemma 5.6, restriction of categories induces a monomorphism

lim* (Z5,) —— lim*(Z5) (2)
O°(F.x) 0°(F)

whose image is the subgroup of m-invariant elements.

By [BLO2, Proposition 3.1], the obstruction n(F.7) to the existence of a centric
linking system associated to F.7 lies in liLn?’(Zf_,r). From the construction in [BLO2]
of these obstructions (and the fact that .7 and F have the same centric subgroups),
it is clear that the restriction map (2) sends n(F.7) to n(F). So if there is a linking
system L associated to F, then n(F) = 0, so n(F.7r) = 0 by Lemma 5.6, and there is
a linking system L.7 associated to F.m.

(c) Let L.m be a centric linking system associated to F.m, as constructed in (b), and
let £ be its restriction to F (i.e., the inverse image of F under the the projection
L. —— (F.7)°). By [BLO2, Proposition 3.1] again, the group lim*(Zr) acts freely
and transitively on the set of all centric linking systems associated to F. If the action
on F of each a € 7 lifts to an action on £, then the element of liLnQ(Z]:) which measures
the difference between £ and L’ is w-invariant, and hence (by Lemma 5.6 again) is the
restriction of an element of lim*(Zr ). Upon modifying the equivalence class of L.
by this element, if necessary, we get a centric linking system associated to F.m whose
restriction to F is L. O

As was done in the last section for extensions with p-group quotient, we now translate
this last result to a theorem stated in terms of fibration sequences.

Theorem 5.8. Fiz a p-local finite group (S, F, L), a finite group T of order prime to
p, and a fibration E —— BT with fiber X ~ |L|)). Then there is a p-local finite group
(S, F', L) such that F C F' is normal of index prime to p, Autz(S)/ Autg(S) is a
quotient group of T, and E) ~ |L']}.

Proof. For any space Y, let Aut(Y") denote the topological monoid of homotopy equiv-
alences Y —— Y. Fibrations with fiber Y and base B are classified by homotopy
classes of maps B —— B Aut(Y’). This follows, for example, as a special case of the
main theorem in [DKS].

We are thus interested in the classifying space B Aut(|£|), whose homotopy groups
were determined in [BLO2, §8]. To describe these, let Auty,,(£) be the monoid of
1sotypical self equivalences of the category L; i.e., the monoid of all equivalences of
categories ¢ € Aut(L) such that for all P € Ob(L), ¥pp(Im(dp)) = Im(dyp)). Let
Outyyp (L) be the group of all isotypical self equivalences modulo natural isomorphisms
of functors. By [BLO2, Theorem 8.1], m;(B Aut(|£]})) is a finite p-group for i = 2 and
vanishes for ¢ > 2, and

71(B Aut(|£]))) 2 Outyp (L).

Each isotypical self equivalence of L is naturally isomorphic to one which sends
inclusions to inclusions (this was shown in [BLO1, Lemma 5.1] for linking systems of
a group, and the general case follows by the same argument). Thus each element of
Outyyp (L) is represented by some 3 which sends inclusions to inclusions. This in turn
implies that Sg — the restriction of Bs g to 0s(S) < Autz(S) — lies in Autg,s(S, F),
and that for every F-centric subgroup P of S, the functor 3 sends P to the subgroup
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Bs(P) < S. In particular, § is an automorphism of £, since it induces a bijection on
the set of objects.

Now let B - B Aut(|£]}) be the map which classifies the fibration £ —— BI.

Since I is a p/-group, the fibration £ —— BT is uniquely determined by the action
of I on |L[}; more precisely, by the map induced by f, on fundamental groups:

T (fy): I' ——— Outyy, (L) .

By an argument identical to that used to prove [BLO1, Theorem 6.2], there is an
exact sequence

0 —— lim'(Zr) —— Outyy,y (L) —5— Outps(S, F),
0°(F)

where p, is defined by restricting a functor £ — £ to d5(S) < Autz(S). Also, O%(F)
and Zx are as in Definition 1.7, but all that we need to know here is that Ker(u,) is
a p-group. Set

Wy = pig omi(fy): T ——— Outgys(S, F).
Set m = Im(¢),) < Outgys(S, F). By its definition, 1, comes equipped with a lift to
Outyyp(L£). So by the above remarks, every element of 7 lifts to an automorphism of

L. Let (S, F.m, L.7) be the p-local finite group constructed in Theorem 5.7(a,c) as an
extension of (S, F, L). This induces a fibration

|L| —— |L.1| ——— Bm.

By [BK, Corollary 1.8.3], there is a fiberwise completion E,, of |£.7| which sits in a
fibration sequence

|£|$ E, v B,
and this fibration is classified by a map
fuw: Bn ——— B Aut(|L]}).

As was the case for f,, the induced map between fundamental groups 7 ( f,,) determines
the fibration.

Consider the diagram

p
rn——nr

7r1(fv)jy/ }ncl <1>
Outtyp(ﬁ) L OUtfus(Sv JT) )

where p: I' — 7 is the restriction of v, to its image, and where the square commutes
since each composite is equal to t,. The composite iz o (f,,) € Hom (7w, Outgys(S, F))
is the homomorphism induced by the homotopy action of 7 = m(B7) on the fiber
|L|}. By the construction in Theorem 5.7, this is just the inclusion map. Hence the
lower right triangle in the above diagram commutes. Since I' has order prime to p and
Ker(pz) = lim'(Z5) is a p-group, any homomorphism from I' to Outg,s(S, F) has a
unique conjugacy class of lifting to Outy,(L£) by the Schur-Zassenhaus theorem (cf.
[Go, Theorem 6.2.1]). In particular, 71 (f,) o p and 71(f,) are conjugate as homomor-
phisms from I' to Outy,(L£). Thus, the upper left triangle in (1) commutes up to
conjugacy.
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Since 7o (B Aut(|£]))) is a finite p-group and the higher homotopy groups all vanish,
we have shown that f, o Bp is homotopic to f,. In other words, we have a map of
fibrations

(2

|} E BT
|l
c|) E, —— Br,

A comparison of the spectral sequences for these two fibrations shows that X is an F-
homology equivalence. Since |L£]| is p-good [BLO2, Proposition 1.12], the natural map
from |L.7| to its fiberwise completion £, is also an F,-homology equivalence. Hence
these maps induce homotopy equivalences E)) ~ (Ey)) ~ |L.7|}. This finishes the

proof of the theorem, with 7' = F.w and L' = L.7. OJ

Note that we are not assuming that I' injects into Outg,s(.S, F) in the hypotheses of
Theorem 5.8. Thus, for example, if we start with a product fibration E' = L] x BT,
then we end up with (S, 7', L) = (S, F, L) (and E} ~ |L|}).

We do not know whether the index prime to p analog of Corollary 4.8 holds. The
key point in the proof of Corollary 4.8 is the observation that if GG is a finite group,
whose fusion system at p contains a normal subsystem of index p™, then G contains
a normal subgroup of index p™. This is not true for subsystems of index prime to p.
For example, the fusion system at the prime 3 of the simple groups J, and Ru has a
subsystem of index 2.

6. CENTRAL EXTENSIONS OF FUSION SYSTEMS AND LINKING SYSTEMS

Let F be a fusion system over a p-group S. We say that a subgroup A < S is
central in F if Cx(A) = F, where Cz(A) is the centralizer fusion system defined in
[BLO2, Definition A.3]. Thus A is central in F if A < Z(S), and each morphism ¢ €
Homg (P, @) in F extends to a morphism ¢ € Homz(PA, QA) such that p|a = Ida.

In this section, we first study quotients of fusion systems, and of p-local finite groups,
by central subgroups. Afterwards, we will invert this procedure, and study central
extensions of fusion systems and p-local finite groups.

6.1 Central quotients of fusion and linking systems We first note that ev-
ery saturated fusion system F contains a unique maximal central subgroup, which we
regard as the center of F.

Proposition 6.1. For any saturated fusion system F over a p-group S, define

Zr(S) ={x € Z(S) | p(z) =z, all p € Mor(F°)} = l%lZ(—) :

the inverse limit of the centers of all F-centric subgroups of S. Then Zg(S) is the
center of F: it is central in F, and contains all other central subgroups.

Proof. By definition, if A is central in F, then A < Z(S), and any morphism in F
between subgroups containing A restricts to the identity on A. Since all F-centric
subgroups contain Z(.S), this shows that A < Zz(S).



EXTENSIONS OF P-LOCAL FINITE GROUPS 53

By Alperin’s fusion theorem (Theorem 1.5(a)), each morphism in F is a composite of
restrictions of morphisms between F-centric subgroups. In particular, each morphism
is a restriction of a morphism between subgroups containing Z#(S) which is the identity
on Zx(S), and thus Zz(5) is central in F. O

The center of a fusion system F has already appeared when studying mapping spaces
of classifying spaces associated to F. By [BLO2, Theorem 8.1], for any p-local finite
group (S, F, L),

We next define the quotient of a fusion system by a central subgroup.

Definition 6.2. Let F be a fusion system over a p-group S, and let A be a central
subgroup. Define F /A to be the fusion system over S/A with morphism sets

Homg/4(P/A, Q/A) = Im[Homs(P, Q) —— Hom(P/A,Q/A)].

By [BLO2, Lemma 5.6], if F is a saturated fusion system over a p-group .S, and
A < Zz(S), then F/A is also saturated as a fusion system over S/A. We now want to
study the opposite question: if F/A is saturated, is F also saturated? The following
example shows that it is very easy to construct counterexamples to this. In fact, under
a mild hypothesis on S, if a fusion system over S/A has the form F /A for any fusion
system F over S, then it has that form for a fusion system F which is not saturated.

Example 6.3. Fiz a p-group S and a central subgroup A < Z(S). Assume there is

o € Aut(S)\Inn(S) such that a|, = Id, and o induces the identity on S/A. Let F be
a saturated fusion system over S/A, and assume there is some fusion system Fy over

S such that Fo/A = F. Let F 2 Fy be the fusion system over S defined by setting
Homz(P, Q) = {gp € Hom(P, Q) ‘ Jp € Hom(PA, QA),
S_0|P = ¢, SO|A = IdA7 Q_O/A € HOm]—_-(PA/A, QA/A)}

Then A is a central subgroup of F, and F/A = F. But F is not saturated, since
Autz(S) contains as normal subgroup the group of automorphisms of S which are the
identity on A and on S/A (a p-group by Lemma 1.15), and this subgroup is by assump-
tion not contained in Inn(S). Hence Autg(S) is not a Sylow subgroup of Autz(S).

The hypotheses of the above example are satisfied, for example, by any pair of p-
groups 1 # A < S with A < Z(59), such that S is abelian, or more generally such that
ANIS, S| =1.

We will now describe conditions which allow us to say when F is saturated. Before
doing so, in the next two lemmas, we first compare properties of subgroups in F with
those of subgroups of F/A, when F is a fusion system with central subgroup A. This
is done under varying assumptions as to whether F or F /A is saturated.

Lemma 6.4. The following hold for any fusion system F over a p-group S, and any
subgroup A < Z(S) central in F.

(a) If A< P < S and P/A is F/A-centric, then P is F-centric.
(b) If F/A is saturated, and P < S is F-quasicentric, then PA/A is F | A-quasicentric.

(¢) If F and F /A are both saturated and P/A < S/A is F[A-quasicentric, then P is
F-quasicentric.
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Proof. For each P < S containing A, let Cs(P) < S be the subgroup such that
Cs(P)/A = Cg/a(P/A). Let
np: Cs(P)

be the homomorphism 7p(z)(g) = [z, g] for z € Cs(P) and g € P. Thus Ker(np) =
Cs(P).
For each P < S containing A, set

I'p = Ker[Autz(P) —— Autr/a(P/A)].

Hom(P, A)

Since every a € Autz(P) is the identity on A, I'p is a p-group by Lemma 1.15.

(a) If g,¢' commute in S, then their images commute in S/A. Thus for all Q < S,
Cs(Q)/A < Csya(Q/A).

Assume P/A is F/A-centric. Then for each P’ which is F-conjugate to P, P'/A
is F/A-conjugate to P/A, and hence Cg(P')/A < Cga(P'JA) < P'/JA. Thus P is
F-centric.

(b) Fix P < S such that P is F-quasicentric. Since Cg(P’A) = Cg(P’) for all P’
which is F-conjugate to P, P’'A is fully centralized in F if and only if P’ is. Also,
Cr(P') = Cg(P'A) for such P’, and this shows that PA is also F-quasicentric. So
after replacing P by PA, if necessary, we can assume P > A.

Choose P’/A which is fully centralized in F/A and F/A-conjugate to P/A. Then
P’ is F-conjugate to P, hence still F-quasicentric. So upon replacing P by P’, we are
reduced to showing that P/A is F/A-quasicentric when P > A, P is F-quasicentric,
and P/A is fully centralized.

For any P’ which is F-conjugate to P, there is a morphism
¢/A € Homz,a ((P-Cs(P))/A, (P-Cs(P))/A)

which sends P'/A to P/A (by axiom (II) for the saturated fusion system F/A). Then
¢ restricts to a morphism from Cg(P’) to Cs(P). Thus |Cs(P")| < |Cs(P)| for all P’
which is F-conjugate to P, and this proves that P is fully centralized in F.

If P/A is not F/A-quasicentric, then by Lemma 1.6 (and since F/A is saturated),
there is some Q/A < P/A-Cg/a(P/A) containing P/A, and some o € Autz(Q), such
that Id # a/A € Autz/a(Q/A) has order prime to p and «/A is the identity on
P/A. Since « is also the identity on A, Lemma 1.15 implies that a|p = Idp. Set
Q' =0QnN 6’5(]3). Then o(Q’') = @', and np o a = np since « is the identity on P > A.
Thus « induces the identity on @Q'/Cq/(P) since Ker(np) = Cs(P). Since a has order
prime to p, Lemma 1.15 now implies that a|c,,r) # Id. Thus Cg/(P) < Cg(P) and
a|p.c,,(p) is a nontrivial automorphism in C#(P) of order prime to p. Since P is fully
centralized in F, this implies (by definition) that Cz(P) is not the fusion system of
Cs(P), and hence that P is not F-quasicentric.

(c) Now assume that F and F/A are both saturated, and that P/A < S/A is
F/A-quasicentric. If P is not F-quasicentric, and P’ is F-conjugate to P and fully
centralized in F, then by Lemma 1.6(b), there is some P’ < @ < P-Cg(P’) and
some Id # a € Autz(Q) such that a|pr = Idpr and a has order prime to p. Then
QA < (P'JA)-Cga(P'[A), a/A € Autr/4(Q/A) also has order prime to p, and so
a/A # 1d by Lemma 1.15 again. But by Lemma 1.6(a), this contradicts the assump-
tion that P/A is F/A-quasicentric. O
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In the next lemma, we compare conditions for being fully normalized in F and in

F/A.

Lemma 6.5. The following hold for any fusion system F over a p-group S, and any
subgroup A < Z(S) central in F.

(a) Assume F is saturated. Then for all P,Q < S containing A such that P is fully
normalized in F, if ¢, ¢' € Homg(P, Q) are such that o/A = ¢'/A, then ¢’ = poc,
for some x € Ng(P) such that xA € Cg/a(P/A).

(b) Assume F/A is saturated, and let P,P'" < S be F-conjugate subgroups which
contain A. Then P is fully normalized in F if and only if P/A is fully nor-
malized in F/A. Moreover, if P is fully normalized in F, then there is ¢ €
Homgz(Ng(P'), Ns(P)) such that (P') = P.

Proof. (a) Assume F is saturated, and fix P,Q < S containing A such that P is
fully normalized in F. Let ¢,¢’ € Homg(P, Q) be such that /A = ¢'/A. Then
Im(p) =Im(¢'). Set o« = ¢t o’ € Autz(P); then ¢’ = poa, and /A = Idpa. Thus

a € Ker[Autz(P) —— Autz/a(P/A)],

which is a normal p-subgroup by Lemma 1.15. Since P is fully normalized, Autg(P) €
Syl,(Autz(P)) and so a € Autg(P). Thus a € ¢, for some x € Ng(P), and A €
Cs/a(P/A) since a/A = Idp)a.

(b) We are now assuming that F/A is saturated. Assume first that P/A is fully
normalized in F/A. Then by Lemma 1.3, there is a morphism

@o € Homg 4(Ng/a(P'/A), Ng/a(P/A)) (1)

such that ¢o(P'/A) = P/A, and this lifts to ¢ € Homg(Ng(P’), Ns(P)) such that
@(P'") = P. Therefore |[Ng(P')| < |Ng(P)| for any P’ which is F-conjugate to P and
P is fully normalized in F. This also proves that the last statement in (b) holds, once
we know that P/A is fully normalized.

Assume now that P is fully normalized in F; we want to show that P/A is fully
normalized in F/A. Fix P’ which is F-conjugate to P and such that P'/A is fully
normalized in F/A. By Lemma 1.3 again, there exists

o € Homgz s (Ns/a(P/A), Nsja(P'/A))

such that ¢o(P/A) = P'/A. Then ¢y = ¢/A for some ¢ € Homz(Ng(P), Ng(P')), and
© is an isomorphism since P is fully normalized in F. Thus ¢q is an isomorphism, and

hence P/A is fully normalized in F/A.

Thus if P is fully normalized in F, then P/A is also fully normalized, and we have
already seen that the last statement in (b) holds in this case. O

We are now ready to give conditions under which we show that F is saturated if
F /A is saturated. As in [5A1, §2], for any fusion system F over a p-group S, and any
set H of subgroups of S, we say that F is H-generated if each morphism in F is a
composite of restrictions of morphisms between subgroups in H.

Proposition 6.6. Let A be a central subgroup of a fusion system F over a p-group
S, such that F /A is a saturated fusion system. Let H be any set of subgroups of S,
closed under F-conjugacy and overgroups, which contains all F-centric subgroups of
S. Assume
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(a) Ker[Autz(P) —— Autz/a(P/A)] < Autg(P) for each P € H which is fully nor-

malized in F; and

(b) F is H-generated.
Then F is saturated.

Proof. Let Hy be the set of all P € H such that P > A. Since A is central, each
morphism ¢ € Homg(P, Q) extends to some ¢ € Homz(PA, QA) such that p|4 = Id 4.
Thus F is Ho-generated if it is H-generated. So upon replacing H by Hg, we can assume
all subgroups in ‘H contain A.

By assumption, H contains all F-centric subgroups of S. So by Theorem 1.5(b), it
suffices to check that axioms (I) and (II) hold for all P € H. For all P < S containing
A, we write

Ip © Ker[Autz(P) —— Autz/a(P/A)].

(I) Assume P € H is fully normalized in F. Then P/A is fully normalized in F/A by
Lemma 6.5(b). By assumption, I'p < Autg(P). Hence

[Autz(P) : Autg(P)] = [Autz/a(P/A) : Autga(P/A)],
and Autg(P) € Syl,(Autz(P)) since Autg/4(P/A) € Syl,(Autz/4(P/A)).
Assume P’ < S is F-conjugate to P and fully centralized in . By Lemma 6.5(b)
<

again, there is ¢ € Homz(Ng(P'), Ng(P)) such that ¢(P’) = P. Then ¢(Cs(P’))
Cs(P), so P is also fully centralized.

(II) Assume ¢ € Homz(P, S) is such that P € H and ¢(P) is fully centralized. Set

N, ={g € Ns(P)|pcyp™" € Auts(p(P))},
as usual. Then N,/A < Ny /4.

Assume first that ¢(P) is fully normalized in F. Then ¢(P)/A is fully normalized
in /A by Lemma 6.5(b), and hence also fully centralized. So by (II), applied to the
saturated fusion system F /A, there is @ € Homz(N,/4,S/A) such that §|p/a) = ¢/A.
Let ¢ € Homz(N,, S) be a lift of @, then (p|p)/A = ¢/A and p(P) = ¢(P). So there
is @ = @o(plp)™t € Typy < Autr(p(P)) such that aop|p = ¢. By (a), there is
x € Ng(p(P)) such that o = ¢,; then ¢, o p lies in Homz(N,,, S) and extends ¢.

It remains to prove the general case. Choose P’ which is fully normalized in F and
F-conjugate to P. By Lemma 6.5(b), there is ¢y € Homz(Ng(p(P)), Ng(P')) such that
P(p(P)) = P'. Then N, < Ny,. Since ¢p(P) = P’ is fully normalized, 1y extends
to some 1) € Homyz(N,, Ng(P')). We will show that Im(t)) < Im(¢)), and thus there is
¢ € Homz(N,, Ng(¢(P))) such that p|p = .

For each g € N,, choose © € Ng(¢(P)) such that pc,p™' = ¢,; then we obtain

Co(z) = Vet = Co(g)» and so P(x)(g)~t € Cs(P’). Since p(P) is fully centralized
in 7, ¥(Cs(p(P))) = Cs(P'), and thus ¢(g) € Im(y)). O

For example, one can take as the set H in Proposition 6.6 either the set of subgroups
P < S containing A such that P/A is F/A-quasicentric (by Lemma 6.4(b)), or the set
of F-centric subgroups of S.

Now let (S, F, L) be a p-local finite group. One can also define a centralizer linking
system Cr(A) when A < S is fully centralized [BLO2, Definition 2.4]. Since this is
always a linking system associated to Cz(A), A is central in L (i.e., Cz(A) = L) if and
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only if A is central in F. So from now on, by a central subgroup of (S, F, L), we just
mean a subgroup A < Z(S) which is central in F.

Definition 6.7. Let (S, F, L) be a p-local finite group with a central subgroup A. Define
L/A to be the category with objects the subgroups P/A for P € Ob(L) (i.e., such that
P is F-centric), and with morphism sets

MOTE/A(P/A7 Q/A) = M0r£<P7 Q)/(SP(A)
Let (L/A) C L/A be the full subcategory with object set the F |A-centric subgroups in
S/A.

Similarly, if L9 is the associated quasicentric linking system, then define L9/A to be
the category with objects the F |A-quasicentric subgroups of S/A — equivalently, the
subgroups PAJA for P € Ob(LY) — and with morphisms

Morza/a(P/A,Q/A) = Morzq(P,Q)/dp(A).

Note that by Lemma 6.4(a,c), for any P/A < S/A, if P/A is F/A-centric or F/A-
quasicentric, then P is F-centric or F-quasicentric, respectively. Thus the categories
(L/A) C L/A and L7/A are well defined.

We are now ready to prove our main theorem about quotient fusion and linking

systems.

Theorem 6.8. Let A be a central subgroup of a p-local finite group (S,F,L) with
associated quasicentric linking system L. Let EqZA C L7 be the full subcategory with
objects those F-quasicentric subgroups of S which contain A. Then the following hold.

(a) (S/A,F/A,(LJA)) is again a p-local finite group, and L1/ A is a quasicentric link-
ing system associated to F/A.

(b) The inclusions of categories induce homotopy equivalences |L| =~ L% ;| ~|L9| and

[(L/A)| = |L/A] = L/ A].

(¢) The functor T: LY —— LI/ A, defined by 7(P) = PA/A and with the obvious maps
on morphisms, induces principal fibration sequences

I7|

BA L] IL/A|  and  BA —— |£L,| —1— |£7/A|

which remain principal fibration sequences after p-completion.

Proof. (a) The first statement is shown in [BLO2, Lemma 5.6] when |A| = p, and
the general case follows by iteration. So we need only prove that £9/A is a quasicen-
tric linking system associated to F/A. Axioms (B),, (C),, and (D), for £9/A follow
immediately from those axioms applied to £, so it remains only to prove (A),.

Let H be the set of subgroups P < S such that A < P and P/A is F/A-quasicentric
and fix P, Q) € H. By construction, Cg/4(P/A) acts freely on Morzs 4 (P/A, Q/A) and
induces a surjection

Morzaya(P/A, Q/A)/Cs/a(P/A) —— Homyza(P/A,Q/A).

We must show that this is a bijection whenever P/A is fully centralized in F/A. Since
any other fully centralized subgroup in the same F-conjugacy class has centralizer
of the same order, it suffices to show this when P/A is fully normalized in F/A; or
equivalently (by Lemma 6.5(b)) when P is fully normalized in F.
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Let Cg(P) < S be the subgroup such that Cg(P)/A = Cs/a(P/A). Fix any F/A-
quasicentric subgroup @)/A, and consider the following sequence of maps

Mor e (P, Q) ——— Homz(P, Q) ——— Homyg/4(P/A,Q/A).

Since L9 is the quasicentric linking system of F, by property (A), the first map is
the orbit map of the action of Cg(P). The second is the orbit map for the ac-
tion of Autgp)(P) by Lemma 6.5(a). Thus the composite is the orbit map for

the free action of Cg(P). It now follows that Cg(P)/A = Cs/a(P/A) acts freely on
Morza/a(P/A, Q/A) = Morzq(P, Q) /A with orbit set Homz, 4 (P/A, Q/A).

(b) These homotopy equivalences are all special cases of Proposition 1.12(a).

(c) For any category C and any n > 0, let C, denote the set of n-simplices in the
nerve of C; i.e., the set of composable n-tuples of morphisms. For each n > 0, the
group B(A),, acts freely on (£ ,),: an element (ay,...,a,) acts by composing the i-th
component with dp(a;) for appropriate P. This action commutes with the face and
degeneracy maps, and its orbit set is (£9/A),. It follows that the projection of |£Z ,|
onto |£9/A| (and of |£] onto |£/A]) is a principal fibration with fiber the topological
group BA = |B(A)] (see, e.g., [May, §§18-20] or [GJ, Corollary V.2.7]).

By the principal fibration lemma of Bousfield and Kan [BK, I1.2.2], these sequences
are still principal fibration sequences after p-completion. O

6.2 Central extensions of p-local finite groups We first make it more precise
what we mean by this.

Definition 6.9. A central extension of a (saturated) fusion system F over a p-group
S by an abelian p-group A consists of a (saturated) fusion system F over a p-group §,
together with an inclusion A < Z(g), such that A is a central subgroup of]::, g/A =5,
and ﬁ/A = F as fusion systems over S.

Similarly, a central extension of a p-local finite group (S, F, L) by an abelian group
A consists of a p-local finite group (§, F, EN), together with an inclusion A < Zj;_(g),
such that (S/A, F/A,(L/A)) = (S, F,L).

Extensions of categories were defined and studied by Georges Hoff in [Hf], where he
proves that they are classified by certain Ext-groups. We will deal with one partic-
ular case of this. Hoff’s theorem implies that an extension of categories of the type
B(A) — L1, —— L7 is classified by an element in lim®(A). What this extension

ra
really means is that £7 is a quotient category of qu 4, Where each morphism set in /fé A
admits a free action of A with orbit set the corresponding morphism set in £9. Also,
1@12(/1) means the second derived functor of the limit of the constant functor which
sends each object of L7 to A and each morphism to Id 4.
We regard A as an additive group. Fix an element [w] € lim*(A), where w is a

ra
(reduced) 2-cocyle. Thus w is a function from pairs of composable morphisms in £7 to

A such that w(f,g) = 01if f or g is an identity morphism, and such that for any triple
f, g, h of composable morphisms, the cocycle condition is satisfied

dw(f,g,h) < w(g, h) — w(gf, h) +w(f, hg) — w(f,q) = 0.
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Consider the composite i dg : BS — L9, where dg is induced by the distinguished
morphism S — Autzq(S) and i is induced by the inclusion of Autzq(S) in £? as the
full subcategory with one object S. Then wg = (i0dg)*(w) is a 2-cocycle defined on S
which classifies a central extension of p-groups

1—— A ST .8 1.

Thus S = S x A, with group multiplication defined by
(h,0)-(g,a) = (hg,b+ a +ws(g, h)),

and 7(g,a) = g. For each F-quasicentric subgroup P < S, set P = r—1(P) < S.

Usmg this cocycle w, we can define a new category EO as follows. There is one object
P=r" L(P) of Lo for each object P of £9. Morphism sets in Lo are defined by setting

MOTE()(P, Q) = MOI‘[;q(P, Q) X A

Composition in Ly is defined by
(g,b)o(f,(l) = (gfaa'+b+w(fag))

The associativity of this composition law follows since dw = 0. Furthermore, if we
chose another representative w + dp where p is a 1-cochain, the categories obtained are
isomorphic. This construction comes together with a projection functor 7: Lo —— L£9.

Finally, we define
55: S— AUtE()(S)
by setting d5(g,a) = (6s(g),a). This is a group homomorphism by definition of wg.

Proposition 6.10. Let (S, F, L) be a p-local finite group, and let L7 be the associated
quasicentric linking system. Fix an abelian group A and a reduced 2-cocycle w on L9
with coefficients in A. Let

Lo—"—5,7 and S—" -8

be the induced extensions of categories and of groups, with distinguished monomorphism
d5 as defined above.

Then there is a unique saturated fusion system f over S and a functorm: Zo — j-:,
together with distinguished monomorphisms é5: P — Autz (P).

[fﬁ - /30 denotes the full subcategory whose objects are the F-centric subgroups of
S then (S F, E) is a p-local finite group with central subgroup A < Z(S), such that

(S/A,F/A, Lo]A) = (S, F, L9). (1)

Also, /30 extends to a quasicentric linking system L4 associated to F.

Proof. Assume that inclusion morphisms ¢p have been chosen in the quasicentric linking
system L9 associated to (S, F, L). For each F-quasicentric P < S, define

tp = (tp,0) € Morzo(ﬁ, S).
Next, define the distinguished monomorphism

§5: P-C5(P)

Autz (P)
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to be the unique monomorphism such that the following square commutes for each P
and each ¢ € P-C3(P):

p—* .3

oo s 2)

P%g.

More precisely, since dz(q,a) = (6s(¢), @) by definition, this means that
05(q,a) = (6p(q), a +w(tp,ds(q)) — w(dp(q), tp))-

For each morphism (f,a) € Morzo(ﬁ, Q), and each clement (¢,b) € P, there is a
unique element ¢ € A such that the following square commutes:

5 (f,a) ~

P
Lsﬁ(q,b) LS (=(H)g (3)
13 (f,a)

In this situation, we set

7(f,a)(g,b) = (7(f)(a),¢) € Q.
By juxtaposing squares of the form (3), we see that 7(f,a) € Hom(lg, @), and that this
defines a functor 7 from Ly to the category of subgroups of S with monomorphisms.

Define F to be the fusion system over S generated by the image of T and restrictions.
By construction, the surjection 7: S — S induces a functor ,: F —— F between
the fusion systems, which is surjective since F is generated by restrictions of morphisms
between F-quasicentric subgroups (Theorem 1.5(a)). So we can identify F with F/A.
By Lemma 6.4(b), for each f—quasicentric subgroup P < S , PAJA is F-quasicentric.
So we can extend /30 to a category £ defined on all ]?—quasicentric subgroups, by
setting

Morzq(P,Q) = {f € Morz (PA,QA) | 7(f)(P)<Q} and bp =dpa

for each pair P, Q) of f-quasicentric subgroups. We extend 7 to £ in the obvious way.

It remains to prove that Fis saturated, and that L£91s a quasicentric linking system
associated to F. In this process of doing this, we will also prove the isomorphism (1).

Let ‘H be the set of subgroups P = T YP) < S for all F-quasicentric subgroups
pP<S.

F is saturated: We want to apply Proposition 6.6 to prove that F is saturated. By
Lemma 6.4(b), “H contains all F-quasicentric subgroups of S which contain A, and in
particular, all F-centric subgroups (since every F-centric subgroup of S must contain
A). Since Fis H-generated by construction, it remains only to prove condition (a) in
Proposition 6.6.

Fix some P = 7%(P) in H, and let ¢ € Autj;_(IS) be such that 7.(¢) = Idp. Choose

(f,a) € 7 1(p); thus

p=m(f,a)€ Ker[Autf( ) —— Autx(P)].

Then 7(f) = Idp, so f = dp(q) for some ¢ € Cg(P), and (f,a) = d5(q,c) for some
c € A. Since 05 is a monomorphism, the definition of ¢ = 7(f,a) via (3) shows that
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o =7(f,a) =7(0p(q,¢)) = cq,.), and thus that ¢ € Autg(P). Thus condition (a) in
Proposition 6.6 holds, and this finishes the proof that F is saturated.

Liis a quasicentric linking system associated to F: The distinguished monomor-
phisms 5, for P € Ob(L?), were chosen so as to satisfy (D),, and this was independent
of the choice of inclusion morphisms which lift the chosen inclusion morphisms in £7.
Once the 05 were determined, then 7 was defined to satisfy (C),, and F was defined
as the category generated by Im(7) and restrictions. Thus all of these structures were
uniquely determined by the starting data. Axiom (B), follows from (C), by Lemma
1.10.

It remains only to prove (A),. We have already seen that the functor 7 is surjective
on all morphism sets. Also, since Cg(P) = Cg(PA) for all P < S, it suffices to prove
(A), for morphisms between subgroups P = 771(P) and Q = 7 (Q) containing A.
By construction, C’g(ﬁ) acts freely on each morphism set Mor Zq(ﬁ ,Q), and it remains

to show that if P is fully centralized, then 73 o is the orbit map of this action. As in

the proof of Theorem 6.8(a), it suffices to do this when P and P are fully normalized.

Fix two morphisms (f,a) and (g,b) from P to Q such that 7(f,a) = 7(g,b). Then
w(f) =m(g),s0 g = fodp(x) for some z € Cg(P), and

(9,b) = (f,a) o (0p(2),b = a —w(p(x), ) = (f,a) « 5p(x, ¢),
where ¢ =b—a — w(0p(x), f) — (w(tp,0s(z)) — w(dp(x), LP)L Also, ©(65(x,c)) = 1dp

implies (via (3)) that (z,c) commutes with all elements of P, so (z,c) € Cg(P), and
this finishes the argument. O

We now want to relate the obstruction theory for central extensions of linking systems
with kernel A to those for central extensions of p-groups, and to those for principal
fibrations with fiber BA. As a consequence of this, we will show (in Theorem 6.13) that
when appropriate restrictions are added, these three types of extensions are equivalent.

Given a central extension F of F by the central subgroup A, there is an induced
central extension 1 — A — 8§ — § — 1 of Sylow subgroups. Restriction to subgroups
P < § produces corresponding central extensions 1 — A — P — P — 1. The
homology classes of these central extensions are all compatible with morphisms from
the fusion system, and hence define an element in lim H ?(—; A). This, together with

f
notation already used in [BLO2], motivates the following definition:

Definition 6.11. For any saturated fusion system over a p-group S, and any finite
abelian p-group A, define

H*(F; A) = lim H*(—; A) = lim H"(—; A).
F Fe
The following lemma describes the relation between the cohomology of F and the
cohomology of the geometric realization of any linking system associated to F.

Lemma 6.12. For any p-local finite group (S,F, L), and any finite abelian p-group A,
the natural homomorphism

HY(|L]; A) ——— H*(F; A), (1)
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induced by the inclusion of BS into |L|, is an isomorphism. Furthermore, there are
natural isomorphisms

lim®(A) 2 H*(|L7); A) = H*(L]; A). (2)

La

Proof. The second isomorphism in (2) follows from Proposition 1.12(a). The first
isomorphism holds for higher limits of any constant functor over any small, discrete
category C, since both groups are cohomology groups of the same cochain complex

0—>HA—> HA—> H A—— -

cp—C1 Cco—C1—C2

This cochain complex for higher limits is shown in [GZ, Appendix II, Proposition 3.3]
(applied with M = ADb°P).

To prove the isomorphism (1), it suffices to consider the case where A = Z/p™ for
some n. This was shown in [BLO2, Theorem 5.8] when A = Z/p, so we can assume

that n > 2, and that the lemma holds when A = Z/p"~!. Consider the following
diagram of Bockstein exact sequences

— H7N|LZ/p) — H'(ILLEZ/p" ) — H'(ILLZ/p") — H'(|L[;Z/p) —

| | l Lo

— H'"{(BS; Z/p) — H'(BS;Z/p""") — H'(BS; Z/p") — H'(BS;Z/p) — .

We claim that the bottom row restricts to an exact sequence of groups H*(F; —). Once
this is shown, the result follows by the 5-lemma.

By [BLO2, Proposition 5.5], there is a certain (S, .S)-biset 2 which induces, via a sum
of composites of transfer maps and maps induced by homomorphisms, an idempotent
endomorphism of H*(BS;Z/p) whose image is H*(F;Z/p). This biset Q also induces
endomorphisms [Q] of H*(BS;Z/p") and H*(BS;Z/p""!) which commute with the
bottom row in (1), since any exact sequence induced by a short exact sequence of coef-
ficient groups will commute with transfer maps and maps induced by homomorphisms.
The same argument as that used in the proof of [BLO2, Proposition 5.5] shows that
in all of these cases, Im([Q2]) = H*(F;—), and the restriction of [] to its image is
multiplication by [Q|/|S| € 1 + pZ. Thus the sequence of the H*(F;—) splits as a
direct summand of the bottom row in (1), and hence is exact. O

We can now collect the results about central extensions of (S, F, L) in the following
theorem, which is the analog for p-local finite groups of the classical classification of
central extensions of groups.

Theorem 6.13. Let (S, F, L) be a p-local finite group. For each finite abelian p-group
A, the following three sets are in one-to-one correspondence:
(a) equivalence classes of central extensions of (S, F,L) by A;

(b) equivalence classes of principal fibrations BA —— X —— [L]}}; and

(c) isomorphism classes of central extensions 1 A S—58 1 for

which each morphism ¢ € Homz(P, Q) lifts to some ¢ € Hom(r71(P),771(Q)).

The equivalence between the first two is induced by taking classifying spaces, and the
equivalence between (a) and (c) is induced by restriction to the underlying p-group.



EXTENSIONS OF P-LOCAL FINITE GROUPS 63

These sets are all in natural one-to-one correspondence with
lim*(A) = H*(|L]; A) = H*(F; A). (1)
c

Proof. The three groups in (1) are isomorphic by Lemma 6.12. By Proposition 6.10,
central extensions of £ are classified by lim*(A). Principal fibrations over |L|) with
c

fiber BA are classified by

[1£]5, B(BA)| = H*(|L],; A) = H*(|L]; A),
where the second isomorphism holds since |£| is p-good ([BLO2, Proposition 1.12])
and A is an abelian p-group. Central extensions of S by A are classified by H?(S; A),

and the central extension satisfies the condition in (c) if and only if the corresponding
element of H?(S; A) extends to an element in the inverse limit H?(F; A).

A central extension of p-local finite groups induces a principal fibration of classifying
spaces by Theorem 6.8(c), and this principal fibration restricts to the principal fibration
over BS of classifying spaces of p-groups. Thus, if the fibration over |£] is classified
by x € H?(|L]; A), then the fibration over BS is classified by the restriction of x to
H?(BS; A). Tt is well known that the invariant in H?(S; A) = H?*(BS; A) for a central
extension of S by A is the same as that which describes the principal fibration over
BS with fiber BA (see [AM, Lemma IV.1.12]). Since H?*(|L[; A) injects into H*(F; A)
(Lemma 6.12), this shows that y is also the class of the 2-cocycle which defines the
extension of categories. So the map between the sets in (a) and (b) defined by taking
geometric realization is equal to the bijection defined by the obstruction theory.

Since the isomorphism lim*(A) & H*(F; A) is defined by restriction to S (as a group

L
of automorphisms in £), the bijection between (a) and (c) induced by the bijection of
obstruction groups is the same as that induced by restriction to S. U

The following corollary shows that all minimal examples of “exotic” fusion systems
have trivial center.

Corollary 6.14. Let F be a saturated fusion system over a p-group S, and assume
there is a nontrivial subgroup 1 # A < Z(S) which is central in F. Then F is the
fusion system of some finite group if and only if F /A is.

Proof. Assume F is the fusion system of the finite group G, with S € Syl (G). By
assumption (A is central in F), each morphism in F extends to a morphism between
subgroups containing A which is the identity on A. Hence F is also the fusion system
of Ce(A) over S, and so F/A is the fusion system of Cg(A)/A.

It remains to prove the converse. Assume F/A is isomorphic to the fusion system
of the finite group G, and identify S/A with a Sylow p-subgroup of G. Since by
Lemma 6.12, H*(F/A; A) & H*(BG; A) and A is F-central, the cocycle classifying the
extension is in H%(BG; A), and hence there is an extension of finite groups

1 A G——G 1
with the same obstruction invariant as the extension F —— F/A. In particular, we
can identify S = 771(S/A) € Syl (G), and G = G/A.

We will prove the following two statements:

(a) F has an associated centric linking system £; and
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(b) £5,4(G/A) is the unique centric linking system associated to F /A = Fg/a(G/A).

Once these have been shown, then they imply that
(S/A, F[A,(LJA)) = (S/A, Fsya(G/A), L5,4(G/A))

as p-local finite groups. Hence (S, F, L) = (S, Fs(G), LE(G)) as p-local finite groups
by Theorem 6.13, and thus F is the fusion system of G.

It remains to prove (a) and (b). Let
Zr: OYF) —— Zg)-mod and  Zg: O5(G) —— Z)-mod

be the categories and functors of Definition 1.7. By [O1, Lemma 2.1], Z; can also be
regarded as a functor on O¢(Fs(G)), and

(¢) lIm"(Zg) = lm" (Zg).

05(@) O¢(Fs(G))

By [BLO2, Proposition 3.1], the existence and uniqueness of a centric linking system
depends on the vanishing of certain obstruction classes: the obstruction to existence
lies in lim*(Z#) and the obstruction to uniqueness in lim*(Zx). Thus (b) follows

0%(G) 05(G)
from [BLO2, Proposition 3.1] and (c), once we know that lim*(Z5,4) = 0; and this is
shown in [O1, Theorem A] (if p is odd) or [O2, Theorem A] (if p = 2).

It remains to prove point (a), and we will do this by showing that

I’ (25) 2 Jim(Z6) = 0. 1)
O (F) 0%(G)
The last equality follows from [O1, Theorem A] or [O2, Theorem A] again, so it remains
only to prove the isomorphism.

Let ‘H be the set of subgroups P < S containing A such that P/A is F/A-centric;
or equivalently, p-centric in G/A. Let O™(F) C O¢(F) and O (Fs(G)) C O Fs(G))
be the full subcategories with object sets H.

We claim that

I’ (Z5) % lm'(Z)  and I’ (Zg)® lm' (Zg). ()
OM(F) O<(F) OM(Fs(G)) 0¢(Fs(G))
If P < S'is F-centric but not in H, then there is x € Ng(P)~ P such that ¢, € Autx(P)
is the identity on P/A and on A, but is not in Inn(P). Thus 1 # [¢,] € OP(Outz(P)),
and so P is not F-radical. By [BLO2, Proposition 3.2, if F': O¢(F)°®® —— Z,-mod
is any functor which vanishes except on the conjugacy class of P, then lim"(F) =
A*(Outx(P); F(P)), where A* is a certain functor defined in [JMO, §5]. By [JMO,
Proposition 6.1(ii)], A*(Outz(P); F(P)) = 0 for any F', since O,(Outz(P)) # 1. From
the long exact sequences of higher limits induced by extension of functors, it now

follows that lim*(F) = 0 for any functor F' on O°(F) which vanishes on O™(F); and
O<(F)

this proves the first isomorphism in (2). The second isomorphism follows by a similar

argument.

The natural surjection of F onto F/A induces isomorphisms of categories
O™(F) = O%(F/A) = O™(F5(G)) . (3)

By the definition of H, we clearly have bijections between the sets of objects in these
categories, so it remains only to compare morphism sets. The result follows from
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Lemma 6.5(a) for sets of morphisms between pairs of fully normalized subgroups, and
the general case follows since every object is isomorphic to one which is fully normalized.

We next claim that for all i > 0,
' (Z) 2 L' (Z/4)  and  ln' (Z0)2 lm' (Zg/A). (4
O™ (F) Oc(F/A) OM(Fs(G)) Oc(F/4)

To show this, by (3), together with the long exact sequence of higher limits induced by
the short exact sequence of functors

1 A Z]: E— Z]:/A — ]_,
we need only show that anZ (A) = 0 for all ¢ > 0. Here, A denotes the constant
Oc(F/A)

functor on O¢(F/A) which sends all objects to A and all morphisms to Id4. For each
P € H, let F4 p be the functor on O°(F/A) where Fy p(P'/A) = Aif P’ is F-conjugate
to P and Fy p(P'/A) = 0 otherwise; and which sends isomorphisms between subgroups
conjugate to P to Id4. By [BLO2, Proposition 3.2], im*(F4 p) = A*(Outr 4 (P/A); A).
Also, A'(Outz/a(P/A); A) = 0for i > 0 by [JMO, Proposition 6.1(i,ii)], since the action
of Outz/4(P/A) on A is trivial. From the long exact sequences of higher limits induced
by extension of functors, we now see that lim’(A4) = 0 for all i > 0.

Finally, we claim that
Zr|A=Za/A (5)
as functors on O°(F/A) under the identifications in (3). To see this, note that for
each P, (Zx/A)(P) = Z(P)/A = (Z5/A)(P); and since these are both identified as
subgroups of P/A, any morphism in O¢(F/A) from P/A to @)/A induces the same map
(under the two functors) from Z(Q)/A to Z(P)/A. (This argument does not apply
to prove that Zr = Z5. These two functors send each object to the same subgroup
of S, but we do not know that they send each morphism to the same homomorphism

between the subgroups.)

Thus by (2), (4), and (5), for all i > 0,
lim'(Z5) = lim' (Z7) = lim' (Z5/A)

O°(F) O™ (F) O°(F/A)
= lim' (Zg/A) = lim' (Z¢) = lim'(Z¢).
O(F/A) OM(Fs(G)) 05(G)
This finishes the proof of (1), and hence finishes the proof of the corollary. O
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